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Preface
This is not thefirst bookon roughsetanalysisandcertainlynot thefirst bookon knowledge
discovery algorithms,but it is the first attemptto do this in a non-invasive way. The term
non-invasivein connectionwith knowledgediscoveryor dataanalysisis new andneedssome
introductoryremarks.We – Ivo Düntsch& GüntherGediga– have workedfrom about1993
on topicsof knowledgediscovery and/ordataanalysis(both topicsaresometimeshard to
distinguish),andwe felt thatmostof thecommonwork on this topicswasbasedon at least
discussableassumptions.We regardedtheinventionof RoughSetDataAnalysis(RSDA) as
oneof thebig eventsin thosedays,because,at thestart,RSDA wasclearlystructured,simple,
andstraightforwardfrom basicprinciplesto effective dataanalysis.It is our conviction that
a model builder who usesa structuraland/orstatisticalsystemshouldbe clear about the
basicassumptionsof the model. Furthermore,it seemsto be a wise strategy to usemodels
with only a few (pre-)assumptionsaboutthe data. If both characteristicsare fulfilled, we
call a modellingprocessnon-invasive. This idea is not really new, becausethe “good old
non-parametricstatistics”approachbasedon themottoof Sir R. A. Fisher

Let the data speak for themselves,

can be transferredto the context of knowledgediscovery. It is no wonder that e.g. the
randomisationprocedure(oneof theflagshipsof non-parametricstatistics)is partof thenon-
invasiveknowledgediscoveryapproach.

In this bookwe presentanoverview of thework we havedonein thepastsevenyearson the
foundationsanddetailsof dataanalysis.During this time, we have learnedto look at data
analysisfrom many differentangles,andwe have tried not to bebiasedfor - or against- any
particularmethod,althoughour ideastake a prominentpart of this book. In addition,we
have includedmany citationsof paperson RSDA in knowledgediscovery by otherresearch
groupsaswell to somewhatalleviatetheemphasison ourown work.

We hopethat thepresentationis neithertoo roughnor too fuzzy, so that the readercandis-
coversomeknowledgein this book.

Jordanstown, Osnabrück,April 2000

Ivo Düntsch& GüntherGediga
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Chapter 1

Intr oduction
Accordingto thewidely accepteddescriptionof Fayyadet al. [41], the(iterative) processof
knowledgediscovery in databases(KDD) consistsof thefollowing steps:

KDD 1. Developinganunderstandingof theapplicationdomain,therelevantprior
knowledge,andthegoal(s)of theend-user.

KDD 2. Creatingor selectinga targetdataset.

KDD 3. Data cleaningand preprocessing;this stepincludes,amongother tasks,
removing noiseor accountingfor noise,andimputationof missingvalues.

KDD 4. Datareduction:Findingusefulfeaturesto representthedatadependingon
the goal of the task. This may includedimensionalityreductionor trans-
formation.

KDD 5. Matchingthe goalsto a particulardatamining methodsuchasclassifica-
tion, regression,clusteringetc.

KDD 6. Modelandhypothesisselection,choosingthedataminingalgorithm(s)and
methodsto beusedfor for searchingfor datapatterns.

KDD 7. Datamining.

KDD 8. Interpretingminedpatterns.

KDD 9. Acting on discoveredknowledge.

The usualstartingsituationin datamining is a vastamountof data,often in the form of
relationaltables,from which usefulknowledgeis to begathered– informationwhich is not
visible to thenakedeye. Much of datamining consistsof classificationor clusteringtasks,
in other words, of supervisedor unsupervisedlearning,and learningthe rules which are
associatedwith the dataclassification.This is certainlynot new; taxonomyhasplayedin
majorpart in thenaturalsciencesfor a long time,andmany statisticalmethodsareavailable
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to accomplishthesetasks.However, oneneedsto keepin mind thatmoststatisticalmethods
wereinventedto work well with experimentaldata(which, of course,doesnot meanthat it
worksexclusively with suchdata,anexamplebeingnationalstatisticsdatasets),while KDD
handlesobserveddata. Therefore,it is at first glancenot clear whetheror how statistical
methodsaresuitablefor datamining tasks.Takingthedescriptionabove asa modelfor the
KDD process,oneseesthat KDD andstatisticalmodelling are, in a way, complementary
asindicatedin Table1.1. Methodswhich aremorespecificto KDD, respectively machine

Table 1.1: KDD & Statisticalmodels

KDD Statisticalmodels
Many features/attributes Few variables
Describingredundancy Reducinguncertainty

Top down, reducingthefull attributeset Bottomup, introducingnew variables

learning,includedecisiontrees[97, 98] andinductive logic programming[73].

All statisticalandKDD methodsmakeexternalmodelassumptions.A typical exampleis

“We will considerrectangulardatasetswhoserows can be modelledas inde-
pendent,identically distributed(iid) draws from somemultivariateprobability
distribution. � � � We will considerthreeclassesof distributions � :

1. themultivariatenormaldistribution;

2. themultinomialmodelfor cross-classifiedcategoricaldata,including log-
linearmodels;and

3. a classof modelsfor mixedmodelandcategoricaldata � � � ” [106].

Unlike in the previous quote,modelassumptionsarenot alwaysspelledout “in toto”, and
thus, it is not clear to an observer on what basisand with what justification a particular
model is applied. The assumptionof representativeness,for example,is a problemof any
analysisin most real life databases. The reasonfor this is the hugestatecomplexity of
thespaceof possiblerules,evenwhenthereis only a small numberof features(Table1.2).

Similar problemsoccur in otherareas;for example,thereareabout � � � 	 grammatically
correctEnglishsentencesof twentywordsor less[16]. Theseproblemsarenot particularto
“hard” statisticalmethods,but alsoapplyto a “soft” approachto KDD:

“Soft computingdiffersfrom conventional(hard)computingin that,unlikehard
computing,it is tolerantof imprecision,uncertaintyandpartial truth. In effect,
therole modelfor soft computingis thehumanmind. Theguidingprincipleof
soft computingis: Exploit thetolerancefor imprecision,uncertaintyandpartial
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Table1.2: Statecomplexity of a systemwith a moderatenumberof features

Numberof features
Numberof

10 20 30
featurevalues 
 � � 
 �

(states)
2 3.01 6.02 9.03
3 4.77 9.54 14.31
4 6.02 12.04 18.06
5 6.99 13.98 20.97

truth to achieve tractability, robustnessandlow solutioncost � � � Theprincipal
componentsof soft computingarefuzzy logic, neuralnetwork theory, andprob-
abilistic reasoning.[129]

All of these“soft” methodsrequire“hard” parametersoutsidethe observed phenomena–
membershipdegrees,prior probabilities,parametersfor differentialequations– the origin
of which is not alwaysclear. Indeed,the following wordsof cautionby Cohen[12] seem
appropriateto mention:

“Mesmerizedby a single-purpose,mechanised‘objective’ ritual in which we
convert numbersinto othernumbersandgeta yes-noanswer, we have cometo
neglectclosescrutiny of wherethenumberscomefrom”.

An examplefrom thecontemporaryliteraturehasreceivedsomeprominence,wherea result
in form of anumberdoesnotgiveuniversalsatisfaction:

“ ‘Forty two!’ yelledLoonquawl, ‘Is thatall you’ve got to show for sevenand
a half million years’work?’ ‘I checked it very thoroughly,’ saidthe computer,
‘and thatquitedefinitelyis theanswer. I think theproblemis, to bequitehonest
with you, thatyou’veneveractuallyknown whatthequestionis.’ ”[2 ]

Giventhat themethodologyof a KDD processis differentfrom statisticaldataanalysis,and
that the useof statisticalmodelsmay raisemorequestionsthanit answers,onecanpursue
theideaof minimisingmodelassumptionsandstartwith whatis there– theobserveddata.

In this book, we advocateand develop a non–invasive approachto dataanalysis,whose
motto1 is

Let the data speak for themselves,
1attributedto R.A Fisherby Jaynes[57], p. 641
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andwhich

Usesminimalmodelassumptionsby drawing all parametersfrom theobserveddata,
(1.1.1)

Admits ignorancewhenno conclusioncanbedrawn from thedataat hand.
(1.1.2)

This aspectis in contrastto most statisticaltechniques,not excluding the non-parametric
ones.Eventhebootstrap[discussedin theroughsetcontext in 122] needssomeparametric
assumptions,becauseonehasto assumethat the percentagesof the observed equivalence
classesare suitableestimatorsof the latent probabilitiesof the equivalenceclassesin the
population.

We hopeto show in this book that,givenminimal assumptions,thedatatell usmuchmore
than may seemat first glance,and that additionalstringentassumptionsare often neither
necessarynor, indeed,desirable.Thesecanbe appliedin a secondstepif the non-invasive
analysisoffersconclusionswhicharenotsufficiently sharpfor theintentionof theresearcher.

Wewill build ourpresentationontheparadigmof roughsetdataanalysis(RSDA) [89] which
draws all its informationfrom thegivendata.RSDA is mainly appliedto informationgath-
eredin datatables.However, thisis by farnottheonly knowledgeoperationalisationto which
the non-invasive paradigmcanbe applied;in Chapter9 we shall explore applicationsfrom
otherfieldssuchasspatialreasoningandpsychometricmodelling.

Even thoughRSDA, asa symbolicmethod,usesa only few parameterswhich needsimple
statisticalestimationprocedures,its resultsshouldbecontrolledusingstatisticaltestingpro-
cedures,in particular, whenthey areusedfor modellingandpredictionof events.We agree
with Glymouret al. [49] that

“ Dataminingwithoutproperconsiderationof thefundamentalstatisticalnature
of theinferenceproblemis indeedto beavoided.”

Theproblemhere,of course,is not to allow subjectivemodelassumptionsto creepin through
thebackdoor, whentestingproceduresareapplied.Webelievethattheproceduresdescribed
below for significancetesting,datadiscretisation,andmodel selectionsatisfy our goal of
minimisingtheuseof externalparameters,while still deliveringgoodresults.

In this book,we collect in a unifiedway our own work on non-invasive dataanalysisbased
on the rough set paradigm. As far as a descriptionof RSDA is concerned,this book is
incomplete.Therearemany importantdifferentstrandsof RSDA which we will not present
in detail. We do, however, providepointersto further literatureon topicswhich we have not
covered,but which arein themainstreamof RSDA research.



Chapter 2

Data modelsand model
assumptions
Following Gigerenzer[48], we assumethat a data modelhasthe following parts(seeFig-
ure2.1):

1. A domain� of interest.

2. A system� , which consistsof a bodyof dataandrelationsamongthedata,calledan
empiricalsystem, anda mapping��� ����� , calledanoperationalisation.

3. A representationsystem� (alsocalleda numericalor graphicalsystem), anda map-
ping ��� ����� , calledscalingwhichmapsthedataandtherelationsamongthedata
to a numericalor graphicalscale.

In thecentreof themodellingprocessis

4. Theresearcher.

Figure2.1: Thedatamodel

Researcher

Domain
�

of

interest

Empirical
�� �  ! " # $ % & " ' $ ( " # $ % & ) * " ' $ & +

system

Numerical or
,

graphical-
system
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Therole of theresearchercannotbeoveremphasised.It is (s)hewho choosesthedomainof
investigation,the datasampleto be studiedandhow to studyit, in otherwords,the opera-
tionalisationandthenumericalmodel.

A simpleexampleof adatamodelin thissenseis thefollowing: Thedomainof interestis the
changeof temperature.An empiricalsystemis theobservationof expansionor contraction
of mercuryasthe temperaturechanges,anda representationsystemis the measurementof
thebehaviour of mercuryon ascalesuchasCelsius,Reaumier, or Fahrenheit.[43]

As anotherexample,considerthesituationthattheknowledgestateof individualsin acertain
areais to beassessed,which is our domainof interest. . Theempiricalsystemconsistsof
the individualsandproblemswhich they areasked to solve. Theseproblemsaregiven by
an expert who assumesthat they constitutea true operationalisationof the real knowledge
statesof the individuals. A numericalsystemfor this domainconsistsof, for example,the
testscoresachievedby thestudents.

Not every representationsystemneedsto benumerical.Into theempiricalsystemabove,we
canintroducetwo relations:For two problems/10 2 we saythat 2 is harder than / if every
individualwhosolves 2 alsosolves/ , andthereis at leastoneindividualwhosolves/ but not2 . For two individuals 3�0 4 , we saythat 3 is betterthan 4 , if 3 solvesall problemswhich4 cansolve, andat leastoneadditionalproblem.A consolidated(graphical)representation
is, for example,a weightedline diagramshowing theserelationssuchasFigure2.2 [31].

Thediagramshouldbereadasfollows:

5 Studentsof two groups– codedby 1 and2 – anditems– codedby A2, A4... – are
displayedin oneline diagram.Sometimestherearemultiple entries;e.g. 1111122at
the top of the line diagrammeansthat therearefive studentsfrom group1 andtwo
studentsfrom group2 at this position.5 If wecomparestudentsanascendingline from student6 to student7 meansy is better
thanx, since7 wasableto solveeachproblemwhich 6 couldsolve,aswell as(at least)
oneadditionalproblem;for examplethestudentsat the top of line diagramarebetter
thanany otherstudentin thetest.5 Ascendinglinesbetweenproblemnodesshouldbereadas“is harderthan”,e.g. 398 (on
theright) is harderthan 3;: 8 , andbothareharderthan 39< . Thereason:Every student
solved 39< andthereis onestudentwho solves 3;: = but whodid not solve 398 .5 An ascendingline from asubject6 to anitem 2 indicatesthat 6 wasnotableto solve 2 ;
for example,thestudentfrom group1 codedat item 3;: = wasnotableto solveproblem398 .
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Figure2.2: Representationof assessment

In traditional statisticalmodelling, operationalisationandscalingare frequentlycombined
into oneprocedure.Thechoiceof anempiricalmodelis oftendeterminedby thenumerical
modelwhich is to beapplied.But, aswe shallsee,operationalisationand(possible)scaling
arenot independentin theKDD processeither.

Thefirst stepof theKDD processaimsat minimisinguncertaintyarisingfrom operationali-
sation,andKDD 2 coincideswith thechoiceby theresearcherof adomainof interest.

The next step,KDD 3, is concernedwith makingthe datasuitablefor further analysise.g
by removing noiseand imputing missingdata. In order to perform this task, we have to
know whatwe meanby noise,andtherefore,we musthave decidedalreadyat this stageon
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somekind of numericalsystemwhich impliesthechoiceof modelassumptionsandsuitable
hypotheses.Similarly, the dimensionalityreductionof KDD 4 presupposesthe choiceof
model for a numericalsystem. It follows that at leastthe hypothesisandmodelselection
of KDD 6 musttake placeright afterKDD 2 in orderto avoid implicit andunstatedmodel
assumptions,andnot fall into thetrapof circularreasoning.

Not clearly separatingthe operationalisationand scalingprocessesmay result in unstated
(or overlooked)modelassumptionswhich maycompromisethevalidity of the resultof the
analysis.We invite the readerto consult[53] for an indicationof what cango wrongwhen
statisticalmodelsareappliedwhicharenot in concordancewith theobjectivesof theresearch
(if theseareknown). In particular, all we canhopefor is anapproximationof thereality that
modelsaresupposedto represent,andthatthereis nopanaceafor all situations.

Theoperationalisationis thefirst sourceof uncertainty:Onequestionis whethertheelements
andrelationsof theempiricalmodel > arerepresentative for thedomain? , anotherwhether
the choiceof attributescovers the relevant aspectsof ? . Thesechoicesareusuallymade
by a humanexpert,andthus,to somedegreesubjective (“model selectionbias”). Too many
attributesmay overfit a model,and too few may result in unexplainablebehaviour caused
by latentattributes.Thechoiceof eachof thepartsof themodelis a pragmaticdecisionby
researchers:How they want to representthepropertiesanddependenciesof real life criteria
in the bestpossibleway, accordingto their presentobjectivesandtheir stateof knowledge
abouttheworld.

In thepresentcontext weassumethattheoperationalisationof datais sufficientlyvalid to give
usasoundbasisfor analysis,andwedonotqueryhow thiscameabout.Wetakesubjectivity
at this stagefor grantedasa factof life, andstartfrom theempiricalmodel.



Chapter 3

Basicroughsetdata analysis

3.1 Fundamentals

Roughset theory hasbeenintroducedin the early 1980sby Z. Pawlak [89], and hasbe-
comeawell researchedtool for knowledgediscovery. Thebasicassumptionof RSDA is that
informationis presentedandperceivedup to a certaingranularity:

“The informationabouta decisionis usuallyvaguebecauseof uncertaintyand
imprecisioncomingfrom many sources@ @ @ Vaguenessmaybecausedby gran-
ularity of representationof theinformation.Granularitymayintroduceanambi-
guity to explanationor prescriptionbasedonvagueinformation” [91].

In contrastto othermethodologies,theoriginal roughsetapproachusesonly theknowledge
presentedby the dataitself, anddoesnot rely on outsidestatisticalor otherparametersor
assumptions.

Themostimportantareaswhich RSDA addressesare

A Describingobjectsetsby attributevalues,A Findingdependenciesbetweenattributes,A Reducingattributedescriptions,A Analysingattributesignificance,A Generatingdecisionrules.

Among others,RSDA hasconnectionsto fuzzy sets[23], geneticalgorithms[9, 127], evi-
dencetheory[63, 111, 113], statisticalmethods[10, 58], andinformationtheory[33, 126].
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Numerousapplicationsas well as the theoreticalbackgroundof recentenhancementsof
RSDB A canbefoundin [65, 86, 93, 94].

Recallthatanequivalencerelation1 C on a set D is a binaryrelationon D which satisfiesthe
following for all E1F GHF IKJLD :

E C G reflexivity FE C GNMPO�G C E symmetryFE C G and G C I�O�E C I transitivity.

If E in D , then C ERQTS GNJUDWV G C EHX is theequivalenceclassof E (with respectto C ).
Thegranularityof informationin a chosensituationcanbedescribedby anequivalencere-
lation, up to the classesof which objectsarediscernable. In our context, thesearealso
called indiscernabilityrelations. Whathappenswithin the classesis not partof our knowl-
edge.However, we areableto counttheoccurrencesof indiscernableobjects:Eventhough
we may not be ableto distinguishEYF G with respectto the equivalencerelationat hand,we
canneverthelessrecognisethat they aredifferentelements.In a sense,this is like looking at
identicaltwins: We know therearetwo of them,but we cannottell onefrom another.

More formally, we call a pair Z D[F C \ an approximationspace, where D is a finite set,and C
is anequivalencerelationon D . If ]_^WD , thenwe know theelementsof ] only up to the
(unionof) classesof C . This leadsto thefollowing definitions:

] `9QTS ELJLD�V C EU^�]�X(3.3.1)

is the lower approximationof ] , and

] ` QTS ELJLD�V C EPaN]_bQdc X(3.3.2)

is the upperapproximationof ] with respectto C . Here, C e EHfRQ�S GdJ�DgVhE C GiX is the
equivalenceclassof E . If C is understood,we shallusuallyomit thesubscript(superscript).
Theseoperatorscanbe interpretedasfollows: If C e EHfK^W] , thenwe know for certainthatEUJL] , if Cie Eif;^TDdj ] we arecertainthat EkbJL] . In theareaof uncertainty– alsocalled
boundary– ]ljY] wecanmakenosurepredictionsinceC e EHf intersectsboth ] and DmjY] .
Observe that the boundsof theequivalenceclassesarecrisp: We canrecognisewhetheran
elementE of D is in aclassof C or not (seeFig. 3.1).

