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What is a Partial Order?

Let X be a set. A binary relation C on X is a partial order if for
allx,yand z € X,

o X C X,
o ifx Cyandy C x thenx =y, and
o ifxCyandy C zthenx C z.
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Partial Orders

@ The standard less-than-or-equal relation < on the real
numbers.

@ The relation -divides- on the natural numbers.
@ The inclusion relation C on the powerset of a given set.
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What is a Total Order?

Let X be a set. A binary relation C on X is a total order if for all
X,yandz e X,

@ ifxCyandy C xthenx =y,
o ifxCyandy C zthenx C z, and

@ xCyoryLCXx.
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Total Orders

@ The standard less-than relation < on the real numbers.
@ The lexicographic order on words.
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Formal Specification of the JMM

An action is described by a tuple (t,k,v) where

@ t is the threads performing the action,
@ k is the kind of action:
@ volatile read;
volatile write;
non-volatile read;
non-volatile write;
lock;
unlock;
special synchronization actions;
thread divergence actions;
@ external actions,
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@ v is the variable or monitor involved in the action.
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are actions.
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Formal Specification of the JMM

Synchronization actions include
@ locks,
@ unlocks,
@ reads of volatile variables, and
@ writes to volatile variables.
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Formal Specification of the JMM

An execution is described by a tuple (P, A, 3, 3 W, V) where
@ P is the program,
@ A is the set of actions,

o 2isthe program order, which for each thread t, is a total
order over all actions performed by t in A,

@ 2 is the synchronization order, which is a total order over
all synchronization actions in A,

@ W is the write-seen function, which for each read r in A,
gives W (r), the write action seen by r in the execution,

@ V is the value-written function, which for each write w in A,
gives V (w), the value written by w in the execution.
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The Synchronizes-With Order

The synchronizes-with order is defined in terms of the
synchronization order.

For each unlock action u and lock action ¢, if u.v = ¢.v and
u>3/sthenu = ¢.

For each volatile read r and volatile write w, if r.v = w.v and
w 3rthenw =r.

Recall that a.v is the variable or monitor involved in the action a.
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Transitive Closure

The reflexive and transitive closure closure(R) of a binary
relation R on X is the smallest binary relation on X such that

@ closure(R) contains R,
forall x,y € X, if xRy then x closure(R) Yy,

@ closure(R) is reflexive
for all x € X, x closure(R) X,

@ closure(R) is transitive
forall x,y z € X, if x closure(R) y and y closure(R) z then
x closure(R) z.
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The Happens-Before Order

The happens-before order is defined in terms of the program
order and the synchronizes-with order.

2 — closure(B3 U %).
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The Sufficient Synchronization Order

The sufficient synchronization order is defined in terms of the
program order, the synchronizes-with order and the
happens-before order.

SsSw

The sufficient synchronization order = is the smallest subset R
of X such that
B — closure(3 UR).
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Formal Specification of the JMM

An execution (P, A, 3 2 W, V) is well-formed if the following
conditions are true:

@ Each read of a variable x sees a write to x. All reads and
writes of volatile variables are volatile actions.

@ The synchronization order is consistent with the program
order.

@ The execution obeys intra-thread consistency.
@ The execution obeys synchronization-order consistency.
@ The execution obeys happens-before consistency.
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Formal Specification of the JMM

Each read of a variable x sees a write to x. All reads and writes
of volatile variables are volatile actions.

For all reads r € A, we have that W(r) € Aand W(r).v =r.v.
The variable r.v is volatile if and only if r is a volatile read, and
the variable W (r).v is volatile if and only if W (r) is a volatile
write.

Recall that W is the write-seen function, which for each read r
in A, gives W(r), the write action seen by r in the execution.
Also recall that a.v is the variable involved in action a.
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Formal Specification of the JMM

The synchronization order is consistent with the program order.

For all actions a; a, € A, it is not the case thata; = a, and
a, 3 ay.
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Formal Specification of the JMM

The execution obeys intra-thread consistency.

“For each thread t, the actions performed by t in A are the
same as would be generated by that thread in program-order in
isolation, with each write w writing the value V (w), given that
each read r sees/returns the value V(W (r)). Values seen by
each read are determined by the memory model.”
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Formal Specification of the JMM

The execution obeys synchronization-order consistency.

For each volatile read r € A, it is not the case thatr = W (r)
and there does not exist a write w such that w.v =r.v and
W(r) 3w 3,

Recall that W is the write-seen function, which for each read r

in A, gives W(r), the write action seen by r in the execution.
Also recall that a.v is the variable involved in action a.
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Formal Specification of the JMM

The execution obeys happens-before consistency.

Foreachread r € A, it is not the case that r 3 W (r) and there
does not exist a write w such that w.v =r.v and
Wr)3Bw3Br,

Recall that W is the write-seen function, which for each read r

in A, gives W (r), the write action seen by r in the execution.
Also recall that a.v is the variable involved in action a.

The Java Memory Model



Formal Specification of the JMM

An execution (P, A, 3, 3 W, V) satisfies the causality
requirements if there exist
@ sets of actions Cp, Cy, ...such that

o Co =0,
o G CcCiy,
) A:Ui Ci,

SOj

o well-formed executions (P, A, %, 2 W, V)

such that . ..
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Formal Specification of the JMM

Ci CA;,

™ and ™ agree on C;,

* and =% agree on C;j,

Vi and V agree on C;,

W; and W agree on C;,

foreachread r € A; \ Cj_1, we have that W;(r) By

foreachread r € C; \ Ci_1, we have that Wj(r) € C;_; and

W(r) € Ci_y,

o forallactions x,y,z € A, ifx Xy 2 zandz € C;\ Ci_4
then x ﬁy forallj > i,

@ for all actions x,y € A;, ify € Cj, X is an external action

and x ﬁy then x € C;.

The Java Memory Model

¢ 6 ¢ 6 6 ¢ ¢