We note in passingthat the lower (upper)approximationin Z DnF C \ is the interior (closure)
operatorof the topology on D whosenon empty opensetsare the union of equivalence
classes.This topologyis sometimescalledPawlak topology [e.g. by 64]; the terminology
seemssomewhatunfortunate,sinceit hasbeenknownfor sometime– sincebeforetheadvent
of roughsets– thaton a finite set D therearenaturalbijectivecorrespondencesamong

1For basicconceptsof setsandrelationswe invite thereaderto consult[36]
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Figure3.1: Roughapproximation

o Thesetof all equivalencerelationson p ,o Thesetof topologieson p in which eachclosedsetis open,o Thesetof all regular(notnecessarilyq1r ) topologieson p ,

seefor example[55] andthereferencestherein.

A roughset(of theapproximationspaces p[t u v is a pair of theform s w t wLv , wherew_xTp .
A subsetw of p is calleddefinableif w y w . In this case,w is emptyor a union of

equivalenceclassesof u , andtheareaof uncertaintyis z .
The collectionof subsetsof a set p forms a Booleanalgebraunderthe operations{[t |[t } .
With roughsetswe would expecta differentbehaviour, since,for example,it is not immedi-
atelyclearwhatshouldbeunderstoodby a statementsuchas

~ is not anelementof a roughset �TyTs w t wLv .
We considertwo possibilitiesof interpretation:

oU~ is not in thelowerapproximationof w ,oU~ is not in theupperapproximationof w .

This leadsto a structurewhich hasoperationsthat behave like intersectionandunion, and
alsohasthetwo formsof negationlistedabove.
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More concretely, the collectionof all roughsetson a set � canbe madenaturally into an
algebraicstructure� asfollows [14, 95]:

� � � �U�1�d� � � ���Y� � �� � �l�R� � ���R�P� �� � � �U�Y� � � � ��� � � �� � �l�R� � ���R�P� �� � � �U� � � � �� � � �m� � �L� �� � � �L� � � � �� � �[� � �n� �� � � �� � � � � � �� � � �� � � � � �
With theseoperations,� becomesa regulardoubleStonealgebra- adistributive latticewith
two additionaloperations

�9�
Pseudocomplement

��m�
Dualpseudocomplement

�
in which anelement� is uniquelyidentifiedby � � and � � .
Thesealgebrascanserve assemanticmodelsfor threevaluedŁukasiewicz logic [25]. The
connectionsbetweenalgebraandlogic of roughsetsystemsareexploredin somedetail in
[88]. A differentlogical approachto theroughsetmodelis givenby [84] and[66]: There,
thelower approximationis considereda necessityoperator� , andtheupperapproximation
a possibilityoperator� .

It maybealsoworthy of mentionthatRSDA canbeinterpretedin Shafer’s evidencetheory
[109] in suchawaythatbeliefsareobtainedinternallyfrom thelowerapproximationof aset,
andplausibility from its upperapproximation[111, 113].

Anotherpossibleof expressingroughnessis by thedisjointrepresentation: Insteadof
� � � �U�

we considerpairsof disjoint setssuchas
� � � � �L�

. If, say,
� ��� �P�

is sucha pair, then,in
termsof machinelearning,we may interpret

�
asthesetof positive examples,

�
astheset

of negative examples,andthe restasthe region whereanything is possible.Eachcrisp set� �9� �n���
with

�����;�9�_���9�
is a possibleconceptto be learned. The corresponding

algebraicstructuresaresemi-simpleNelsonalgebras,andweinvite thereaderto consult[88]
for anin-depthstudyof this connection.
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3.2 Approximation quality

Let usfix anapproximationspace�  n¡ ¢ £ . Themainstatisticaltool of RSDA is theapproxi-
mationquality function ¤U¥ ¦ §U¨_© ª ¡ « ¬ : If ­�®d  , then

¤Y¯ ­U°h± ² ­ ² ³T²  k´h­ ²²   ² ¡(3.3.3)

which is just theratioof thenumberof certainlyclassifiedelementsof   to thenumberof all
elementsof   . If ¤Y¯ ­U°[±T« , then ­�±k­ ± ­ , and ­ is definable.

It wasshown in [35] that the ¤ approximationis a manifestationof theunderlyingstatistical
principleof RSDA, namely, theprinciple of indifference: Within eachequivalenceclass,the
elementsareassumedto berandomlydistributed.

While theapproximationquality ¤ measurestheglobalclassificationsuccessin termsof the
equivalenceclasses,onecanusethesameprinciple for elementsanddefineroughmember-
shipfunctions[90]:

For each­�®d  , let µ1¶W¥  T¨_© ª ¡ « ¬ bea functiondefinedby

µ1¶�¯ ·H°[± ² ¢ ·P¸N­ ²² ¢ · ²º¹(3.3.4)

It is easyto seethatfor all ­L¡ »�®d  ,

µ1¶P¯ ·i°[± ¼ « ¡ if f ·L½N­ ¡ª ¡ if f ·�¾½ ­m¡(3.3.5)

µ §i¿ ¶ ¯ ·i°[±W«nÀUµ1¶�¯ ·H° ¡(3.3.6) µ1¶nÁ Â9¯ ·i°nÃmÄNÅ Æi¯ µ1¶P¯ ·H° ¡ µ1Â9¯ ·H° ° ¡(3.3.7) µ1¶nÇ Â9¯ ·i°nÈmÄKÉ Ê1¯ µ1¶P¯ ·H° ¡ µ1Â9¯ ·H° ° ¹(3.3.8)

The cases,whereequality holds in (3.3.7) and (3.3.8) - andwhen,consequently, µ1¶ is a
fuzzy membershipfunction,aswell asanefficient algorithmto computeroughmembership
functionsaregivenin [90]. Unlike fuzzy membership,the µ1¶ valuesareobtainedfrom the
internalstructureof thedata,andno outsideinformationis needed.

Roughsetsandfuzzysetsaregearedtowardsdifferentsituations:While at theheartof RSDA
is the conceptof granularity, mathematicallyexpressedby classeswith crisp boundaries,
within which no informationis available,fuzzy setsdescribevaguenessof a conceptwhere
boundariesamongclassesare ill–defined. Frameworks to combinethe two pointsof view
have beenproposed,amongothers,in [23, 117, 128]. Hybrid systems,whereRSDA is used
asa pre-processingdevice for fuzzymethodshavebeengiven,for example,in [92, 121]
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3.3 Inf ormation systems

In mostcases,wewill notconsideronly onefeatureof theobjects.An importantpropertyof
thedomainof interestis thatit has(possibly)infinitely many dimensions,andthatit usually
is not well circumscribedin advance. Statisticalmodelling usually takesas few variables
(features)aspossibleto describea situationandpredictnew cases.In contrast– keepingin
mind that the choiceof dimensionsis subjective andmay differ from oneresearcherto the
next – we advocatea top down approachin consideringin the initial stageasmany features
ascostandtimerestraintsallow. Later, wewill show how to reducethenumberof attributes.

Theoperationalisationof choiceis theverybasic(andsimple)form of an

OBJECT ËÌ ATTRIBUTE

relationshipwhich is at theheartof almostall statisticalmodelling(andtheempiricalmodel
of relationaldatabases).Moreformally, aninformationsystemÍ isastructureÎ Ï[Ð Ñ;Ð Ò ÓiÔ Õ Ô Ö ×1Ø
suchthat

Ù Ï is a finite setof objects.Ù Ñ is afinite setof mappingsÚNÛ ÏTÌ�ÓiÔ ; eachÚKÜLÑ is calledanattribute.Ù ÓiÔ is thesetof attributevaluesof attribute Ú .
Since Ï and Ñ areassumedto be finite, we canpicturean informationsystemasa matrix
suchasTable3.1, which shows part of the famousIris data[42]. The operationalisation

Table3.1: Fisher’s Iris data[42]

Sepal Sepal Petal Petal
Object

length width length width
Class

1 50 33 14 2 Setosa
2 46 34 14 3 Setosa
3 65 28 46 15 Versicolor
4 62 22 45 15 Versicolor
6 67 30 50 17 Virginica
7 64 28 56 22 Virginica

<143othervalues>

assumesthe“nominal scalerestriction”that

Eachobjecthasexactlyonevaluefor eachattributeata givenpoint in time.(3.3.9)

Theobservationof this valueis without error.(3.3.10)
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Anotheroperationalisationwhich allows semanticallyrichersituationsis givenin [37], and
it will bediscussedin Chapter9.

3.4 Indiscernability relations

Eachattributeset Ý determinesin a naturalway anequivalencerelation Þ ß on à , calledan
indiscernabilityrelation: Two elementsare in the sameequivalenceclass,if they have the
samevaluesundertheattributescontainedin Ý :

áRâ9ã äRå if andonly if æiç áHè[é æiç å è for all æKêRÝKë(3.3.11)

In otherwords,á and å cannotbedistinguishedwith theattributesin Ý .

Eachclassof Þ ß is determinedby exactly onefeaturevector ì í î ï î ð ßlêWñ î ð ßKò î , and it
containsexactly thoseobjectswhich aredescribedby this vector. Thesefeaturevectorswill
alsobe calledgranules. With someabuseof language,we denotethe granulebelongingtoá êLà by ÝKç áiè , i.e.

ÝKç áiè[é ì æiç áiè ï î ð ß9ë(3.3.12)

We will sometimeswrite óá ß insteadof ÝKç áiè ; if Ý édô , we will justwrite óá .
Thefinestequivalencerelationwhich thesystemgivesus is Þ õ . If thesystemcomesfrom a
databasetable,then,by theconstraintsof therelationalmodel,Þ õ is theidentity relation.

Thefollowing resultshowsthatincreasingthenumberof attributesin anattributesetleadsto
a finerpartition:

Proposition3.1. Let Ý�ök÷�ö ô . Then,Þ ømömÞ ß .

Proof. Let á Þ ø å ; then, by definition of Þ ø , we have æiç áièLé æiç å è for all æTê�÷ . SinceÝùö�÷ by the hypothesis,it follows that in particular æiç áHèLé æiç å è for all æTê�Ý , and
therefore,á Þ ß å .
Let ú bea new attributewith a setof valuesòiû andinformationfunction úUü1à�ý òiû , and
supposethat þNÿé Ý�ö ô . Theaim is to relatethevaluesanobjecthaswith respectto theat-
tributesof Ý to its valuewith respectto ú . Thenew attributeis calledthedependentattribute
or decisionattribute; theelementsof Ý arecalledindependentor conditionattributes. The
structure� é ì ��� ú ï is calleda decisionsystem; it is calledconsistentif

ç � á � å êLà è � ç �HæKê ônè æiç áHè[é æiç å è implies ú ç áHè[é ú ç å è � ë(3.3.13)
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Table3.2: Televisionsets

Type Price Guarantee Sound Screen d

1 high 24months Stereo 76 high
2 low 6 months Mono 66 low
3 low 12months Stereo 36 low
4 medium 12months Stereo 51 high
5 medium 18months Stereo 51 high
6 high 12months Stereo 51 low

In otherwords, � is consistentif objectswhich have thesamedescriptionunder � have the
samevalueunder	 
 . Theconditionattributesin Table3.1arepetallength,petalwidth, sepal
length,sepalwidth, andthedecisionattributeis theclassof thespecimen.

Thefollowing descriptionof televisionsetsgivenin Table3.2shallserveasanotherexample
[34]. Here, ����
 Price,Guarantee,Sound,Screen� , and � is the decisionattribute,which
indicatesa customer’sdecisionto buy.

Since� � is theidentity relationon � , thedecisionsystemtrivially fulfils (3.3.13), andthere-
fore it is consistent.Thepartitioninducedby � 
 consistsof thesets


 � � ��� � � ��
 � � � � � � �(3.3.14)

3.5 Featureselection

Thenext questionwhich we investigateis whetherit is possibleto expressthe � -valueof �
by thevaluesof � for someattributeset �! "� . In otherwords,we areinterestedin rulesof
theform

# $ �&%&�(' # $�) %&�*' + )�# �,'��.- / implies � # �,'��"0 1 �(3.3.15)

Thisconstitutesamechanismof featureselectionwhich is losslessin thesensethatthevalue
of each� on � is uniquelydeterminedby its valueson � ; in otherwords,wehaveafunctional
dependency. Thealgebraicequivalentof (3.3.15)is

� 2"34� 
 �(3.3.16)

If this is thecase,wesaythat � is dependenton � , andwrite thisdependency as �657� . For
thealgebraicpropertiesof dependencieswe referthereaderto [28, 83].

Onemajortaskof theoriginalRSDA wasto find minimalsets� with property(3.3.15). This
leadsto thefollowing concept:A reductfor � is a set � of attributessuchthat ��58� , and
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for which

If 9.:";=< then 9?>@7A�B(3.3.17)

In otherwords, ; determines
A
, andeachpropersubsetof ; doesnot. A reductfor

A
is also

calleda relativereductto emphasiseits dependenceonadecisionattribute.A minimalreduct
is a reductwith aminimal numberof elements.

More generallywe will call ;DCFE a reduct(of the informationsystemG ), if ; is minimal
with respectto

H I4J"H K B
(3.3.18)

Reductscorrespondto keysof arelationaldatabase;consequently, aswaspointedout in [100]
theproblemof findingareductof minimalcardinalityis, in general,NP-hard,andfindingall
reductshasexponentialcomplexity [115].

Reductsareusuallynot unique,sothat theproblemariseswhich oneis mostsuitableto ex-
pressthesituation.If weusethegivendataasasetof exampleswhichwewantto generalise,
this impliesthequestionwhichreductgeneratestheruleswhichcanbemosteffectively used
for prediction.We will discussthis questionfurtherin Chapter6.

The intersectionof all reductsis calledthecore; eachelementis of thecoreis calledindis-
pensable. Notethatif L is in thecore,then L=MON for every NPC"E for which

H Q4J"H K
.

Let usdeterminethereductsof thetelevision setexamplewith respectto
A
. We wantto find

sets ;8C�E of minimal cardinalitywhich satisfy (3.3.15), or, equivalently, (3.3.16). The
latter, in turn, is equivalentto

Eachclassof
H I

is a subsetof a classof
H R

.(3.3.19)

This is theconditionwe shalluse.Theclassesof therelations
H I

, where ; hasexactly one
elementareasfollows:

Price: S T < U V < S W < X V < S Y�< Z V
Guarantee:S T V < S W V < S X < Y�< U V < S Z V

Sound: S T < X < Y�< Z < U V < S W V
Screen:S T V < S W V < S X V < S Y�< Z < U V B

For eachsuch
H I

thereis a classwhich intersectstwo classesof
H R

, sononeof thesecanbe
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a reduct.Thus,we considerthesetswith two attributes:

Price,Guarantee:Identity

Price,Sound: [ \ ] ^ _ ] [ ` _ ] [ a _ ] [ b�] c _
Price,Screen:[ \ _ ] [ ` _ ] [ a _ ] [ b�] c _ ] [ ^ _

Guarantee,Sound: [ \ _ ] [ ` _ ] [ a ] b�] ^ _ ] [ c _
Guarantee,Screen:[ \ _ ] [ ` _ ] [ a _ ] [ b�] ^ _ ] [ c _

Sound,Screen:[ \ ] ^ _ ] [ ` _ ] [ a _ ] [ b�] c _ d
This givesustwo reductsfor e , namely

f(gih [ Price,Guarantee_ ]fij(h [ Price,Screen_ d
If kPl"m hasthreeelementsandcontainsneither

f(g
nor
fij

, thenk h [ Guarantee,Sound,Screen_ .n o
hastheclasses [ \ _ ] [ ` _ ] [ a _ ] [ b�] ^ _ ] [ c _ d

Since [ b�] ^ _ is not a subsetof aclassof
n p

, it cannotbereductfor e .
If we want to find the reductsof the systemq (that is, without consideringthe decision
attribute e ), we needto find those k8lrm which are minimal with respectto

n o h n s
;

recall that in our example
n s

is the identity relationon t . Sinceno singleattribute leads
to the identity, we look at the setscontainingtwo attributes,andfind the partitionslisted
below. There,the abbreviationsPr,Gu,So,Schave the obvious meaning,and we list only
non-singletonclasses.

Pr, Gu u
Pr,So u [ \ ] ^ _ ]v[ b�] c _
Pr,Sc u [ b�] c _

Gu,So u [ a ] b�] ^ _
Gu,Sc u [ b�] ^ _
So,Scu [ b�] c ] ^ _ d

This givesusthereduct [ Pr,Gu_ . Sinceno otherreductcancontain [ Pr,Gu_ asa subset,we
needto checkonly thefollowing cases:

Pr,So,Scu [ b�] c _
Gu,So,Scu [ b�] ^ _

Thus, [ Pr,Gu_ is theonly reduct,andthus,it is thecoreaswell.
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Theconceptof a (perfect)reductcanbegeneralisedasfollows: A set w!x.y is calledan z –
reductwith respectto { (or just an z – reductif { is understood)if it is minimal with respect
to theproperty

| }�~ wF��{ ��� }�~ y.��{ � | � z �(3.3.20)

If z=�D� , we have a reductasdefinedabove. Observe, that the choiceof z is madeby the
researcher, anddependson thewillingnessto allow imprecision.Finding z – reductsis com-
putationallyexpensive [115], andgreatefforts arebeingmadeto find appropriateheuristic
methodsfor reductcomputation[e.g.9, 127].

3.6 Discernability matricesand Booleanreasoning

A transparentmethodof finding reductsis a cross-classificationof objectsby assigningto
eachpair � ��� � ���.�(� theset � ~ ��� � � of all thoseattributes � for which � ~ �,�=��P� ~ � � [115].
The result is calleda discernabilitymatrix. Sincethe assignment� ��� � �*��� ~ �v� � � is obvi-
ouslysymmetricand � ~ �v� �����?� , we needonly recordtheuppertriangle.For our television
setexample,theindiscernabilitymatrix(withoutthedecisionattribute { ) isgivenin Table3.3.

Table3.3: Discernabilitymatrix

2 3 4 5 6
1 Pr,Gu,So,Sc Pr,Gu,Sc Pr,Gu,Sc Pr,Gu,Sc Gu,Sc
2 Gu,So,Sc Pr,Gu,So,Sc Pr,Gu,So,Sc Pr,Gu,So,Sc
3 Pr,Sc Pr,Gu,Sc Pr,Sc
4 Gu Pr
5 Pr,Gu

Proposition3.2. [115]

1. Thecoreof � is theset

� � �OyF� � ~ ��� � ��� � � � for some��� �O�&� � �
2. �Px"y is a reductof � if andonly if � is minimalwith respectto theproperty

�"�O� ~ ��� � �(��?�(3.3.21)

for all ��� �O�&����� ~ ��� � �(��?� .
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Proof. 1. “ � ”: Let �O &¡ bein thecore ¢ of £ . By Proposition3.1we have ¤ ¥4�"¤ ¥ ¦ § ¨ © ,
and, since �6 F¢ , we must have strict inclusion. Thus, thereare ªv« ¬6 !­ which are in
differentclassesof ¤ ¥ , but in thesameclassof ¤ ¥ ¦ § ¨ © . It followsthatonly � candistinguishª and ¬ , andhence,® ¯ ª�« ¬ °�±F² � ³ .
“ ´ ”: Supposethat ® ¯ ªv« ¬ °*±D² � ³ for someª�« ¬" ?­ . Then, � is the only attribute which
distinguishesª from ¬ , andtherefore,�µ µ¢ .

2. Let ¶!¯ ¡�° bethesetof all subsetsof ¡ whichminimally satisfy(3.3.21).

“ · : Supposethat ¸ is a reductof £ , i.e. ¤ ¹P±�¤ ¥ and ¸ is minimal with this property.
Assumefirst that ¸.ºµ® ¯ ªv« ¬ °»±?¼ for some« ¬µ &­ with ® ¯ ª�« ¬ °(½±?¼ . Then,noelementof ¸
distinguishesª and ¬ ; since¤ ¹"±?¤ ¥ it follows that ¤ ¥ doesnot distinguishtheseelements.
On theotherhand,thereis some�4 4® ¯ ª�« ¬ ° , so that ª and ¬ arein differentclassesof ¤ ¨ .
Since ¤ ¥6�!¤ ¨ by Proposition3.1, ¤ ¥ mustdistinguishª and ¬ aswell, contradictingour
assumption.

Next, we show the minimality of ¸ with respectto (3.3.21). Assumethat ¾À¿�¸ and ¾
satisfies(3.3.21). Since ¸ is a reduct,i.e. minimally satisfying(3.3.18), thereare ªv« ¬Á .­
which are separatedby ¤ ¹ but not by ¤ Â . But then ¾!º.® ¯ ªv« ¬ °Á±À¼ , contradictingthe
assumptionthat ¾ satisfies(3.3.21).

“ Ã ”: Supposethat ¸��F¡ minimally satisfies(3.3.21). Assumethat ¤ ¥"¿?¤ ¹ . Then,there
areª�« ¬O &­ suchthat ¤ ¥ separatesª and¬ , i.e. in particular® ¯ ª�« ¬ °(½±?Ä , but ¸�º�® ¯ ªv« ¬ °�±?¼ ,
a contradiction.Next, assumethat ¤ Â?±F¤ ¥ for some¾��F¸ . If ¾?º&® ¯ ª�« ¬ °i±6¼ for someªv« ¬O &­ with ® ¯ ªv« ¬ °(½±"¼ , then ¤ Â doesnot separateª and ¬ . However, Å Æ ÇvÈ É ¤ Â4±"¤ ¥ , this
contradicts® ¯ ªv« ¬ °(½±"¼ . Therefore,¾ satisfies(3.3.21), andtheminimality of ¸ impliesthat
¾6±"¸ . It follows that ¸ is a reduct.

For ourexample,wecanreadoff Table3.3that ² Pr,Gu³ is theonly reduct.

Associatedwith a discernabilitymatrix is a discernabilityfunction, which is a frequently
(andsuccessfully)usedtool to handlereducts[115]. First, we needsomepreparationfrom
Booleanreasoning: Supposethat Ê=±6Ë ² Ä « Ì ³ « Í�« Î�« ÏiÐ is thetwo elementBooleanalgebra.
A Booleanfunctionis a mappingÑ.Ò�Ê ÓOÔ�Ê , where Ì�Õ?Ç , and Ê ÓO±PÊµÖÁÊµÖÁ× × × Ö&ÊØ Ù Ú Û

Ó Ü times

. If

Ýªv« Ý¬& 4Ê Ó we saythat
Ýª4Õ Ý¬ if ª�Þ�Õ?¬ Þ for all Ì�Õ?ÆiÕ?Ç . A Booleanfunction Ñ.Ò�Ê ÓOÔ8Ê

is calledmonotone, if
Ýª?Õ Ý¬ implies Ñ�¯ Ýª,°�Õ!Ñ�¯ Ý¬ ° . If ß�±D² ¬ Þ(Ò�ÌOÕ6Æ�Õ6Ç�³ is a setof

variables,and à6�"ß , we call à an implicantof Ñ , if for any valuationof
Ý¬O &Ê Ó

¬ Þv±6Ì for all ª�Þ» µà implies Ñ�¯ Ý¬ °�±FÌ á(3.3.22)

Observethatwecanregardtheleft handsideof (3.3.22)asaconjunction,andwecanequiv-
alentlywrite â

à?±6Ì(·7Ñ�¯ Ý¬ °�±6Ì á(3.3.23)
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Thus,animplicantgivesusa sufficient conditionfor ã�ä åæ ç�è!é . A primeimplicantof ã is a
subsetê of ë suchthat ê is animplicant,but nopropersubsetof ê hasthis property.

Supposethat ì èrí î ï ð ñ ñ ñ ð î ò ó , and ô èrí õvï ð ñ ñ ñ ð õ,ö*ó . For each î ÷�ø ì , we let î ù÷ be
a variable,and, for ú ä õ,÷ ð õ û ç&üè�ý , we define ú ù ä õ,÷ ð õ�û çµèrþ=í î ùÿ�� î ÿ ø ú ä õ,÷ ð õ�û ç ó . The
discernabilityfunctionof

�
is theformalexpression� ä î ùï ð ñ ñ ñ ð î ùò ç»è��Pí ú ù ä õ,÷ ð õ�û ç � é��	��
	�
���Áð ú ä õ,÷ ð õ�û çiüè?ý ó ñ(3.3.24)

Thediscernabilityfunctionof Table3.3 is� ä Prù ð Guù ð Soù ð Scrù ç»è ä Prù�� Guù�� Soù�� Scù ç�� ä Prù�� Guù�� Scù ç�� ä Prù�� Guù�� Scù ç� ä Prù�� Guù�� Scù ç�� ä Guù�� Scù ç�� ä Guù�� Soù�� Scù ç� ä Prù � Guù � Soù � Scù ç�� ä Prù � Guù � Soù � Scù ç� ä Prù�� Guù�� Soù�� Scù ç�� ä Prù�� Scù ç�� ä Prù�� Guù�� Scù ç� ä Prù�� Scù ç�� Guù � Prù � ä Prù�� Guù ç ñ
Theconnectionbetweenreductsandthediscernabilityfunctionis asfollows [115]:

Proposition3.3. � is a reductof
�

if andonly if � is a primeimplicantof
�

.

Proof. “ � ”: Supposethat � is a reductof
�

, andlet åæ&ø	� ò bea valuationof í î ùï ð ñ ñ ñ ð î ùò ó
suchthat æ ÷(èré for all î ÷*ø � . We first show that � is an implicant of

�
. Assumethat� ä åæ ç&è�� . Then, by definition (3.3.24), thereare é�����
������ suchthat õ�÷ ð õ û"ø

ô ð ú ä õ�÷ ð õ û ç.üè7ý and õ��?è�� for all î �?ø ú õ,÷ ð õ û . It follows that ú ä õ�÷ ð õ û ç�� � èÀý ,
andtherefore,� doesnot distinguishbetweenõ�÷ and õ�û . Since � is a reduct,we have, in
particular,  ! è  " , sothat,in fact, õ,÷ and õ�û cannotbedistinguishedby any attributein ì .
Hence,ú ä õ,÷ ð õ�û ç»è?ý , contraryto our assumption.

Supposethat #%$�� is an implicant of
�

, and assumethereare õ,÷ ð õ�û?ø ô suchthatõ,÷  & õ�û , and ì distinguishesõ�÷ and õ�û , i.e. ú ä õ�÷ ð õ û ç4üè7ý . It follows from õ�÷  & õ�û that# � ú ä õ�÷ ð õ�û ç�è?ý . Let åæ bea valuationsuchthat

æ �*è(' é ð if î ��ø # ð� ð otherwiseñ(3.3.25)

Then, ) í æ � � î �4ø # óÁèré , while
� ä åæ ç=è�� , contradictingthe assumptionthat # is an

implicantof
�

. It followsthat  &�$� " , andthefactthat � is a reductimplies # è � .

“ * ”: Supposethat # is a primeimplicantof
�

, andlet õ,÷  & õ�û . Then, # � ú ä õ,÷ ð õ û çièPý .
Assumethat ì distinguishesõ�÷ and õ�û . Choosea valuation åæ asin (3.3.25). By the same
argumentasabove, we arrive at a contradiction. Since  & è  " , # containsa reduct � .
It is straightforwardto seethat � is an implicant,andtherefore,since # is prime,we have� è # .
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Thisshowsthatfindingreductsisequivalentto findingtheprimeimplicantsof certainBoolean
functions.Muchwork hasbeendoneonemploying methodsof Booleanreasoningfor reduct
determinationandrule finding,andwe referthereaderto [77–81, 112, 115].

3.7 Rules

A local conditionfor dependency of + on , canbe definedby calling a class- of . / d -
deterministic, if it is containedin a classof . 0 . Then, ,(1�+ if andonly if eachclassof . /
is + – deterministic.

Supposethat theclass- of . / correspondsto thefeaturevector 2 3 4 5 4 6 / , andthat - inter-
sects,say, theclasses7 8 9 7�: 9 ; ; ;<9 7�= , which areassociatedwith thevalues> 8 9 > : 9 ; ; ;�9 > =@?A 0 . In thiscase,weobtaintheruleB C D ?�EGF H B C�I ?J,�F K B D F�LM3 4 implies + B D F�LN> 8 or ; ; ; or + B D F�LN> = O ;(3.3.26)

We denotethe collectionof rulesof the form (3.3.26)by ,QP%+ , and,with someabuseof
languagecall ,�P�+ a ruleaswell.

In thetelevisionsetexamplePriceandGuaranteecompletelydetermineconsumerbehaviour.
This leadsto therules

If Guarantee RSSSST SSSSU
LNV months: lowLXW Y months: If Price= Z medium: high

otherwise: low[ W \ months: high;
Observe that the rule systemis deterministic. If we only considerthe attribute Guarantee,
thenweobtaintherule system

If GuaranteeRSST SSU
LMV months: lowL�W Y months: low or high[ W \ months: high;

In general,rulesobtainedfrom adecisionsystemhavetheform ]�P�^ , where] is apositive
Booleancombinationof descriptorsof theform K B D F�LM3 , and̂ isadisjunctionof descriptors
of the form + B D F_L`> . Onecanoptimisetheserulesin two ways: Minimising the number
of independentattributesappearingin ] , or minimising thenumberof descriptors.Thereis
a substantialbody of literatureon this topic, andwe point the readerto [6] for detailsand
furtherreferences.
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3.8 Approximation quality of attrib ute sets

EventhoughRSDA is a symbolicmethodof analysis,it usescountinginformationprovided
by the classesof the equivalencerelationsunderconsideration.The basicstatisticusedin
RSDA is anextensionof Definition3.3.3of a to thepartitionsobtainedfrom b and c :a�d b�e�c f�g�h i_j k�l k is a c – deterministicclassof m n�o hh p
h q(3.3.27)a�d bXe�rGf is calledtheapproximationqualityof b with respectto c . It measurestherelative
frequency of thoseobjectswith canbecorrectlyclassifiedasbeingin a classof m s with the
knowledgegivenby theattributesin b . If a�d bXetc f�gXu , thentheapproximationquality is
perfect,and c is dependenton b .

Note that the approachis quite differentto othernon-parametrictechniquessuchasthe k-
nearestneighbouror thekerneldensityestimation.Thek-nearestneighbourtechniqueneeds
an externaldefinition of a distanceor a similarity to startthe groupingprocedure(which is
anextra stepwith many degreesof freedom)andto describedependenciesamongattributes.
Suchanindirectway to describedependenciesis not neededin theroughsetapproach.The
kerneldensityestimationneedstheadditionalassumptionof thefamily of thekerneldensity
and the fixing of someparameters(e.g. the unknown varianceof a normal kernel). Both
assumptionscannotbejustifiedby thedataalone,but arepartof thenumericalmodelwhich
is a subjectiveconstructionof theresearcher.

The approximationquality is traditionallyusedin RSDA asa measureof “goodnessof fit”
of attributereduction,and(relative)reductsin particularareregardedasanoptimalsolution.
This is certainlytrue for the staticcaseof a non-changingdatasystem.However, we shall
show below that, in caseof prediction,this interpretationhasto betakenwith somecare,as
it is conditionalon thechosenreduct,and,furthermore,doesnot take into accountpossible
randominfluences.Reductsneednot bestableundersmall variationsof data[7], and“per-
fect” rulesobtainedfrom reductsneednot bestatisticallysignificant[30]. We shalladdress
the latterproblemin Chapter4, andproposea differentcriterion for attributereductionand
modelselectionin Chapter6.
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Chapter 4

Rule significance

4.1 Significant and casualrules

Any rule basedinferencesystemmustconsiderthe fact that a rule may be due to chance,
andthata rule which is logically valid neednot besignificant.This is not important,if one
considersastaticdatabase.However, if therulesareto beusedfor predictionor classification
of unseendata,thentheuseof randomrulesis questionable:

“Considera datasetin which thereis a nominalattributethatuniquelyidentifies
eachexample v v v Using this attribute onecanbuild a 1 – rule that classifiesa
giventrainingset100%correctly:needlessto say, therulewill notperformwell
on anindependenttestset”. [54]

We observe that w is not a good indicator, since w�x y{z}| ~	��� if, for example,each
rule is basedon exactly oneobject. Therearenumerousstatisticalmethodsto testa given
hypothesis.Most of these,however, dependon anassumedsamplingdistribution, which is
somethingwewantto avoid in ournon-invasivecontext. If wewantto testthesignificanceof
ruleswe musttake carethatno specificmodelassumptionsareusedwhich arenot justified
by thedataat hand.

Onemethodwhich is applicablefor any kind of datasampleandany distribution is randomi-
sation: �

“A randomisationtestis aprocedurethatinvolvescomparingateststatistic
with adistributionthatis generatedby randomlyreorderingthedatavalues
in somesense.
�

Randomisationtestshave the advantageof beingvalid with non-random
samplesandallowing theuserto choosea teststatisticthat is appropriate
for theparticularsituationbeingconsidered.” [70]
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In ourparticularcase,theteststatisticis theapproximationquality � , andthenull hypothesis���
Therule �X��� is dueto chance

is testedby comparingits approximationquality to the approximationquality of the rules
obtainedby reorderingrandomlythe featurevectorsfor objects,while keepingthedecision
valuesconstant.

More formally, let � bethesetof all permutationsof � , and ����� . We definenew attribute
functions� � by � ��� ����� � ���� � � � � ��� � � if �
��� �� � ��� � otherwise�(4.4.1)

Theresultinginformationsystem� � permutesthe � -columnsaccordingto � , while leaving
the � –columnsconstant;we let ��� be the resultof thepermutationin the � –columns,and� � ���@�{� � betheapproximationquality of theof thenew rule ���@�{� in theinformation
system� � .
Thevalue � � � � �X��� � � ��� � � � � � � ���_��� ��� � � ����� ��  ������¡ �� � � ¢(4.4.2)

measuresthesignificanceof theobservedapproximationquality. If £ � � � � � �`��� � � �_� �
is low, traditionally below 5%, then the rule ���¤� is deemedsignificant, and the

���
hypothesiscanberejected.Otherwise,if£ �M¥ � ¥ ¦ , wecall ���t� acasualrule. Wewould
like to emphasisethat failure to rejectthe null hypothesisdoesnot meanthat it is true,and
that £ doesnot signify theprobabilityof thenull hypothesis,but theprobabilityof therule,
giventhat

���
is true.

Thecut-off valueof 5% is somewhatarbitraryandcanbeviewedasa minimal requirement
for a valid rule. In caseof a “significant” result– which meansthat the probability of the
sameor a betterresultcanbeachievedby randomis lower than5% – we cansafelyassume
that the rule is – at leastin parts– not anarbitraryone. It shouldbenotedthata fixed level
of significance(suchasthe chosen5%) canbe obtainedmoreeasily, whenthesamplesize
grows [74]; in otherwords,therelative sizeof thesystematicpart in a largesamplemaybe
lower thanin a smallsamplefor a resultto besignificant.

As anexample,considerthefollowing (contrived)informationsystem[30]:

U ��§¨��© �
1 0 0 0
2 0 1 1
3 1 0 2
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Therule ª «<¬ ­ «�® ¯±°�² is perfect,since³�´ ª «�¬ ­ «�® ¯Gµ�² ¶�·X¸ . Furthermore,¹<´ ³�´ ª «<¬ ­ «�® ¯±°² ¶ º »_¼ ¶
·�¸ , becauseevery instanceis basedon a singleobservation,andthus,the rule is
casual.

Now supposethatwehavecollectedthreeadditionalobservations:

U «�¬¨«�®½² U «<¬¾«�®½²
1 0 0 0 1’ 0 0 0
2 0 1 1 2’ 0 1 1
3 1 0 2 3’ 1 0 2

To decidewhetherthegivenrule is casualunderthestatisticalassumption,we have to con-
siderall ¿ À�·�Á Â Ã possiblepermutedinformationsystemsandthe approximationqualities
of therandomisedrules. This distribution is shown in Table4.1,with Ä�·M¹<´ ³�´ ª «<¬ ­ «�® ¯�°² ¶ º »_¼ ¶ . Giventhe6-observationexample,theprobabilityof obtaininga perfectapproxima-

Table 4.1: Resultsof randomisationanalysis;6 observations³ No of cases Ä Exampleof Å
1.00 48 0.067 ¸ ­ ¸ Æ ­ Â ­ Â Æ ­ Ç ­ Ç Æ
0.33 288 0.467 ¸ ­ ¸ Æ ­ Â ­ Ç ­ Â Æ ­ Ç Æ
0.00 384 1.000 ¸ ­ Â ­ Â Æ ­ Ç ­ ¸ Æ ­ Ç Æ

tion of ² by ª «�¬ ­ «�® ¯ underthe assumptionof randommatching,is 0.067which is smaller
thanin the3–observationexample,but, usingconventionalÄ�·NÃ È Ã É , notconvincingenough
to decidethattherule is sufficiently significantto benot casual.

Theexampleshowsthateventheoptimalvalue³J·X¸ doesnotprotectagainstthesimplehy-
pothesisthattherulemaybedrawn by random.Additionally it showshow theinsignificance
canbechangedto significance,if thenumberof casespergranuleis increased.On theother
hand,a rule with a lowervalueof ³ maybesignificant:

U «<¬¾«�®Ê² U «�¬¨«�®Ê²
1 0 1 0 5 1 4 1
2 0 2 0 6 1 5 2
3 0 2 0 7 1 6 3
4 0 3 0 8 1 7 4

The valueof ³�´ ª «<¬ ¯	°Ë² ¶ is Ã È É , which is weakby traditional roughset standards.On
theotherhand,within the Ì À possiblepermutationsthereareonly Â
ÍJÎ�À resultswhich have
achievedthesame³ value,resultingin ¹<´ ³�´ ª «�¬ ¯�°{² ¶ º »�¼ ¶±·�Ã È Ã Â Ì ¿
Ï�É Ð . Thevalueof³�´ ª «�® ¯G°�² ¶ is ¸ , but therule is casual.
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4.2 Conditional significance

We canusea similar randomisationtest to determinethe influenceof oneattribute on the
classificationsuccess.In traditionalRSDA, the declineof the approximationquality when
omitting oneattributeis usuallyusedto determinewhetheranattributewithin a reductis of
high valuefor the prediction. This approachdoesnot take into accountthe possibility that
thedeclineof approximationqualitymaybedueto chance.

Supposethatwewantevaluatethecontributionof Ñ_ÒJÓ to therule ÓXÔ�Õ . As in (4.4.1), our
statisticalapproachis to comparetheactualÖ�× ÓXÔ{Õ Ø with theresultsof a randomsystem.
Let Ù_Ú Û Ñ bethehypothesis

Theinfluenceof Ñ on Ö�× ÓXÔ�Õ Ø is dueto chance.

If Ü is a permutationof Ý and Þ@ÒJÓ wedefineÞ ß à á × â�Ø�ã ä åæ�ç Þ�× Ü�× â�Ø Ø Û if Þ æ Ñ ÛÞ�× â�Ø Û otherwiseè(4.4.3)

Thus, we randomisethe valuesfor Ñ within the attribute set Ó . The significanceof the
influenceof Ñ is measuredbyé × Ö�× Ó�Ô�Õ Ø ê Ù_Ú Û Ñ Ø æ ê ë Ö�× Ó ß à á Ô�Õ Ø�ì�Ö�× Ó�Ô�Õ Ø�í Ü�Ò�î�ï êê Ý
ê ð(4.4.4)

Here,Ó ß à á Ô�Õ is therule in thepermutedinformationsystem.With thesamecaveatregard-
ing the ñ ò cutoff asabove, we call Ñ conditionalcasual(in Ó`ÔóÕ ), if ô è ô ñ�õ é × Ö�× ÓQÔÕ Ø ê Ù_Ú Û Ñ Ø .
Thefollowing examplefrom [30] shows that,dependingon thenatureof anattribute,statis-
tical evaluationleadsto differentexpectationsof thechangeof approximationquality which
arenot visibleunderordinaryRSDA.

Table4.2: Conditionalcasualness

U Ñ ö ÷¨ö ø¨ö ù Õ U Ñ ö ÷¨ö øÊö ù Õ
1 0 1 1 1 a 5 1 5 5 3 c
2 0 2 1 1 a 6 1 6 4 3 c
3 0 3 3 3 b 7 2 7 7 3 d
4 0 4 3 3 b 8 2 8 7 3 d

Considertheinformationsystemof Table4.2.Thepredictionrule Ñ±Ô�Õ hastheapproxima-
tion quality Ö�× ÑGÔ é Ø æ ô è ñ . Now, supposethatanadditionalattribute ö is conceptualisedin
threedifferentways:
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For ÿ�������� we have �	� 
 � � û 
 ���������Xÿ , sothateachof theseapproximationsis perfect.
If we regard �	� ����� ����� � � asthevalueof thedeclineof theapproximationquality when
leaving outattribute û 
 in thepredictionof � , wehaveasituationin whichstandardroughset
dependency analysisdoesnot distinguishbetweenthealternatedescriptionswith respectto
theadditionalattribute û 
 � ÿ�������� .
In orderto show thatthereis a needfor testingthesignificanceof thedropfrom ÿ to � � � , we
canlook at thestatisticalexpectationsof thepredictionsuccess,if we fix theattribute � and
havea“random” attribute û 
 .
If we do so,we considertheexpectation�! �	� 
 � � "	� û 
 � ���#� � $ , andweobservethat

�! �	� 
 � � "	� û ü � ���#� � $%�Xÿ ��! �	� 
 � � "	� û ý � ���#� � $%��� � & & ��! �	� 
 � � "	� û þ � ���#� � $%��� � ' ( )��
The increasefrom � � � to ÿ is dueto randominfluences,if we useattribute û ü . Therefore,
thedropfrom ÿ to � � � cannotbesignificant,if we eliminateû ü from theattributeset.Using
attribute û þ , theexpectationof thepredictionqualitygivenarandomrepresentationof û þ and� is only � � ' ( ) andit is very likely that thedropfrom ÿ to � � � wheneliminating û þ from the
attributesetis significant.Thequality of û ý is in betweenthatof theothertwo, andmustbe
a subjectof statisticaltestingaswell.

The statisticalapproachoffers additionalinformation in the evaluationof the increase(or
drop)of theapproximationquality, if weadd(or remove)oneof the û 
 attributesto (or from)
theleft sideof thepredictionrules.ú Any attribute * with the samefrequency distribution as the values û ü � +%� � +-,-. , is

expectedto have approximationquality �	� 
 � � * �/�0� �1�tÿ . Thereforewe cannot
trust the rulesderived from the description
 � � û ü �324� , becausethe attribute û ü is
exchangeablewith any randomlygeneratedattribute *���"	� û ü � .ú The expectationof a randomlygeneratedrule systemwith an attribute *��5"	� û þ �
is only �	� 
 � � * ���6� �/��� � ' ( ) , and thus by far smaller than the observed value�	� 
 � � û þ ���#� ���Xÿ .ú Theresultof the4 categoryexampleis in between.

Whereasthe statisticalevaluationof the additionalpredictive power of the threechosenat-
tributediffers,theanalysisof thedeclineof theapproximationquality tells usnothingabout
thesedifferences.
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4.3 Sequentialrandomisation

We seefrom thedenominator7 8!7 9 of (4.4.2)thatthecomputationalcostof obtainingthesig-
nificanceis feasibleonly for smallvaluesof 7 8!7 , andmoresophisticatedtoolsareneededto
applytherandomisationtest.A fairly simplemethodof shorteningtheprocessingtimeof the
randomisationtestis theadaptationof asequentialtestingschemeto thegivensituation.Be-
causethis sequentialtestingschemecanbeusedasa generaltool in randomisationanalysis,
we presenttheprocedurein a moregeneralway.

Supposethat : is aastatisticwith realizations: ; , andthatwehavefixedarealization: < . We
canthink of : < as =	> ?�@�A B and : ; as =	> ?DC!@5A B . An evaluationof thehypothesis:FE�: <
giventhenull hypothesisGDH canbedoneby usingasampleof sizeI from the : distribution,
andcountingthenumberJ of : ; for which : ;KE�: < . Theevaluationof LM> :!E�: < 7 G�H B cannow
bedoneby theestimator NL�O%> :FE�: < 7 GDH B�PRQO , andthecomparisonNL�O�> :1E�: < 7 G�H B�S�T will
beperformedto testthesignificanceof thestatistic.For this to work we have to assumethat
thesimulationis asymptoticallycorrect,i.e. thatU V WO XDY NL�O�> :FE�: < 7 G�H BKP/LM> :!E�: < 7 GDH B Z(4.4.5)

Assumingindependenceof thedraws – which in our situationis no restriction–, theresults
of thesimulation J out of I canbedescribedby a binomialdistribution L Q > [�\1L�B O ] Q with
parameterL^PRLM> :^E�: < 7 G�H B . The fit of the approximationof NL�O�> :^E�: < 7 G�H B can be
determinedby theconfidenceinterval of thebinomialdistribution.

In orderto control thefit of theapproximationmoreexplicitly, we introduceanotherproce-
durewithin our significancetestingscheme.Let

G�_�`�LM> :!E�: < 7 GDH B B�a3b c d TMB(4.4.6) G�e�`KLM> :!E�: < 7 G�H B B�a3b TKd [ f(4.4.7)

beanotherpairof statisticalhypotheses,whicharestronglyconnectedto theoriginalones:IfG�_ is true,we canconcludethat thetestis T –significant,if G!e holds,we concludethat it is
not.

Becausewe want to do a finite approximationof the testprocedure,we needto control the
precisionof theapproximation;to this end,wedefinetwo additionalerrorcomponents:

1. g�P probabilitythat G�e is true,but G!_ is theoutcomeof theapproximative
test.

2. h�P probabilitythat G�_ is true,but G�e is theoutcomeof theapproximative
test.
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Thepair i j k l m is calledtheprecisionof theapproximative test. To resultin a goodapprox-
imation, the valuesj k l shouldbe small (e.g. j�nRl3npo q o r ); at any rate,we assumethatj�s�lDtvu , sothat wx y%z t x y wz , which will beneededbelow.

Given a sampleof { observationswith | observationswhich count against }D~ and {��| observationswhich count towards }�~ , we canusethe the Wald-procedure[123], which
definesthelikelihoodratio

��� i {Kk | mKn � � � � � � ~ � � � ��� i u�� � m � y �� � � � � � � � x � � � i u�� � m � y � k(4.4.8)

andweobtainthefollowing approximativesequentialtestingscheme:

1. If ��� i {Kk | m�t lu��3j k
then }!� is truewith probabilityat most l .

2. If ��� i {Kk | m�� u��/lj k
then }!� is truewith probabilityat most j .

3. Otherwise lu���j � �K� i {Kk | m � u��3lj k
andno decisionwith precisioni j k l m is possible.Hence,thesimulationmustcontinue.

Within this testingprocedurethe number{ of observationsis treatedasa randomvariable.
If we fix the critical value � , and the precision j k l , any i {Kk | m -combinationhas its own��� i {Kk | m valueandtherefore,oneof thealternativesmusthold. Becausetheprocedurecan
beusedin aniterativemanner, we will stopthesimulation,if alternative (1) or (2) occurs.It
is well known [123] that this procedureis time saving in comparisonto testingschemesin
which { is fixed.

With this procedure,which is implementedin our rough set engineGROBIAN1 [29], the
computationaleffort for the significancetest in most casesdecreasesdramatically, and a
majorityof thetestsneedlessthan100simulations.

1http://www.infj.ulst.ac.uk/~cccz23/grobian/grobian.html
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Chapter 5

Data discretisation

5.1 Classificatorydiscretisation

A numericalattribute usually gives rise to many small classesof objects,which, in turn,
leadto ruleswhosesignificanceis below an acceptablelevel. Collectingnumericalvalues
into classessuchasintervalsor rangesof valuesis usuallycalleddiscretisationor horizontal
compression. Therearewell establishedmethodsof achieving a reductionof thenumberof
classesby discretisationwhich needextra parameterssuchasminimumsize,Euclideandis-
tances,independencedegreesor othermeasures.For anoverview of discretisationmethods
in dataminingwe invite thereaderto consult[78].

Within ournon-invasiveparadigmweneedto find otherprocedureswhichmaybeused,when
thenumericalinformationneededfor thecommondiscretisationmethodsis not availableor
cannotbejustified. Sucha methodwaspresentedin [32]; beforewe formally describeit we
shall look at anexampleto explain theideabehindtheprocedure.

Table 5.1: HeartattackinformationsystemI

U m p H U m p H�M� 1 3 0 �%� 2 4 1�%� 3 2 0 �%� 4 1 1�%� 2 1 0 �%� 1 5 1��� 3 3 0 �%� 5 4 1

Considertheinformationsystemof Table5.1whichwe interpretasfollows:

�3�M� �      %� ��� arepatients.� The attribute ¡ is a combinedmeasureof medicalindicatorsfor the risk of a heart
attack,while ¢ is a combinedmeasureof psychologicalindicators,seee.g.[26, 103].
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1. No risk, 2 – Smallrisk, 3 – Mediumrisk, 4 – High risk, 5 – Very high risk.

£ The decisionvariableH is the observationof a heartattackwithin a predefinedtime
spancodedas

1 – Heartattack, 0 – No heartattack

It is easilyseenthat ¤	¥ ¦ §3¨ ©%ª�«#¬�­�®�¯ , andthus,therule is logically valid. Onetheother
hand,the significanceanalysisdescribedin Chapter4 shows that the probability to obtain
this rule by chanceis closeto 100%.This is surprising,becausethedependency

High medicalor highpsychologicalrisk leadsto heartattack(5.5.1)

is obviously present. But note that (5.5.1)usesfar lessinformation than is presentin the
Table,sincethereareonly the two risk values¦ high,not highª insteadof thefive valuesin
thesystem.If we look morecloselyatTable5.1,weobservethatfor all °�±3² ,

§3¥ °%­�±�¦ ³�¨ ´ ª implies ¬R®�¯ ¨©M¥ °�­�±�¦ ³�¨ ´ ª implies ¬R®�¯ ¨
andthatconversely

¬�®v¯ implies §/¥ °�­�±�¦ ³�¨ ´ ª or ©M¥ °%­�±�¦ ³�¨ ´ ª µ
If consequentlywe recodein both ¶�· and ¶�¸

¯ ¨ ¹ ¨ º�»½¼ ¨M³�¨ ´D»5¯ ¨
we obtainthesystemshown in Table5.2.

Table5.2: HeartattackinformationsystemII

U m p H U m p H°M¾ 0 0 0 °%¿ 0 1 1°%À 0 0 0 °%Á 1 0 1°%Â 0 0 0 °%Ã 0 1 1°�Ä 0 0 0 °%Å 1 1 1

Westill havetherule ¦ §3¨ ©%ª�«#¬ ; thesignificanceanalysis,however, showsthatthechance
to get thesameresultby randomis about2.8%. Hence,this dependency canbeconsidered
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significant. The higherstatisticalstrengthof the predictiongiven in the recodedsystemis
dueto fact that the risk groups1, 2, and3 areidentified,aswell asthe4 and5 risk groups.
Thedifferenceswithin theserisk groupsareneglected,andonly thedifferencebetweenthe
recodedrisk groupsremainsasacharacteristicof thesetof predictionattributesÆ�ÇvÈ É/Ê Ë%Ì .
This leadsto a duplicationof rule instanceswhich influencesthestatisticalsignificancein a
positiveway.

Thegeneralideausesa binarisationof the informationsystem:For eachattribute ÍFÎ/Ï letÐ�ÑÒ bethesetof attributevalueswhich areactuallytakenby someÓ/Î3Ô . For eachÕ�Î ÐDÑÒ
we definea new attributefunction Í Ö�× Ô�Ø#È Ù Ê Ú Ì by setting

Í Ö Û Ó%Ü�Ç
Ý Ú Ê if Í Û Ó�Ü�Ç�Õ ÊÙ Ê otherwiseÞ

We let Ï Ò Ç�È Í Ö!×	ÕFÎ Ð�ÑÒ Ì , and ß%à be the informationsystemwith attribute set Ï Ñ Çá Ò â ã Ï Ò . Thebinarisationof theheartattacksystemis shown in Table5.3.

Table 5.3: Thebinarisedsystemä å
m p

U É�æçÉ1èçÉ�éçÉ1êëÉ�ì Ë%æíË�èîË�é6Ë êîË�ì H

Ó æ 1 0 0 0 0 0 0 1 0 0 0Ó è 0 0 1 0 0 0 1 0 0 0 0Ó é 0 1 0 0 0 1 0 0 0 0 0Ó ê 0 0 1 0 0 0 0 1 0 0 0Ó ì 0 1 0 0 0 0 0 0 1 0 1Ó%ï 0 0 0 1 0 1 0 0 0 0 1Ó%ð 1 0 0 0 0 0 0 0 0 1 1Ó%ñ 0 0 0 0 1 0 0 0 1 0 1

Oncethesystemhasbeenbinarised,wedo thefollowing:

1. For eachÍ�Î1Ï andeachò!Î Ð Ñó find all Õ�Î Ð�ÑÒ for which

Û ô Ó1Î3Ô�Ü õ Í Ö Û Ó�Ü�Ç�Ú implies ö Û Ó%Ü�Ç�ò ÷ Þ(5.5.2)

2. Let ø Ò ù ú be the setof all thesebinary attributes,anddefinea new (binary) attributeÉ Ò ù ú by

É Ò ù ú Û Ó%Ü�ÇvÚ�û�ü½Í Ö Û Ó%Ü�ÇvÚ for someÕ�Î1ø Ò ù ú Ê(5.5.3) û�üþý!ÿ �Ö â ��� � � Í Ö Û Ó�Ü�Ç�Ú Ê(5.5.4)
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We now replaceall attributes � � �
	���
�� � � simultaneouslyby theattribute � � � � . This
stepeffectively collectsall attribute valuesof � which do not split the decisionclass
belongingto � into a singleattributevalue.

For ourexample,weobtainthereducedinformationsystemasshown in Table5.4after
thisstep.

Table5.4: Reducedbinarysystem����
U ���������������  !"�#!$� ��! �  H% � 1 0 0 0 0 1 0 0% � 0 0 1 0 0 1 0 0% � 0 1 0 0 1 0 0 0% � 0 0 1 0 0 1 0 0%  0 1 0 0 0 0 1 1%"& 0 0 0 1 1 0 0 1%"' 1 0 0 0 0 0 1 1%"( 0 0 0 1 0 0 1 1

3. We now definea new informationsystem)+*-,�. / � 0 * � 1 2 *�43 � 5 6�7 asfollows:

2 *� ,98 � � � �;: � ��2;<=�>4? 2 �4@BA� 5 C"DE

 � � � F

For each% � / thereis exactly one
	 G���2 *� suchthat � � 1 % 3 ,IH by definitionof

2 *� ,
andwe set � * 1 % 3 , 	 G .

In our examplesystem,thevaluesfor � havebeenreducedto 4, andthosefor ! to 3. As the
algorithmshows,this typeof datacompressionis not expensiveandeasilyimplemented.

In a further (expensive) step,onecanconsiderminimal reductsof J KL beforecollectingat-
tribute values;this will usually reducethe numberof attribute valueseven further. In our
examplesystem,theuniquereductis theset 8 �M�  � ! �  > , sothatin theoptimalreductioneach
attributehasonly two valuesasshown in Table5.2.

Thequestionarises,whetherthesetransformationskeepthedependency structureof theorig-
inal system,andwhetherit hasaneffectonthesignificanceof theattributes.This is answered
by thefollowing resultfrom [32]:

Proposition 5.1. Let ) * be obtainedfrom the decisionsystem) as describedabove. LetNMO,QPSR 0 , and P;* bethecorrespondingattributesetfrom )+* . Then,

1. T 1 P9UWV 3 ,QT 1 P;*4UWV 3 .
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2. X�Y Z
Y [9\^] _ ` acb _�d�X�Y Z
Y [;e�\W] _ ` acb _
Proof. 1. Supposethat f�Y [c_ (fMY ] _ ) is thesetof all classesof g h ( g i ). Recallthat

Z
Y [9\W] _+jlk ` m nBo n is a ] -deterministicclassof g h�p `` q�` r
If s is aclassof fMY ] _ , then

tvu w xjzyIm nB{MfMY [c_4o nB|Qs�p
containsexactlythoseelementsof q whichcontributeto the [ -deterministicpartof s . Sincet

is a classof [;e , and every ] –deterministicclassof g h
} hasthis form, the conclusion
follows.

2. First, we observe thatbecauseattributevaluesareidentifiedin thethefiltration process,
for each~�|�� , eachclassof g ��} is a unionof classesof g � . Thus,givenany �Q{v� , the
rule [c�v\�] will have at leastasmany deterministiccasesas [;e �v\�] . It follows thatZ
Y [c��\�] _cd�Z
Y [;e ��\�] _ . Thus,for every �Q{v� with Z
Y [c� ec\�] _cd9Z
Y [;ec\�] _ we
have

Z
Y [ � \W] _�dvZ
Y [ e � \W] _�dvZ
Y [ e \W] _4jvZ
Y [�\W] _ �
thelatterby 1. Hence,thenumeratorof theright handsideof (4.4.2)for [9\W] is at leastas
largeasthatfor [;e�\W] , whencetheconclusionfollows.

Thus, the approximationquality is the same,and the rule significanceis not worsethan
before. Indeed,in all caseswe have tested,therewasa remarkableincreaseof the signifi-
cance,evenin caseswheretheattributeswerehighly continuous.In [10] wehavediscretised
Fisher’s Iris datawith our non-numericalmethod;theresultsareshown in Table5.5. We list
the resultingnumberof classes,andin bracketsthe numberof classesof theun-discretised
data.Observethedramaticfall in thenumberof classesof thepetalattributes.

Thisclassificatorymethodof discretisationcanbeextendedby consideringageneralisedtype
of informationsystem[124]: A multi-valuedinformationsystemisastructure� q�� ��� Y �$� _ � � ���
suchthat

� q is a finite setof objects.� � is afinite setof mappings�Mo q9�B� � � ; each�M{�� is calledamulti-valuedattribute.� �$� is thesetof attributevaluesof attribute � .
A hypertupleis anelementof � � � � � � � , andahypergranuleis ahypertuple� which is equal
to some ��Y �$_ , i.e. ��j�� �$Y �"_ � � � � . A hyperrelation is a collection of hypertuples. A
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Table5.5: Non-numericaldiscretisation

Attribute Filter No of classes
Sepallength: 43–48,53 � 46 22 (35)

66,70 � 70
71–79 � 77

Sepalwidth: 35,37,39–44 � 35 16 (23)
20,24 � 24

Petallength: 10–19 � 14 8 (43)
30–44,46,47� 46

50,52,54–69 � 50
Petalwidth: 1–6 � 2 8 (22)

10–13 � 11
17,20–25 � 17

simpletuple is a hypertuplein which eachcomponentis a singletonset.We canregardeach
(single-valued)informationssystem� asamulti-valuedone�
� by consideringthesingleton� � �  "¡ ¢�£9¤$¥

insteadof
�$�  "¡�¦§¤$¥

. Thus,a granuleof � becomesa simplehypergranulein� � , andweshallusuallyidentify thetwo.

Hypertuplescanbeorderedby setting¨ ©-ªv¨ «-¬�­z¨ © � � ¡�£ ¨ « � � ¡
for all

��¦�®�¯
(5.5.5)

If ° is a hyperrelation,we let ±�°³² � ¨ ¦�´ ¥ µ ¶c· ¸ ¹§º ¨�ªI» for some
» ¦ ° ¢ . We also

definë
©
¼M¨ «

by setting � ¨ ©
¼M¨ « ¡ � � ¡ ² ¨ © � � ¡"½ ¨ « � � ¡ ¯(5.5.6)

Clearly,
¨ ©+¼�¨ «

is thesupremumof
� ¨ © ¾ ¨ « ¢

with respectto
ª

. If ¿ ¾ ° £ ´ ¥ µ ¶c· ¸ ¹ we let¿ ¼ °�² � ¨"¼M» º ¨ ¦ ¿ ¾"» ¦ ° ¢ .
Now, supposethat À is asingle-valueddecisionattributeand Á is aclassof Â Ã . A hypertuple¨ ¦ ´ ¥ µ ¶ · ¸ ¹

is calledequilabelledwith respectto Á if for all granules
®��  "¡

If
®��  "¡ ªv¨ ¾

then
 §¦ Á ¯(5.5.7)

Observethateachgranuleis equilabelledwith respectto someclassof Â Ã . Eachequilabelled
hypergranulecanreplaceanumberof granuleswithoutdestroying theclassinformationof Â Ã .
Theaim is now to find themaximalequilabelledhypergranules;this will give usanoptimal
datacompression.Clearly, wecandothisby consideringtheclassesof Â Ã oneatatime; thus,
let Á besucha class,and Ä bethesetof all hypertupleswhich areequilabelledwith respect
to Á . Furthermore,let Å bethesetof its maximalelements.A simplealgorithmto find Å
wasgivenin [124]:
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1. Æ-Ç+È É ÊËlÌ .

2. Æ�Í Î�Ç È É ÊË Thesetof maximalelementsof Ï Ð�Ñ Æ�Í-Ò Ì�Ó Ô ÕMÖ .
It canbeshownbyelementarylatticetheoreticargumentsthatthealgorithmbecomesconstant
from someÆ4× on,andthat Æ�× Ë�Ø . Theresultof thisalgorithmwith respectto theIris data
is givenin Table5.6.

Table5.6: Hypergranulesfor theIris data

Attribute
Sepallength Sepalwidth Petallength Petalwidth

ClassÙ Ú Û Ü Ý Ý Ý Ü Þ ß àâáãÙ ä Û Ü ä å Ü Ý Ý Ý Ü Ú Ú àæáãÙ ç è Ü Ý Ý Ý Ü ç é Ü ç å àêáëÙ ç Ü Ý Ý Ý Ü ì à
SetosaÙ Ú å Ü Ý Ý Ý Þ ä ÜÞ Ú Ü Ý Ý Ý Ü é è à áíÙ ä è Ü ä ä Ü Ý Ý Ý Ü Û Ú àæá³Ù Û è Ü Û Û Ü Û Þ Ü Ý Ý Ý Ü Ú å à�á³Ù ç è Ü Ý Ý Ý Ü ç ì à

VersicolorÙ Þ ì Ü Ý Ý Ý Ü Þ å Ü ì ç Ü Ý Ý Ý Ü ì å Ü Ù Ú å Ü Ý Ý Ý Ü ì ç Üé ç Ü Ý Ý Ý Ü é Ú Ü é ì Ü é é Ü é å à ázÙ ä Þ Ü Ý Ý Ý Ü Û Ú Ü Û ì Ü Û ß à�á ì Û Ü ì Ú Ü ì ì Ü ì é Ü ì å à á³Ù ç ß Ü Ý Ý Ý Ü ä Þ à VirginicaÙ ì ç Ü ì Û à áîÙ ä ì Ü ä ß àïáîÙ Þ ç Ü Þ ì àïáðÙ ç Ú Ü ç Þ à
VirginicaÙ ì è à á Ù Û è à á Ù Ú ß à áñÙ ç ß à
VirginicaÙ é ä à á Ù Û è à á Ù Þ ß à áñÙ ç ì à
VirginicaÙ ì ä à á Ù ä ß à á Ù Ú ß à áñÙ ç ß à
VirginicaÙ ì è à á Ù ä ä à á Ù Þ è à áñÙ ç Þ à
VirginicaÙ Ú å à á Ù ä Þ à á Ù Ú Þ à áñÙ ç é à
VirginicaÙ ì è à á Ù ä é à á Ù Þ ç à áñÙ ç ì à
VersicolorÙ ì é à á Ù Û è à á Ù Þ è à áñÙ ç é à
VersicolorÙ Þ å à á Ù Û ä à á Ù Ú ß à áñÙ ç ß à
Versicolor

Observethatthetablecontainsonly 12entriesinsteadof theoriginal150.Thehypergranules
cannow be usedto classifyunseenelements,andwe refer the readerto [124] for further
details.

5.2 Discretisation of real valuedattrib utes

A differentapproachto discretisationwhen the attributesare real-valuedcanbe taken by
searchingfor hyperplaneswhich determineoptimal intervals for discretisation[76, 80, 81].
To explain the principle,we shall only presentthe caseof cuts,i.e. hyperplanesparallelto
anaxis,aspresentedin [81], andleavethereaderto consultthecitedreferencesfor themore
generalcase.

We supposethateachattributedomain ò is a left-closed,right-openinterval of thereal line,
i.e. ó$ô Ë Ï õ ô ö ÷ ô Ó for someõ ô ö ÷ ô;ø§ù4ö�õ ô�úQ÷ ô . Theideais to partitioneachó$ô into a setof
subintervals,which canreplacethe original attributevalues,andthusleadto a reductionof
takenvalues.
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A sequenceof cutsfor û�ü�ý is asequenceþ�ÿ�� � � ÿ��� �	��
 � û 
 � of numberssuchthat� ÿ�� � ÿ��� � ÿ ��� � � � � ÿ� � ÿ � ��� ÿ �(5.5.8)

More generally, we will call pair � û�� � � a cut, if
� üQþ4ÿ , andwith someabuseof language,

we identify þ�ÿ with
� � û�� � � � � ü�þ�ÿ � . Similarly, we identify a family � � � þ4ÿ � û�ü�ý!� of

sequencesof cutswith theset
� � û�� � � � û�ü ý"� � ü þ�ÿ � , andcall it briefly a family of cuts.

Observethatby our definition, � û�� � ÿ � � � û�� � ÿ � ü#� for all û�ü�ý .

Eachsequenceþ�ÿ of cutsfor û determinesapartition $&%�' of ($ÿ by

($ÿ��*) � ÿ� � � ÿ � 
,+-) � ÿ � � � ÿ. 
,+ � � � +-) � ÿ/ 0 � � � ÿ� � ÿ � 
 �(5.5.9)

Conversely, eachpartition $�ÿ of ($ÿ into left-closed,right-openintervals determinesa se-
quenceof cutsfor û in a naturalway.

If ��� � � û�� � � � û üvý"� � üvþ�ÿ � and �,1	� � � û�� � 1 � � û üvý"� � üQþ"1ÿ � arefamiliesof cuts,
we write � � �,1 , if ��23�41 . If � � �41 , then,at leastone þ4ÿ containslesscutsthat þ"1ÿ , and
therefore,thepartitiondeterminedby þ�ÿ will becoarserthanthatof þ�1ÿ .
Givena family � of cuts,we obtaina new informationsystem576-�8� 9&� ý	6,� � ( ÿ : � ÿ : ; <�: � ,
where

1. ý	6=� � û 6 � û�ü�ý!� .
2. For eachû 6Mü�ý	6 ,

(a) (�6ÿ � � � ü > � ?"�@�	�@
 � û 
 � .
(b) û 6 � A 
	� � if andonly if û � A 
�ü�) � ÿ� 0 � � � ÿ� 
 .

Supposethat B is adecisionattribute.Wesaythat � is consistentwith B , if for all A � � A C ü-9 ,

ý 6 � A � 
	��ý 6 � A�C 
�DEB � A � 
��3B � A C 
 �(5.5.10)

� is called irreducible(with respectto B ), if � is consistentwith B andno �41 � � hasthis
property. The aim is now, to find irreduciblesetsof cuts. In otherwords,we are looking
for a consistentfamily of cuts,leadingto partitionsof thesets($ÿ into left-closed,right open
intervals,suchthat joining any two intervalswould make thesysteminconsistent.Observe
thatthesetsþ4ÿ areusuallynot independent,andthatit is possiblefor a consistent� to have,û 6 � A � 
"�Iû 6 � A�C 
 and B � A � 
=F�*B � A C 
 for someû§ü ý . This is analogousto the fact that, in
determiningdependencies,wehave for all G&� HI2Qý

GJ2@HJDLK M�2@K N&�
RecallingtheconnectionbetweenreductsandBooleanreasoning(Proposition3.3), the fol-
lowing comesasno surprise[81]:
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Proposition 5.2. Finding an irreduciblefamily of cutsfor a decisionsystemis polynomially
equivalentto findinga primeimplicantof amonotoneBooleanfunctionin conjunctivenormal
form.

Thus, finding an irreduciblefamily of cuts is NP-complete[115]; effective heuristicsare
describedin [75, 79]. An overview anddetailedexamplesof theseprocedurescanbefound
in [78].

The hyperplaneapproachusesnumericinformationof the attribute domain,which the dis-
cretisationof [32, 124] doesnottakeinto account.It is possibleto includefurtherrestrictions
on hypertuplesin [124] to mimick a hyperplanealgorithmaswell. Therefore,themethodof
[124] is themoregeneralapproach,andit canbetailoredto otherrestrictionson thedataset
aswell.
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Chapter 6

Model selection
In the static case,reductsdescribethe dataerror free. However, thereare usually many
reductsandthe questionariseswhich of theseis, in a sense,the bestone. Thecriterion for
this canbe, for example,the costof determiningattribute values,so that the bestreductis
onewhich minimisesthesecosts. In a dynamicsituation,a bestattribute setmight be one
which hasa high classificationquality with respectto unseencases.It hasbeenknown for
sometimethatreducts,whichstemfrom staticdatabasesarenotalwaysthebestchoicewhen
it comesto prediction.In this chapter, we describetwo approachesto thechoiceof attribute
setsfor prediction:Thedynamicreductsof [7], andtheentropy basedmeasureof [33] which
doesnot usereductsat all.

6.1 Dynamic reducts

Dynamic reductsaim to improve the predictionquality of rules generatedby a reductby
measuringthis quality overa numberof randomlygeneratedsub-universesof thedomainof
interest:

“The underlyingideaof dynamicreductsstemsfrom theobservationthatreducts
generatedfrom informationsystemsareunstablein thesensethat they aresen-
sitive to changesin theinformationsystemintroducedby removing a randomly
chosenset of objects. The notion of dynamicreductencompassesthe stable
reducts,i.e. reductsthat arethe mostfrequentreductsin randomsamplescre-
atedby subtablesof thegivendecisiontable” [114].

For OQPSR T	U V"U W�X U Y X U Z [ X \ ] and T"^�_JT"^ , we call O�^7PSR T"^ U V"U W�X U Y X U Z [ X \ ] a subsystem
of O . If ` is a family of subsystemsof O , thena#b"c Z�d e U `&f	P b"c Z d O�f,g hJi j8k jmln`!o(6.6.1)
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is calledthefamilyof p -dynamicreductsof q . It is easilyseenthatin mostcases,this is too
restrictive for practicaluse,andthus,a thresholdis introduced:Let rSsQt�sJu . The family
of v t w p&x -dynamicreductsof q is definedbyy�z {"| } v ~ w p&x��Q� �J� {"| } v q7x&� u&�-t!s�� ��v ��x �(6.6.2)

where

� �7v ��x	�L� � �8� p3� �I� {"| } v �=x � �� p �(6.6.3)

is the p - stability coefficientof � . Model selectionproceedsin four steps:

1. Choosenumbers� , � � w,�=s@��w	u"s�� �"s8� �7�� , anda thresholdt .
2. For eachu"s��=s@� generateasubsystemq � of q by randomlydeletinga � � objectsof�

, andset p��Q� q �"� u�s-�=s@�7� .
3. Find thereductsfor q andeachq�� .
4. Chooseall reducts� with u&�-t&s�� �7v ��x for furtherprocessing.

From these“true dynamicreducts”,decisionrulesfor classificationarecomputed,andthe
final decisionis takenby “majority voting”.

The methodof dynamicreductsemploys a kind of internalcross-validationin orderto im-
prove theexternalpredictionquality. We observe that theresearcherhasto make somesub-
jective choicesin step1. of the procedure,which arenot containedin the data. The huge
complexity of step3. forcesapplicationsof heuristictechniques,suchascombinatorialor
geneticalgorithms.Extensive experimentsreportedin [5] show that thedynamicreductap-
proachfaresconsiderablybetterthanthe traditionalRSDA methodandcompareswell with
customaryprocedures.For extensionsof the methodandsimilar approacheswe refer the
readerto [5, 82, 114].

6.2 Rough entropy measures

A totally differentroutewasproposedin [33], which is notbasedonreducts,but on informa-
tion theoreticentropy measures.Therationalebehindthis is theobservationthatreductbased
predictionrulesarerelativeto thechosenreduct,andonly measuretheuncertaintyof thepre-
diction, while not taking into accountthe predictorvariables.Thus,a comparisonbetween
thepredictionqualitiesbasedon differentreductsdoesnot view thefull picture. In orderto
obtainanunconditionalmeasureof predictionsuccessof a set � of predictorattributes,one
hasto combine



I . DÜNTSCH & G. GEDIGA 53

1. Thecomplexity ��� ��� of codingthehypothesis� .

2. Theconditionalcodingcomplexity ��� ��� ��� of � , givenby thevaluesof attributesin �
into onemeasure��� �*��� � .
This approachis in thespirit of theminimumdescriptionlengthprinciple (MDLP) of [101,
102], andwill bedoneby suitableentropy functions.

Information theoreticentropy is a purely syntacticmeasurementof the coding effort of a
sequenceof bits,knowing their probability. It answersthequestion

� How many binary questionsmustwe pose(optimally and in the long run), if we do
cleverguessingby usingtheknowledgeabouttheprobabilitydistribution � ?

Thefamouscodingtheorem[110] shows that theentropy function is thelower boundof the
codingcomplexity of eventsgiven their probabilities. Entropy-relatedfunctionshave been
widely usedasobjectivemeasuresin many fields,andwepoint theinterestedreaderto [62].

Let � bea partitionof � with classes�#�   ¡"¢Q£ , eachhaving cardinality ¤ � . In compliance
with theprincipleof indifferenceweassumethattheelementsof � arerandomlydistributed
within theclassesof � , so that theprobabilityof anelement¥ beingin class�=� is just ¦ §¨ .
We definetheentropyof � by

��� ���4© ª «¬®­¯ � °,± ¤ �²*³ ´ µ ¶ · �
²¤ � � ¸(6.6.4)

If ¹ is an equivalencerelationon � and � its inducedpartition, we will alsowrite ��� ¹ �
insteadof ��� ��� . Furthermore,if � is asetof attributes,thenweusuallywrite ��� ��� instead
of ��� ¹ º�� .
Theentropy estimatesthemeannumberof comparisonsminimally necessaryto retrieve the
equivalenceclassinformation of a randomlychosenelement¥S»S� . We can also think
of the entropy of � asa measureof granularityof the partition: If thereis only oneclass,
then ��� ��� ¬I¼ , andif � correspondsto the identity ½ , then ��� ��� reachesthemaximum´ µ ¶ · � � �=� � . In otherwords,with theuniversalrelationthereis noinformationgain,sincethere
is only oneclassandwealwaysguessthecorrectclassof anelement;if thepartitioncontains
only singletons,theinclusionof anelementin a specificclassis hardestto predict,andthus
theinformationgainis maximized.

The assumptionwhich we make in choosinga predictorset � is, in a way, a worst case
scenario:We supposethatthedeterministicclassesof ¹ º giveusreliableinformation,while
everythingoutsidetheseclassesis the resultof a randomprocesswhich is totally unknown
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to the researcher. Thus, in settingup the partition which determinesthe desiredmeasure¾-¿ ÀmÁÃÂ Ä
, we keepthe deterministicclassesof Å Æ andput every elementof Ç which is

not in oneof theseclassesinto its own class;in this way, the entropy is maximised. This
maximumentropyprinciple is well suitedto our non-invasivephilosophy:

“Althoughtheremaybemany measuresÈ thatareconsistentwith whatweknow,
theprinciple of maximumentropysuggeststhatwe adoptthat È7É which hasthe
largestentropy amongall the possibilities. Using the appropriatedefinitions,
it canbe shown that thereis a sensein which this È É incorporatesthe ‘least’
additionalinformation” [56].

Indeed,in choosing
¾�¿ ÀmÁÃÂ Ä

the way we do, we assumerepresentativenessonly of the
deterministicclassesof Å Æ , andadmit total ignoranceotherwise.This is in contrastto the
informationgainusedin machinelearningwhich assumesthatall classesarerepresentative,
andwhich furthermoresuffersfrom thesymmetryof themeasure.

More formally, we supposethat Ê#Ë Ì Í�Î�Ï&Î�Ð Ì aretheclassesof Å Æ eachhaving cardinalityÑ Ë . A classis Ê#Ë is deterministicwith respectto
Â

if andonly if Í"Î@Ï	Î�Ò , andwedenotebyÓ
theunionof thedeterministicclasses.Furthermore,let Ô Ç=Ô Õ*Ö and ×Ø betheprobability

measureassociatedwith Å Æ , i.e.

×Ø Ë4Õ Ô Ê=Ë ÔÔ Ç=Ô Õ Ñ ËÖ#Ù
Then,we obtaintheentropy of Å Æ as

¾�¿ À�Ä ÕÛÚÜ Ë Ý7Þ ×Ø Ë,ß à á â ã Í×Ø Ë ÕäÚÜ Ë Ý4Þ
Ñ ËÖ ß à á â ã ÖÑ Ë Ù(6.6.5)

In orderto keeponly the deterministicclassesof Å Æ , we definea new equivalencerelationÅ åÆ on Ç byæ ç!è éênë if andonly if æ Õ ë or thereexistssomeÍ"Î@Ï	Î�Ò suchthat æ Ì ënì Ê=Ë Ù
Its associatedprobabilitydistribution is givenby í ×î Ë7ï Í"Î@Ï	Î ¿ Ò�ð3Ô Ç�ñ Ó Ô Ä ò with

×î Ë�ó ô õÕ ö ×Ø Ë Ì if Í"Î@Ï	Î�Ò ÌÞ÷ Ì otherwiseÙ(6.6.6)

We cannow definetheentropyof roughpredictionor roughentropy(with respectto
ÀQÁ�Â

)
as ¾�¿ À*Á�Â Ä Õ Ü Ë ×î Ë,ß à á â ã ¿ Í×î Ë Ä Ù
Themaximumfor

¾�¿ ÀQÁ�Â Ä
occurswhen



I . DÜNTSCH & G. GEDIGA 55ø-ù ú is theidentity relation,andeverythingcanbeexplainedby û , orø-ü7ý ûQþ�ÿ ����� , andeverythingis guessing.

In bothcaseswe have � ý ûQþ�ÿ ����� � 	 
 ý � � .
Next, we definethenormalizedrelativedeterministicpredictionsuccess� ý ûSþ ÿ � , which
wewill call normalisedroughentropy(NRE): First, let ù 
 betheidentity � , sothat � ý ÿ ���� � 	 
 ý � � . Then,

� ý ûQþ�ÿ ��� � �� ��� � if ù ú ��� �� � otherwise�(6.6.7)

Otherwise,if � ý ÿ ����� � 	 
 ý � � , we set

� ý ûQþ�ÿ � � � �� ��� � ý û*þ�ÿ � � � ý ÿ �� � 	 
 ý � � � � ý ÿ � �(6.6.8)

In this way we obtainanmeasureof predictionsuccesswithin RSDA, which canbeusedto
comparedifferentrulesin termsof thecombinationof codingcomplexity andtheprediction
uncertaintyin thesensethataperfectpredictionresultsin � ý ûQþ�ÿ ��� � , andtheworstcase
is at � ý ûmþ ÿ ����� . � is an unconditionalmeasure,becauseboth, the complexity of the
rulesandtheuncertaintyof thepredictions,aremergedinto onemeasure.

If the NRE hasa valuenear1, the entropy is low, andthe chosenattribute combinationis
favourable,whereasa value near0 indicatescasualness.The normalisationdoesnot use
moving standardsaslong aswe do not changethedecisionattribute ÿ . Therefore,any com-
parisonof NRE valuesbetweendifferentpredictingattributesetsmakessense,givena fixed
decisionattribute.

Theaim of modelselectionis now to minimiseroughentropy, or, equivalently, to maximise
NRE; notethat this is independentof the reductcriterion. In orderto gaugethe prediction
quality of theentropy basedmodelselection,we have comparedits performanceon 14 pub-
lisheddatasets1 with the well known machinelearningalgorithmC4.5asreportedin [99].
Thevalidationby thetrainingset– testingsetmethodwasperformedby splittingthefull data
setrandomlyinto two equalsizes100times,assumingabalanceddistributionof trainingand
testingdata(TT2 method).Themeanerrorvalueis our measureof predictionsuccess.We
chooseonly half of thesetfor trainingpurposesin orderto haveabasisfor testingthepredic-
tivepowerof theresultingattributesets.Becauseall datasetscontainedcontinuousattributes
andmostof themmissingvaluesaswell, a preprocessingstepwasnecessaryto applytheal-
gorithmto thesedatasets.Missingvalueswerereplacedby themeanvaluein caseof ordinal
attributes,andby the most frequentvalueotherwise. The preprocessingof the continuous

1http://www.ics.uci.edu/~mlearn/MLRepository.html
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datawasdoneby threedifferentglobaldiscretisationmethods:Thefirst methodperformsthe
globalfiltering methoddescribedin Section5.1whichinfluencestheNRE,but doesnotaffect� , andthushasno influenceon thedependency structure.This resultsin minimalgranularity
of attributeswith respectto thedecisionattribute.Theothertwo discretizationmethodsclus-
ter thevaluesof anattributeinto ten,resp.five,classeswith approximatelythesamenumber
of objects. The discretizationmethodcanbe refinedby transformingthe methodsof local
discretisationof continuousattributesgivenin [11] and[22] to our entropy measure.

Table6.1: �! "$#�% & andC4.5

Dataset '$( )+*-, . C4.5(8)
Attributes No. of

Name Cases Classes
Cont. Discr. pred.attr.

Error Error

Anneal 798 6 9 29 11 6.26 7.67
Auto 205 6 15 10 2 11.28 17.70

Breast-W 683 2 9 - 2 5.74 5.26
Colic 368 2 10 12 4 21.55 15.00

Credit–A 690 2 6 9 5 18.10 14.70
Credit–G 1000 2 7 13 6 32.92 28.40
Diabetes 768 2 8 - 3 31.86 25.40

Glass 214 6 9 - 3 21.79 32.50
Heart–C 303 2 8 15 2 22.51 23.00
Heart–H 294 2 8 15 5 19.43 21.50
Hepatitis 155 2 6 13 3 17.21 20.40

Iris 150 3 4 - 3 4.33 4.80
Sonar 208 2 60 - 3 25.94 25.60

Vehicle 846 4 18 - 2 35.84 27.10
Std.Deviation 10.33 8.77

In Table 6.1 we list the basicparametersof the datasets,and comparethe resultsof our
methodwith theC4.5performancegivenin [99]. This hasto betakenwith somecare,since
Quinlanuses10-foldcrossvalidation(CV10) on datasetsoptimizedby

“ / / / dividing the datainto ten blocksof casesthathave similar sizeandclass
distribution” [99, p.81,footnote3.].

BecauseTT2 tendsto resultin smallerpredictionsuccessratesthanCV10,thecomparisonis
basedon aconservativeestimate.

Thecolumn“No. of pred.attr.” recordsthenumberof attributeswhich areactuallyusedfor
prediction;thisis in mostcasesconsiderablylessthanthenumberof all attributes.Theresults



I . DÜNTSCH & G. GEDIGA 57

show thatour methodcanbeviewedasaneffectivemachinelearningprocedure,becauseits
performancecompareswell with thatof the well establishedC4.5procedure:Theoddsare
7:7 (given the 14 problems)that C4.5producesbetterresults.However, sincethe standard
deviationof theerrorpercentagesof ourmethodis higherthanthatof C4.5,weconcludethat
C4.5hasaslightly betterperformancethanour raw procedure.

6.3 Entr opy measuresand approximation quality

In thisSectionwewill exhibit somepropertiesof theconditionalentropy 0$1 243 576 , andshow
wherethe approximationquality 8 , the traditionalperformancemeasureof RSDA, is posi-
tionedin our entropy basedmethod. We will usethe parametersof the precedingSection;
also,let 8!9�8:1 5+;-2 6 , andnotethat 8!9=< >:<? , andtherefore,@�AB8B9=< CED >F<? .

We first find theconditionalentropy 0$1 243 576 by

0$1 243 576�9�0$1 5+;-2 6:A$0$1 5769+G HJIK H4L M N O P 1 @IK H 6:ARQG H S:T IU H4L M N O P @IU H9 GT V4H V4W IU H�L M N O P 1 @IU H 6:X 3 Y�Z�[\3] L M N O P 1 ] 6:ARQG H S:T IU H4L M N O P @IU H9^GT V4H V4W IU H�L M N O P 1 @IU H 6_ ` a b
Certainty

X�1 @�AB846 L M N O P 1 ] 6_ ` a b
Guessing

AcQG H S:T IU H4L M N O P @IU H
9d1 @�Ae846 L M N O P 1 ] 6:AfQGH S�W g�T IU H4L M N O P 1 @IU H 6 h

Thefollowing propositiongivestheboundswithin which 0$1 2E3 576 varies:

Proposition6.1. 1 @�Ae846�i�0$1 243 576�i+1 @�AB846 M N O P 1 ] A�3 [\3 6 h
Proof. First, observe that

M N O P 1 ] A+3 [!3 67j M N O P 1 k 6l9�@ . Theminimumvalueof m H n4W IU H�LM N O P 1 IU H 6 is obtainedwhen o�9�p:A�@ , andin this case,G H n4W IU H4L M N O P 1 IU H 6�9 ] A�3 [\3] L M N O P 1 ]] A�3 [!3 69d1 @�AB846 L M N O P 1 @@�Ae8 6 h
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Therefore, q$r sEt u7vFwdr x�yez4v:{ | } ~ � r ��v:y�� � �4���� � { | } ~ � r x�� � v� r x�yez4v:{ | } ~ � r ��v:y�r x�yBz4vF{ | } ~ � r xx�yBz v �wdr x�yez4v:{ r | } ~ � r ��v:ye| } ~ � r xx�yez v �wdr x�yez4v:{ | } ~ � r �!{ r x�yBz4v vwdr x�yez4v:{ | } ~ � r �!y�t �!t v �
For the other direction, we first note that eachnondeterministicclass � hasat least two
elements,andthat �

� �4� �� � { | } ~ � rF��� � v hasa maximumif eithereachsuchclasshasexactly
two elements,or all but oneclasshave two elementsandoneclasshasthreeelements.Since
thevalueof �

� �4� �� � { | } ~ � r ��� � v is greaterin thefirst case,weassumew.l.o.g. that

�\y�t �\t
is

even,sothat � � �4���� � { | } ~ � r x�� � v�w
�!y�t �\t� { �� { | } ~ � r � � vwdr x�yBz4v:{ | } ~ � r � � v �

Therefore, q$r sEt u7v���r x�yBz4v:{ | } ~ � r ��vFy�r x�yez4v:{ | } ~ � r � � vw+r x�yBz4v:{ r | } ~ � r ��vFyB| } ~ � r � � v vw+r x�yBz4v:{ | } ~ � r � vw+x�yez:�
which provesour claim.

Weseethat

q$r sEt u7v
is independentof thegranularity– i.e. theprobabilitydistribution– of the

deterministicclassesof � � , andthat it is dependenton thegranularityof theclassesleading
to nondeterministicrules:Thehigherthegranularityof thoseclasses,thelower

q$r s4t u7v
. We

usethis to show

Proposition6.2. If

u����
, then

q$r sEt �lv � q$r s4t u7v
.

Proof. By theremarkabove,we canassumethateverydeterministicclassof � � is a classof� � . This impliesthat � �� � � �� , andhence,q$r ���-s v � q$r ud�-s v �
Sincefurthermore

q$r u7v � q$r �lv
, theconclusionfollows.
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A similarresultdoesnotholdfor �$� �+�J�   astheexamplegivenin Table6.2shows: There,

�$� ¡ ¢ £ ¤��J¡ ¥4¤  �¦+§ ¨ ©�ª�«7¦��$� ¡ ¢ £ ¬ ¢ ­ ¤l�J¡ ¥4¤  F¦��$� ¡ ¢ ­ ¤��J¡ ¥4¤   ¨
Table6.2: ®!¯ °�±�² ³

U ¢ ­´¢ £µ¥
1 1 1 1
2 2 1 2
3 3 2 2
4 4 2 2

Thequestionarises,wheretheapproximationfunction ¶ is positionedin this model.Propo-
sition 6.1shows that,for fixed � ,·¹¸ º ¡ �$� �E» ¼l �½ ¶:� ¼+�-�  �¦�¶:� �+�-�   ¤l¦d� §�¾e¶4 :¿ À Á Â ­ � Ã!¾�» Ä\»   ¬
and we denotethis value by �\ÅEÆ Ç � �E» �7  . The following result tells us that, for fixed � ,�\ÅEÆ Ç � �E» �7  is strictly inverselymonotoneto ¶:� �d�-�   :
Proposition6.3. ¶:� �d�-�  �ª�¶:� ¼��-�  FÈ¹ÉÊ�¹ÅEÆ Ç � �4» ¼l �ª��¹ÅEÆ Ç � �E» �7  .
Proof. “ É ”: Thehypothesis¶:� �+�-�  �ª$¶:� ¼+�-�   impliesthat » ÄEË�Ì7Í » Îd» ÄEÏ4Ì7Í » . Thus,�\ÅEÆ Ç � �4» ¼l �¦d� §�¾B¶:� ¼+�-�    F¿ À Á Â ­ � Ã!¾�» ÄEÏ4Ì7Í »   ¬ª+� §�¾B¶:� �d�-�    F¿ À Á Â ­ � Ã!¾�» ÄEË�Ì7Í »   ¬¦��¹ÅEÆ Ç � �E» �7  ¬
“ È ”: First note,thatfor Ð\Ñ+§ ,Ð�¿ À Á Â ­ Ð!ª+� Ð7Ò�§  F¿ À Á Â ­ � Ð7Ò�§   ¨(6.6.9)

We canalsoassumethat Ó�ª��¹ÅEÆ Ç � �E» ¼l  , sothat Ô�Õ�ÄEÏ4Ì7Í¹Ö¦�× . Now,�\ÅEÆ Ç � �4» ¼l �ª��¹ÅEÆ Ç � �4» �7 ÉJ� §�¾B¶:� ¼+�-�    F¿ À Á Â ­ � Ã!¾�» ÄEÏ4Ì7Í »  �ª+� §�¾e¶:� �+�-�    :¿ À Á Â ­ � Ã!¾�» ÄEË�Ì7Í »  ÉJ� Ã!¾�» ÄEÏ4Ì7Í »  F¿ À Á Â ­ � Ã!¾�» ÄEÏ4Ì7Í »  �ª+� Ã!¾�» ÄEË�Ì7Í »  :¿ À Á Â ­ � Ã!¾�» ÄEË�Ì7Í »  ÉJ� Ã!¾�» ÄEÏ4Ì7Í »  �ª+� Ã!¾�» ÄEË�Ì7Í »   by (6.6.9)ÉØ» ÄEË�Ì7Í » ªd» ÄEÏ4Ì7Í »ÉÙ¶:� �+�-�  �ª�¶:� ¼+�-�   ¨
This completestheproof.
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In termsof conditionaluncertainty, we mayview Ú$Û+Ú:Ü ÝßÞáà â asa crudeapproximation
ofã a measureof normalizedpredictionsuccess,becauseä�åEæ ç Ü àEè Ý7â�Û+é�ê ë åEæ ç Ü àEè Ý7â:êeì�í î4ï ë åEæ ç Ü àEè ðlâ�ñ ðdò�ó�ôì¹õ öEï ë åEæ ç Ü à4è ðlâ�ñ ðdò�ó�ô�êeì�í î4ï ë!÷ ø ùåEæ ç Ü àEè ðlâ�ñ ð�ò�ó�ôÛ+é�êdë åEæ ç Ü à4è Ý7â:ê$úû ü ý þ Ü ÿ�â:ê$úÛ�Ú\ê�Ü é�êeÚ4â û ü ý þ Ü é�êBÚ4âû ü ý þ Ü ÿ�âÛ�Ú���� � éû ü ý þ Ü ÿ�â ���
Proposition6.2 doesnot extend to the hypothesisÚ:Ü Ý-Þ^à â	�=Ú:Ü ðÊÞ^à â , and thus,a
resultsimilar to 6.3doesnothold,asthefollowing exampleshows: Considertheequivalence
relations
 � � 
 
�� 
 � with thefollowing partitions:
 �7ñ ï é � � � � ô � ï ��� � � � ô ��
 
�ñ ï é � � ô � ï � � � ô � ï � � � ô � 
 ��ñ ï é ô � ï � � � � ��� � � � ô �
Then, Ú:Ü Ý+Þ-à â�Û�ú�� é� Û�Ú:Ü ð�Þ-à â �
Ontheotherhand,

ë Ü àEè Ý7â�Û û ü ý þ Ü � â:ê û ü ý þ Ü � âFÛdé�� ���� û ü ý þ Ü � â�Û � ��� û ü ý þ Ü � âFê ���� û ü ý þ Ü �� â�Û ë Ü à4è ðlâ �
Theprecedingresultsshow thatRSDA whichtriesto maximizeÚ is aprocedureto minimize
themaximumof theconditionalentropy of roughprediction.This showsclearlythat,unlikeë Ü Ý�ÞJà â , thetraditional Ú is a conditionalmeasure,andthus,itsapplicationin comparing
thequality of approximationfor differentattributesetshasto betakenwith care.



Chapter 7

Probabilistic granule analysis
This chapteris concernedwith a probabilisticcounterpartto the rough set model, which
sharestheideaof predictinga dependentvariableby granulesof knowledge,andwhich can
becalleda non-invasetechniqueaswell, sinceit is a distribution freetypeof analysis[45].

As we have shown, RSDA concentrateson finding deterministicrules for the description
of dependenciesamongattributes. Oncea rule is found, it is assumedto hold without any
errorby thenominalscaleassumption(3.3.10). If a measurementerror is assumedto bean
immeasurablepartof thedata– ase.g.statisticalproceduresdo – thepureRSDA approach
will not produceacceptableresults,because“real” measurementerrorscannotbeexplained
by any rule.

7.1 The variable precisionmodel

Thereareseveralpossibilitiesto reducetheprecisionof predictionto copewith measurement
error. Onepossibility is the variable precisionroughsetmodel[130], which assumesthat
rulesarevalid only within a certainpart of the population. The main tool of the model is
a precisionparameter� which expressesa boundfor misclassification.Let �	� ���! ; the
relativedegreeof misclassificationof � with respectto � is definedby" # �$� �&%('*)�+-,*. /(0 12.. /�. � if �43'65 �7 � otherwise8(7.7.1)

We observethat " # �	� �&%2' 7 if andonly if �9�:� . If
7<; ��= 7 8 > weset�@?�:�!A�B " # �	� �&% ; �28(7.7.2)
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ThenumberC measurestheacceptablerelativeerrorandit is calledtheprecisionparameter.
. IfD:EGF!H and I is a decisionattribute,we saythata classJ of K L is C -deterministic, if

thereis someclassM of K N suchthat J@OF:M . Wewill denotetheunionof all C -deterministic
classesby P�Q E�R I R CTS . Theattribute I is called C -dependenton E , if P�Q E�R I R CTS(UWV .

The C -approximationqualityof a rule EWX9I is now definedasY Q E OX9I S(UGZ P	Q E�R I�R C[S ZZ V Z]\(7.7.3)

Theadvantageof thisapproachis thatit usesonly two parameters(theprecisionparameterC
andtheapproximationquality Y ) to describethequality of a rule system;thedisadvantages
arethatprecisionandY arepartiallyexchangeable,andthatthereisnotheoreticalbackground
to judgewhich combinationis bestsuitedto thedata.Furthermore,the C -dependency does
not have the nice structuralpropertiesasthe normal roughsetdependencies;they are, for
example,not transitive.

7.2 Replicateddecisionsystems

In orderto formulatea probabilisticversionof RSDA, which is ableto handlemeasurement
errorsaswell, weenhancesomeof theconceptsdefinedbefore.

Therearetwo differentaspectsof errors,which have to be modelled:First, the conceptof
“error” is quitedifferentin thelower andupperapproximation.Whereasthelower boundis
basedon a logical conjunction,which canbe expectedto berelative robustagainstrandom
influences,the upperboundis a disjunctionand thereforemuchmoresensitive if random
processescauseerrors. The secondaspectis that rulesmay not be stable,andthereforea
replicationof a decisionsystemmight look quitedifferentfrom theoriginal one,evenif the
underlyingstructureis unchanged.As we will seebelow, both problemscanbe tackled,if
we usea well known trick to estimatereliability and/ or stability: The assumptionthat an
identicaldecisionsystemcanbeobserved(at least)twice.

A replicateddecisionsystem̂ is a structure_ V(R H�R M(R Q `�a S a b cTd , wheree _ V-R H�R Q `�a S a b cTd is aninformationsystem,e M!UWf g h R \ \ \ R g ikj is asetof replicateddecisionattributes,explainedmorefully below.

The introductionof replicateddecisionvariablesoffers the opportunityto control theeffect
of a measurementerror: The smallerthe agreementamongmultiple replicationsof the de-
cisionattribute, themoremeasurementerrorhasto beassumed.This conceptof replicated
measurementsis a way to estimatethe reliability of, for example,psychometrictests,using
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theretest-reliabilityestimation,which in turn usesa linearmodelto estimatereliability and
errorof measurementaswell.

We denotethesetof granulesby lnmWo�pq r s t t tTs pq u	v ; in otherwords,lnmWo w�x ykz({ y$|	} v s(7.7.4)

see(3.3.12). Eachreplicaof thedecisionattributetakesthevalues~��6mno � r s � � s t t tks � � v .
Theclassesof � � � aredenotedby �$� � r s t t tTs ��� � � � ; for eachgranule pq � , we let � x � s � s � z be
thenumberof objectsdescribedby pq � whicharein class�$� � � . In otherwords,� x � s � s � z2m!� o y	|	}n{ w�x y�z(m!pq � and y$|��$� � � v �(7.7.5)

We alsolet � x pq � z(m!� o y	|$}n{ w�x ykz(m!pq � v � t(7.7.6)

Clearly, � � � x � s � s � z(m � x pq � z for fixed � , and � � � � � x � s � s � z(m!� }�� . Eachset o � x � s � s � z({��&�� �*� v canbe assignedan unknown value �2x � s � z , which is the probability thatan elementq |	} is assignedto a class� � where ��� � �:� � and w�x q z2m*pq � .
With someabuseof notation,we assumethat thedecisionattributes � r s t t tks � � arerealisa-
tionsof anunknown underlyingdistribution � consideredasa mapping�*{ }n�$o � r s t t tks � � v&�4� � s � � t� assignsto eachelementy of } andeachvalue � � of thedecisionattributetheprobability
that ��x ykz(m�� � .
An exampleof theparametersof a decisionsystemwith onereplicaof thedecisionattribute
is shown in Table7.1. Theexamplegivenin Table7.1shows thatindeterministicrulesalone

Table7.1: A replicateddecisionsystemw �!m�� r �!m�� �pq � y r y�� � x � s � s � z�� x � s � s   z � x pq � zpq r 0 1 5 1 6pq � 1 0 2 8 10¡
7 9 16

donotusethefull informationgivenin thedatabase.Thereis nodeterministicrule to predict
avalueof thedecisionattribute � r , givenavalueof theindependentattributes ¢ q r s q � £ : Both
indeterministicruleswill predictbothpossibleoutcomesin thedecisionvariable. Thepure
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rough set approachnow concludesthat no discernableassignmentis possible. But if we
inspectthe table,we seethat the error of assigning¤ ¥ ¦ § ¨ to § is small (1 observation)and
that ¤ § ¦ ¥ ¨(©ª¬« is trueup to 2 observations.

Another approach– basedupon standardstatisticaltechniques– is the idea of predicting
randomvariablesinsteadof fixedvalues.Conceptually, eachrealizationof thedistribution ­
canbedescribedby a mixture ­!®°¯± ²k³ ²k´�µ ³ ­ ³ ¦(7.7.7)

with ¶ ³ µ ³ ®!§ , basedon anindex · of unknown size,andunknown basicdistributions ­ ³
with unknown weightsµ ³ .
If we use the granules ¸¹ º to predict ­ , the maximal number · of basicdistributions is
boundedby the number » of granules;equalityoccursjust wheneachgranule ¸¹ º deter-
minesits own ­ º . In general,thisneednot to bethecase,andit mayhappenthatthesame­ º
canbeusedto predictmorethanonegranule;this canbeindicatedby anontofunction¼¾½ ¿ § ¦ À À À ¦ »!Á�Â ¿ § ¦ À À À ¦ ·&Á ¦
mappingthe(indicesof) thegranulesto a smallersetof mixturecomponentsof ­ .

Probabilisticpredictionrulesareof theform¸¹ º-Ã ­ Ä Å º Æ ¦2§&Ç$È�Ç�»n¦
whereeach ­ Ä Å º Æ ½2É�Ê ªÌË ¥ ¦ § Í is a randomvariable. If the probabilitiesareunderstood,
we shall often just write ¸¹nÃ ­ , with ­ possibly indexed, for the rule system ¤ ¸¹ º�Ã­ Ä Å º Æ ¨ ± ² º ²kÎ .

In the exampleof Table 7.1 thereare two possibilitiesfor · , andwe usemaximumlike-
lihood to optimisethe binomial distribution, the applicationof which is straightforward, if
we additionallyassumethat theobservationsstemfrom a simplesamplingscheme.In case·9®4§ , both granulesusethe samedistribution ­ ± . In this case,the likelihood functionÏ ± ® Ï-Ð ­ ± Ñ ¤ ¥ ¦ § ¨ ¦ ¤ § ¦ ¥ ¨ Ò is givenbyÏ ± ®�Ó § ÔÕ-Ö�×TØ Ð §-Ù × Ò Ú(7.7.8)

which,asexpected,hasa maximumat Û× ® Ø± Ü . This leadsto therule system¤ ¥ ¦ § ¨ or ¤ § ¦ ¥ ¨ Ã4¿ ¤ § ¦ Ø± Ü ¨ ¦ ¤ « ¦ Ú± Ü ¨ Á À(7.7.9)
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If Ý*Þ!ß , thesamplesbelongingto à á â ã ä and à ã â á ä areassumedto bedifferentin termsof
the structureof the decisionattribute,andthe likelihoodof thesamplehasto be built from
the productof the likelihoodsof both subsamples.If we have the rules à á â ã ä¾åçækè andà ã â á ä2å¬æ�é , then ê é�Þ�ë ì ã í�î èè ï ã-ð î è ñ òTë ã áó í�îTôé ï ã�ð î é ñ é õ(7.7.10)

Usingstandardcalculus,themaximumof

ê é is ï öî è�Þ è÷ â öî é&Þ ôè ø ñ , which givesustherule
system ù à á â ã ä2ú4û à ã â ò÷ ä âüà ß â è÷ ä ý âà ã â á ä2ú4û à ã â éè ø ä â9à ß â ôè ø ä ý õ(7.7.11)

In goingfrom from

ê è to

ê é we changethesamplingstructure– theestimationof

ê é needs
2 samples,whereas

ê è needsonly onesample– andwe increasethenumberof probability
parametersî�þ by one.

Changingthe samplingstructureis somewhat problematic,becausecomparisonof likeli-
hoodscanonly be donewithin the samesample.A simplesolutionis to comparethe like-
lihoodsbasedon elements,thusomitting thebinomial factors.Becausethebinomial factors
areunnecessaryfor parameterestimation(andproblematicfor modelcomparison)they will
beskippedin thesequel.Lettingê è ï ÿ�� � ñ(Þ öî � ï ã-ð öî ñ � Þ�á õ á á á á ã � � â(7.7.12)

ê é ï ÿ�� � ñ(Þ öî èè ï ã-ð öî è ñ ÷ öîTôé ï ã-ð öî é ñ é Þ�á õ á á á � � � ì â(7.7.13)

we have to decidewhich rule offers a betterdescriptionof the data. Although

ê é ï ÿ�� � ñ is
larger than

ê è ï ÿ�� � ñ , it is not obviousto concludethat the two rulesarereally ‘essentially’
different,becausetheestimationof

ê é dependson morefreeparametersthan

ê è .
Thereare– at least– two standardproceduresfor modelselection,which arebasedon the
likelihoodandthe numberof parameters:The Akaike InformationCriterion (AIC) [3] and
theSchwarzInformationCriterion(SIC) [107].

If

ê ï ÿ�� � ñ is the maximumlikelihoodof the data, 	 the numberof parameters,and 
 the
numberof observations,thesearedefinedby�
� � Þ�ß ï 	Wð�� � ï ê ï ÿ�� � ñ ñ ñ(7.7.14)

��� � Þ�ß�ë � � ï 
$ñß � 	6ð�� � ï ê ï ÿ�� � ñ ñ í õ(7.7.15)

Thelower AIC (andSIC respectively), thebetterthemodel.AIC andSIC arerathersimilar,
but thepenaltyfor parametersis higherin SIC thenin AIC.
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In theexample,wehaveusedoneparameter� to estimate��� . Therefore,

�
� ��� ��� � �� ! " "$#&% � '�(�) *+� , - , , , , ' . / " "0#
% / - 1 / , 2
3�� ��� ��� � �� ! " "$#&% � ) *+� ' 4 "% (�) *+� , - , , , , ' . / " " #
% 56- . , % -

Therearethreefreeparametersto estimate��7 : First, theprobabilities�+� , �67 ; furthermore,
oneadditionalparameteris used,becausewe needto distinguishbetweenthe two granules.
Therefore,

�
� ��� ��7 � �� ! " "$#8% � /9(�) *+� , - , , , / . 5 4 " ":#9% ' - . . 1
3�� ��� ��7 � �� ! " "$#8% � /;) *+� ' 4 ";(�) *+� , - , , , / . 5 4 " " #9% 56- , 1 , -

andwecanconcludethattherule– system(7.7.11)is bettersuitedto thedatathenthesimple
1-rule– system(7.7.9).

7.3 An algorithm to find probabilistic rules

Thealgorithmof finding probabilisticrulesstartsby searchingfor theoptimalgranulemap-
ping basedon a set < of (mutually) predictingattributesanda set = of replicateddecision
attributes.Findingthebestmappingis a combinatorialoptimisationproblem,which canbe
approximatedby hill-climbing methods,whereasthe computationof the maximumlikeli-
hoodestimators,givena fixedmapping> , is straightforward:Onecomputesthemultinomial
parameters?�6@ � A B " of thesamples

A
definedby > for everyreplicationC @ of = andeveryvalueD B�E�F D � 2 - - -G2 D H�I , andcomputesthemeanvalue

?� � A B "�#KJ8L@ M+� ?� @ � A B "N 2
(7.7.16)

from which the likelihoodcanbefound. Thenumberof parameters(O P ) dependson Q andD H because O P # QSR D H (&' T
thecomputationof theAIC is now possible.

An algorithmto find theprobabilisticrulesbasedon AIC optimizationis givenin Table7.2
on the facingpage. The adapatationof similar optimizationcriteria like SIC or a function
f(AIC,SIC) is straightforward. The result of algorithm offers the most parsimoniousde-
scriptionof a probabilisticrule system(in termsof AIC). In orderto reducethe numberof
independentattributeswithin the rules,a classicalRSDA reductanalysisof theseattributes
canbeapplied,usingtheresultsof themapping> asa decisionattribute.
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Table 7.2: Rulefinding algorithm

UWV XZY [;\�] ^
_ `9a�Xcb
.

while
USd&e

and
\�] ^
_ `9a�f&Y

doUWV XZU&g&b
for all h i do

Find j ik�l m ] U9a andits associatedmultinomialparametersno ip q r [ b9sut$s&ec[$b9s&vwsux .
end for
for all

b9sut$sueS[$b9s&v�s&x
dono p q r V Xzy�{| } ~G�� |� � ��

end for
Compute�$� ] ��� � a from the

no p q r .
Computê


_ ` � for ��� ] ��� � a .
if
USXcb

then\�] ^
_ `9auV X�^
_ `
�
else\�] ^
_ `9auV X�^
_ ` �+� �$��^
_ ` �
end if

endwhile

7.4 Unsupervisedlearning and nonparametric distrib ution
estimates

The most interestingfeatureof the probabilisticgranuleapproachis that the analysiscan
beusedfor clustering,i.e. unsupervisedlearning. In this casethepredictingattribute is the
identity andany granuleconsistsof oneelement.If we usemorethanonereplicationof the
decisionattribute,it will bepossibleto estimatethenumberof mixturecomponentsof

x
and

thedistributionof themixtures.

TheFigures7.1 and7.2 show theresultof themixtureanalysisbasedon granulesusingthe
mixture

x�X b�G� ] � � � Y [ b � Y a+g b�+� ] Y � Y [ b � Y a �(7.7.17)

� ] ��[ �Ga is thenormaldistribution with parameters
�

and
�

. 1024observationsper replica-
tion weresimulated;onesimulationwasdonewith 2 replications(Figure7.1), andanother
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with 5 replications(Figure7.2). Thesimulateddataweregroupedinto 32 intervalswith ap-
proximatelythe samefrequenciesin the replications,andthe searchingalgorithmoutlined
abovewasapplied.

Figure7.1: Nonparametricestimatesof a � �;� � � � � � � ��� � � � � �� mixturedistribution (2 replications;lines
denotestheoreticaldistributions)
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Figure7.2: Nonparametricestimatesof a(N(-2,1)+N(0,1))/2mixturedistribution(5 replications;lines
denotestheoreticaldistributions)
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The resultshows that the underlyingdistributionscanbe approximatedquite successfully,
although

� No parametricdistributionalassumptionwasused,� � hasa inimical shape,� Only a few replicationswereconsidered.

Thenext numericalexperimentwasperformedwith theIris data[42]. It is well known (e.g.
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[10]) that Sepalwidth attribute is not very informative; thereforewe shall skip it for the
subsequentanalysis.

If weassumethatthethreeremainingattributesmeasurethesamevariableupto somescaling
constants,we canusethez–transformedattributesasa basisfor theanalysis.Theunsuper-
visedAIC searchalgorithmclearly votesfor threeclassesin the unknown joint dependent
attribute. If weusetheestimateddistribution functions(Figures7.3,7.4,7.5) for theclassifi-
cationof theelements,wefind aclassificationqualityof about85%(Table7.3),which is not
too badfor anunsupervisedlearningprocedure.

Table 7.3: Iris: Classificationresults

Setosa 50 0 0
Versicolor 7 41 2
Virginica 0 14 36

Theproceduredoesnotofferonly classificationresults,but alsoestimatorsof thedistributions
of dependentattributeswithin thegroupswithout having a prior knowledgeaboutthegroup
structure.TheFigures7.3,7.4,7.5comparethreeestimateddistributionswith therespective
thedistributionsof three(normalised)variableswithin thegroups.Theresultsshow that the
“Sepallength”attributedoesnot fit verywell andthattheestimateddistributionssummarise
this aspectof both“Petal” measures.

Figure7.3: Setosadistributionsof 3 attributesandits estimation
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Figure7.4: Versicolordistributionsof 3 attributesandits estimation
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Figure7.5: Virginicadistributionsof 3 attributesandits estimation
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Chapter 8

Imputation

8.1 Statistical procedures

In real life, observeddatais seldomcomplete.Thereareseveralwaysto “impute” missing
values,mostof which arebasedon statisticalprocedures.Thebasicideaof theseprocedures
is theestimationof themissingvaluesby minimisinga lossfunctionsuchastheleastsquare
measureor thenegative likelihood.For anoverview of thecurrentpracticeof working with
missingdataweinvite thereaderto consult[1]; for amorecompletetreatmentwerecommend
theexcellentbook[106].

Considertheinformationsystemin Table8.1. We write £ in cell ¤ ¥;¦ § ¨ , if § is not definedat¥ . In our interpretation,the £ is aplaceholderfor any valuein ©6ª .
Table 8.1: Missingdatatable

§ «¬§ ­®§ ¯°§ ±¥G« ² ³ ´ ´¶µ6³ ´ ´¸· ³ ´ ´¶¹ ³ ´ ´¥6­ £º· ³ ´ ´¸¹ ³ ´ ´¼» ³ ´ ´¥6¯ ¹ ³ ´ ´½£¾µ6³ ´ ´¶² ³ ´ ´¥ ± £º¹ ³ ´ ´½£º· ³ ´ ´¥6¿ ¹ ³ ´ ´¸¹ ³ ´ ´½£À£¥6Á ² ³ ´ ´¶µ6³ ´ ´¸· ³ ´ ´¶¹ ³ ´ ´¥6Â · ³ ´ ´¸¹ ³ ´ ´Ã» ³ ´ ´¼» ³ ´ ´¥6Ä · ³ ´ ´¸¹ ³ ´ ´¸² ³ ´ ´½£

Table8.2: Singleimputationvia iteratedlinearregression

§ «¬§ ­°§ ¯®§ ±¥+« ² ³ ´ ´Åµ6³ ´ ´¸· ³ ´ ´¸¹ ³ ´ ´¥G­ µ6³ · ´ · ³ ´ ´¸¹ ³ ´ ´Ã» ³ ´ ´¥G¯ ¹ ³ ´ ´¶¹ ³ ´ ´ µ6³ ´ ´¸² ³ ´ ´¥6± ¹ ³ · Æ ¹ ³ ´ ´¸¹ ³ ¹ Ç · ³ ´ ´¥G¿ ¹ ³ ´ ´¶¹ ³ ´ ´Ã» ³ È ¹ · ³ » »¥GÁ ² ³ ´ ´Åµ6³ ´ ´¸· ³ ´ ´¸¹ ³ ´ ´¥GÂ · ³ ´ ´¶¹ ³ ´ ´Ã» ³ ´ ´Ã» ³ ´ ´¥GÄ · ³ ´ ´¶¹ ³ ´ ´¸² ³ ´ ´¶µ6³ » É

In orderto copewith themissingdataentriesseveralstrategiescanbeused.Thesimplestone
is ignorance,which meansthatany observationwith missingentriesis skippedfrom further
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analysis.Thereis well-documentedevidenceto show thatignoranceis usuallyabadstrategy
[69].

A secondstreamof methodsusesa single imputationstrategy. Here, a missingvalue is
replacedby thebestsuitedreplacement,where“bestsuited”is definedin termsof astatistical
model.Suchmodelsusuallymakesomedistributionalassumptionsuchasamultinomialor a
multivariatenormaldistribution,e.g. thetreatmentof missingdatain theAMOS system[4],
or theEQSsystem[8], or they usemixedmultinomial/normalmodels[106].

Eventhoughtheapproachhascomeundercriticism [e.g. in 50], we usethe iteratedlinear
regressionalgorithm for single imputationasan illustrative exampleto show how missing
datacanbereplacedby a simplestatisticaltechnique.

With the dataof Table8.1, we result in the underlinedimputedvaluesin Table8.2. This
methodestimatesthemissingvaluesby linearregressionof theothervariablesin aform such
as Ê Ë Ì Í6Î Ï$Ð8Ñ Ò$ÓuÑ Ô Ê Ô Ì Í6Î Ï;Ó Ñ Î Ê Î Ì ÍGÎ Ï+ÓuÑ Õ Ê Õ Ì Í6Î Ï Ö
where

Ñ Ò Ö Ñ Ô Ö Ñ Î Ö Ñ Õ
areconstantswhichareoptimalto fit theregressionline for theprediction

of
Ê Ë

by theattributes
Ê Ô Ö Ê Î Ö Ê Õ

. Becausethereplacementof themissingvalueshaschanged
afteronecycle,many iterationstepsarenecessaryto resultin astableoptimalconfiguration.
Furthermore,thecritical assumptionof this imputationmodel,namely, that thereis a linear
relationshipamongthe variables,cannotbe assumedin general.Even if the relationshipis
linear, the procedurefacesanotherproblem:Theexistenceof only oneoutlier will biasthe
estimationof the

Ñ
-valuesdramatically.

Of course,many non-linearrelationshipscanbe modelledsimply by a non-lineartransfor-
mationof the variables,but a soundmodelof the datais necessaryto achieve a goodde-
scriptionof themissingvalue. A badlychosenmodelcanmake the thingsevenworsethan
the ignorancestrategy, andhence,statisticalimputationshouldbe usedwith care. Detailed
discussionsof the interplaybetweenthe modelusedfor imputationandthe modelusedfor
analysiscanbefoundin [71] and[105].

A third streamof methodsemploys themultipleimputationstrategy [104]. Here,thedataset
is replacedby a numberof “mutual” datasetsin orderto simulatetheuncertaintyaboutthe
missingvalues.Every datasetcanthenbeusedwithin thedataanalysis,anda modelbased
aggregationschemeenablesthecombinationof theresults.

The famousEM-algorithm[15] wasoneof the first effective approachesto handlemissing
dataproblemson thebasisof thelikelihoodmeasure.Onedrawbackof theEM algorithmis
that it is slow andcostly. Furthermore,it presupposesa restrictedmodelclassfor the data,
namely, whenthedistributionof thedatais assumedto bea samplefrom a fixeddistribution
family suchasthemultivariatenormaldistribution. This is problematic,becausethemodel
assumptionitself influencestheestimationof themissingvalues.
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8.2 Imputation fr om known values

In our non-invasive setupwe do not have the tools of statisticalanalysissuchaslossfunc-
tionsor a likelihoodfunction; therefore,otheroptimisationcriteriamustbeused.A simple
criterionis thedemandthat therulesof thesystemshouldhavea maximumin termsof con-
sistency with respectto known values. If we fill a missingentry with a value,we should
resultin a rule which is consistentwith theotherrulesof thesystem.Our algorithmimputes
missingvaluesin a granule ×Ø by presentinga list of possiblevaluesdrawn from thesetof all
granules ×Ù which do not contradict ×Ù , i.e. they have thesameentrieswherever botharede-
fined.Onefeatureof theprocedureis thatit doesnot inter-/extrapolateinto unknown regions
like theregressionmethod,becausethereis no mechanismfor inter-/extrapolation.Thepro-
cedureusesonly rulesanddependencieswithin theobservedbodyof thedata,andtherefore
missingvaluescanonly replacedby known facts.Furtherconsistentcompletionsareusually
possible,but cannotbedrawn from existing valuesin othergranules.This is typical for the
cautiousapproachof non-invasive dataanalysis:If the procedurecannotreplacea missing
valueit will signala “do not know”- sign,whichmaybemorereliable(andhonest)thanany
extrapolationbasedonstrongmodelassumptions.

Wedonotdifferentiatebetweenindependentattributesandadecisionattribute,sincewewant
to achieve consistency everywhere.Decisionrulesobtainedfrom partial systemshave been
investigatedin [59].

In order to formalisethis situationwe say that an information systemÚ is partial, if the
attributesareallowedto bepartialfunctions.In otherwords,anattribute Û�Ü�Ý is a functionÛ�Þ ß à áwâ Û ã$äæå6ç , whereß à áwâ Û ã is asubsetof è , calledthedomainof Û .
An extensionof Ú is an informationsystem,in which eachattribute is an extensionof an
attributeof Ú . More formally, Ú;é�êKë è$ì Ý�é ì â å6ç ã ç í î+ï suchthat theassignmentÛ�ðäñÛ é is a
bijectionfrom Ý8äæÝ�é , and Û é is anextensionof Û . . A completionof Ú is anextensionof Ú
in whicheachattributeis a total function.

For eachØ Ü�è andeachò�óê8ô�õ&Ý let

ö ÷ ø ù â Ø ã�ê8ú Û�Üwô�Þ Ø Ü�ß à á&Û û
bethesetof ô -relevantattributesfor Ø . For eachòwóêcôüõ8Ý we definea relation ô9ý on è
by

Ø ô9ý Ù�þ�ÿ Û6â Ø ã$ê&Û6â Ù ã for all Û�Ü ö ÷ ø ù â Ø ã�� ö ÷ ø ù�Ù��(8.8.1)

This relationhasalsobeenusedin [59].

If Ø ô9ý Ù , we saythat Ø and Ù areconsistent. This terminologyis justified by the fact thatØ ô9ý Ù just in casethatwhenever Û is definedonboth Ø and Ù , it doesnotdistinguishbetween
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them.For example,� and � with����
	�� 
 � � � � � � �� ��	�� 
 � ��� � �
areconsistent,while in case ����
	�� 
 � � � � � � �� ��	�� 
 � � � � �
they arenot. Consistency is a generalisationof indiscernabilityusedin RSDA: Two objects��� � areQ-indiscernable,if � � � ��� ����	���	�� � � � � � � , andtheir inducedgranulesareequal.
The granulesof two consistentobjectscan be madeequalon the union of their relevant
attributesby filling in missingvaluesin onegranuleby valueswhich aredefinedin theother
granule.

It is clearfrom thedefinitionthat �"! is reflexiveandsymmetric,but notnecessarilytransitive.
Suchrelationsareusuallycalledtolerancerelationsor similarity relations. For ��#�$ we
set �"!�� ���%	'& �(#)$�* ���"! ��+ . Thesets�"!�� ��� arecalledsimilarity classes. Clearly,� !�� ���%	'& �(#,$�* � -�./#0��� 1 .�� ���%	2.�� � � or .�� ��� is notdefined or .�� � � is not defined3 + �
We call �,#)$ a-casual(with respectto � and 4 ), if ./#0� , and� -�� � 1 �(#0�"!�� ���%56�)7#08 9 :)� . � 3 ;(8.8.2)

In this case,thereis no informationfor � with respectto attribute . from any granulecom-
patiblewith

���� .

For Table8.1wehave thefollowing similarity classes:< !�� ��= � 	�& ��= � ��> + � < !�� ��? � 	�& � @ � ��? + �< !�� ��A � 	�& ��A + � < !�� ��> � 	�& ��= � ��> + �< !�� ��B � 	�& ��B � ��? + � < !�� ��C � 	�& ��C + �< !�� � @ � 	�& � @ � ��? � ��D + � < !�� ��D � 	�& � @ � ��D + ;
We observethat ��A is . = -casual.

It is our aim to transforma partial system4 into a systemwithout missingvalues. If the
granule

���� hasa missingvalueat, say, .)#,� , we will try to imputeit from the . -valuesof
theobjectsin thesimilarity classof � .Thiswill notalwaysbepossible,and,if it is, theremay
notbeauniquevalue.Thus,theresultof theimputationprocesswill in some(or many) cases
be a list of valuesfrom which a valuemay be picked, possiblyby othermethods,without
violating theconsistency.

Thenext resultis crucialfor our imputationalgorithm:

Lemma 8.1. If � � � ��� ���(E�� � � ��� � � and .�� ���/	�.�� � � for all .F#2� � � ��� ��� , then �"!�� � �(E�"!�� ��� .
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Proof. Let G H I J�K L�M(N�G H I J�K O M , andassumeP"Q�K O M0RN�P"Q�K L�M . Then,thereis some S�T'U
suchthat

1. Whenever V(T0P is definedfor O and S , then V�K O M%WFV�K S M .
2. Thereis someV X�T)P suchthat V X K L�M and V X K S M exist, and V�K L�M"RW2V�K S M .

By theassumptionG H I J�K L�M"N'G H I J�K O M , V X is definedfor O aswell. Since V X K O M W�V X K S M by
1., we have V X K L�M"RW2V X K O M , contradictingV�K L�M%WFV�K O M for all V/T(G H I J K L�M .
Next, wedefineamappingY6Z U,[ \
]_^a` b c"d e f whichwill giveusthepossibleimputable
valuesby collectingfor eachLFT2U andeachV�TF\ thoseentrieswhich appearasentriesV�K O M in thegranulesinducedby a O(T,U which is consistentto L .

Y�K L�g V M%W hiij iik V�K L�M g if V�K L�M is definedgl V�K O M�Z O(T0P"Q�K L�M m g if V is not definedat L , but V is definedfor someO0T0P"Q�K L�M gn g otherwiseo
(8.8.3)

We seethat Y leavesuniquevaluesalone;furthermore,if V is not definedat any O0T0P"Q�K L�M ,
i.e. if L is V – casual,thenwe will not beableto fill theentry p Lqg V r ; in this case,thereis no
“collateralknowledge”for p Lqg V r . This is thecase,whenarule is basedononly onegranule;
we havediscussedthis briefly in [33].

Basedon Lemma8.1,we cannow givea non-invasiveimputationalgorithm.

Algorithm 1. Defineasequenceof informationsystemsasfollows:

1. s�X"W
s .

2. Supposethat s�t�W�p U�g \�t g l u ` v Z V t T0\�t m r is definedfor somew(xFy .
(a) Find thesimilarity classesP"Q v K L�M .
(b) For eachV t T0\�t g�L)T)U , letV t zq{ K L�M%W}| Y�K L�g V t M g if ~ Y,K Lqg V t M ~ W�� gn g otherwiseo
(c) Set \�t z�{%� � �W l V t zq{ Z V t T0\�t m and

u ` v � � � � �W u ` v .
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With this procedure,we successively extend the attribute mappings;in other words, we
increase(or leave constant)� � � �q� ��� . Lemma8.1 now tells us that thereis a � suchthat�"� � � ���(� �"� � � � � ��� for all ����� . At this stepwe report the matrix � �,� �q� � � � � � � � . If�,� ��� � � hasmore than one element,this set will give us the possibilitiesfor value ��� ��� ,
basedon previousexperience.

Exceptfor thoseentriesfor which thereis no collateralknowledge,thefirst stepof thealgo-
rithm will put a list of possiblevaluesinto every othercell, so that, in theend,all � will be
removedin thesecells.Thus,in removing � entries,wecannotgetany better.

Onemight arguethat thereis a biastowardsoneelementsets��� ��� � � , sincewe alwaysfill
thosein first, andthencomputethe similarity classes.If we have committedourselvesto
minimisethenumberof remaining� andfill in whatever we can,we have no otherchoice:
We mustimputesingletonsfirst, sincethey areall we have in suchaninstance.As remarked
above,this procedureleadsto theleastnumberof remaining� cells.

The stepstaken by this methodfor the exampledataaregiven in Table8.3. We have kept�,� ��� � � to indicatehow thecompatibilitieschangeafterwehaveextendedattributefunctions
in onestep.

Table8.3: Non-invasive imputationI� � � � � � �  ��� ¡ ¢ £ £ ¤�¢ £ £¦¥ ¢ £ £ § ¢ £ £��� � ¥ ¢ £ £¦§ ¢ £ £ ¨ ¢ £ £��� § ¢ £ £ © � � � ��ª � «¬¤�¢ £ £ ¡ ¢ £ £�   © � � � ��ª � � � � � ��­ � «®§ ¢ £ £¯© � � � ��­ � « ¥ ¢ £ £��ª § ¢ £ £ § ¢ £ £¯© � � � ��� � «°© �   � ��� � � �   � �   � «��± ¡ ¢ £ £ ¤�¢ £ £¦¥ ¢ £ £ § ¢ £ £��² ¥ ¢ £ £ § ¢ £ £³¨ ¢ £ £ ¨ ¢ £ £��­ ¥ ¢ £ £ § ¢ £ £¦¡ ¢ £ £ © �   � ��  � «
After the first stepwe notethat we cannotmake the tablecomplete,since ��� is � � -casual.
Thereis someambiguityfor theobservations��  and ��ª whichcannotberesolvedin thefirst
step.Thereasonis thatthereare– at thisstep– consistentreplacementsof themissingvalues
in ��� , ��ª , and ��­ respectively, whichallow usto build asuitablegranulefor thepredictionof
themissingvaluesof ��  and ��ª . Sincethesimilarity classesarereducedin step2, thereare
lesspossibilitiesfor replacement,and,indeed,all ambiguitiescanberesolved.

As anotherexample,considerthedatain Table8.6 takenfrom [59].
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Table8.4: Non-invasive imputationII´ µ ´ ¶·´ ¸ ´ ¹º�µ » ¼ ½ ½¿¾�¼ ½ ½ÁÀ ¼ ½ ½ÃÂ ¼ ½ ½º�¶ ÄÅÀ ¼ ½ ½ÁÂ ¼ ½ ½ÇÆ ¼ ½ ½º�¸ Â ¼ ½ ½ÁÈ Â ¼ ½ ½ ÉÊ¾�¼ ½ ½Ã» ¼ ½ ½º�¹ È ´ µ Ë º�Ì Í ÉÎÂ ¼ ½ ½ÏÈ » ¼ ½ ½ ÉÐÀ ¼ ½ ½º�Ñ Â ¼ ½ ½ÃÂ ¼ ½ ½ÏÈ ¾�¼ ½ ½ ÉÒÈ ´ ¹ Ë º�¸ Í Éº�Ó » ¼ ½ ½¿¾�¼ ½ ½ÁÀ ¼ ½ ½ÃÂ ¼ ½ ½º�Ô À ¼ ½ ½ÃÂ ¼ ½ ½ÕÆ ¼ ½ ½ÇÆ ¼ ½ ½º�Ì À ¼ ½ ½ÃÂ ¼ ½ ½Á» ¼ ½ ½¯È À ¼ ½ ½ É

Table 8.5: Non-invasive imputationIII: Final state´ µ·´ ¶Ö´ ¸Ö´ ¹º�µ » ¼ ½ ½¬¾�¼ ½ ½®À ¼ ½ ½®Â ¼ ½ ½º�¶ Ä×À ¼ ½ ½®Â ¼ ½ ½¯Æ ¼ ½ ½º�¸ Â ¼ ½ ½ÏÈ Â ¼ ½ ½ ÉÊ¾�¼ ½ ½®» ¼ ½ ½º�¹ È À ¼ ½ ½ ÉØÂ ¼ ½ ½ÏÈ » ¼ ½ ½ ÉØÀ ¼ ½ ½º�Ñ Â ¼ ½ ½®Â ¼ ½ ½ÏÈ ¾�¼ ½ ½ ÉÒÈ » ¼ ½ ½ Éº�Ó » ¼ ½ ½¬¾�¼ ½ ½®À ¼ ½ ½®Â ¼ ½ ½º�Ô À ¼ ½ ½®Â ¼ ½ ½¯Æ ¼ ½ ½¯Æ ¼ ½ ½º�Ì À ¼ ½ ½®Â ¼ ½ ½®» ¼ ½ ½ÙÈ À ¼ ½ ½ É
Table 8.6: CardataI

Car Price Mileage Size Max-Speed
1 high low full low
2 low ? full low
3 ? ? compact low
4 high ? full high
5 ? ? full high
6 low high full ?

Table 8.7: CardataII

Car Price Mileage Size Max-Speed
1 high low full low
2 low high full low
3 ? ? compact low
4 high high full high
5 high high full high
6 low high full low

We have Ú%Û Ë Æ Í%Ü'È Æ É Ý Ú%Û Ë Â Í%Ü'È Â Ý Þ É Ý Ú%Û Ë À Í%Ü'È À É ÝÚ%Û Ë ¾ ÍßÜ'È ¾�Ý » É Ý Ú%Û Ë » ÍßÜ'È ¾�Ý » Ý Þ É Ý Ú%Û Ë Þ ÍßÜ'È Â Ý » Ý Þ É ¼
Observe thatattribute À is price-andmileage-casual.Theresultof our imputationprocedure
is given in Table8.7. The original in [59] hasan additionaldecisionattribute asshown in
Table8.8. Thesimilarity classesfor thenew tableareasabove,exceptfor

Table 8.8: ExtendedcardataI

Car Price Mileage Size Max-Speed d
1 high low full low good
2 low ? full low good
3 ? ? comp. low poor
4 high ? full high good
5 ? ? full high excellent
6 low high full ? good

Table 8.9: ExtendedcardataII

Car Price Mileage Size Max-Speed d
1 high low full low good
2 low high full low good
3 ? ? comp. low poor
4 high ? full high good
5 ? ? full high excellent
6 low high full low good



78 NON-INVASIVE KNOWLEDGE DISCOVERYà%á�â ã ä%å2æ ã ç è à%á�â é äßå'æ é ç è
dueto theseparatingof

ã
and

é
by thenew attribute.

In the study [59], imputationcriteria are derived from the complexity of rules which are
obtainedfrom the incompletesystem.Theseconstructionsaresomewhat involved,andwe
refer the readerto [59] for details. The connectionbetweenthe rule complexity and the
quality of imputation,however, is notexplainedthere.

A simulationstudycarriedout in [44] hasshown that the numberof possiblereplacements
is negatively correlatedwith statecomplexity. This is a priceonehasto payif onewantsto
know the possible(andnot the probablebest)replacements:If the statecomplexity grows,
thechanceof mutualreplacementswhich arein theunderlyingdistribution of thedatarises;
if the numberof missingvaluesgrows aswell, the risk of resultingin many replacements
growsmultiplicatively.

A directuseof theresultsof this procedurein furtherstatisticalanalysiswill usuallynot be
feasible,becausethenumberof possibledatasetswill beby fartoohighto beof any practical
valuein, say, a multiple imputationprocedure,which needsonly a few numberof imputed
datasets([104, p. 117], [106]). Theintensionof theproposedprocedureis to inform theuser
of whatmight happenif missingvaluesareimputed,which is a differentgoalto thanto find
a (statistical)procedureto estimatea modelamongvariables.This interplayof non-invasive
computingandmoredemandingstatisticalmodellingis intended:Non-invasive computing
showswhichresultsarepossiblefrom theobtaineddata– statisticalmodellingoffersthemost
probablesolutionof theproblem.



Chapter 9

Beyond roughsets
Wehavesaidat thebeginningof thisbookthatweregardtheroughsetmethodasaparadigm
which is basedon theprinciples(1.1.1)and(1.1.2). Theseprinciplesare,of course,not only
applicableto thetraditionalrealmof roughsets- attributereductionandrulegenerationfrom
informationsystems- but alsoin othersituations,for example,approximationof regionsin
spatialreasoningandpsychometricskill theory. In thisChapter, weshallexplorea few other
scenariosfor theRSDA principles.

9.1 Relational attrib ute systems

Recallthatthemodelassumptionsof theOBJECT ê ATTRIBUTE operationalisationwere

1. Eachobjecthasexactlyonevaluefor eachattributeat a givenpoint in time.

2. Theobservationof thisvalueis withouterror.

While we haveaddressedthesecondconditionin Chapter7, we shalldiscussin this Section
how thefirst conditioncanbeextended.

A naturalway to relaxtheuniquenessof assignmentis to allow a setof attributevaluesto be
associatedwith anobjectvia anattributefunction,sothateachattributeis a mappingë(ì í êïî ð ñ ò
We have alreadyencounteredthesestructurson p. 45 in Chapter5.1. Thesemulti-valued
information systemswere introducedby Lipski [67, 68] under the nameof systemswith
incompleteinformation. They are also usedin symbolic dataanalysis,e.g. [17, 18, 96]
andin roughset-baseddataanalysis,e.g.[86, 87, 124]. .
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With suchsystems,thingsarenot asstraightforwardasthey seem.Consideran attribute ó
whichô is interpretedas“Languagesspoken”, andsupposetható�õ Tomöß÷'ø French,German,Englishù ú
Therearemany possibleinterpretations,of whichwe list just four:

Tom speaksFrenchor Germanor English(disjunctive,non-exclusive).
(9.9.1)

Tom speaksexactlyoneof French,German,English(disjunctive,exclusive).
(9.9.2)

Tom speaksFrenchandGermanandEnglish,andpossiblyothers(conjunctive,non-exclusive).
(9.9.3)

Tom speaksFrenchandGermanandEnglish,andno otherlanguages(conjunctive,exclusive).
(9.9.4)

It is thereforenecessaryto add semanticinformation to the designof the system,which
needsto befulfilled regardlessof theconcretemodel,andin thesequelwe shallpresentthe
approachtakenin [37].

Thebasicideais to replacetheattributefunctionsby attributerelations. In this way, totality
(“Eachobjecthasat leastanattributevalue”) anduniqueness(“Eachobjecthasat mostone
attributevalue”)arespecialcasesof themoregeneralsituation.Wecanalsouseseveralrela-
tionsfor thesameattributewhichcandifferentiatebetweendifferentsituations.For example,
we caninterpret û�ü ý þ%ÿ��ïû

certainlyspeakslanguage

þ
�û � ý þ%ÿ��ïû

possiblyspeakslanguage

þ ú
Totality, uniqueness,(non-)exclusivenesscanall be expressedasrelationalconstraints,for
which we needsomepreparation.Supposethat ������	 � . We let 
 � ��õ �"öa÷�ø 
�� ���û
��
 for some

û
���"ù bethe range of � , and � � �0õ �"ö"÷�ø û ��� � û ��
 for some
�� � ù

bethedomainof � . For each

û
��� , we let �aõ û ö%÷�ø 
�� ��� û ��
�ù . ��� is theconverseof� , i.e. û
��� 


ÿ��

 �
û ú(9.9.5)

If ������	 � ��� � � 	! , then ��" � is thecompositionof � and � , i.e.û õ ��" � ö 
 ÿ#� õ $ %#� � ö & û �'% and % � 
 ( ú(9.9.6)

We denoteby ) * theuniversal relationon �
) *,÷'ø + û � 
 , � û � 
����"ù �(9.9.7)



I . DÜNTSCH & G. GEDIGA 81

andby - ./ the identityrelationon 0
- ./�1�2 3 465 487:9 4�; 0'< =(9.9.8)

Now, “ > ? is a function” (i.e. anattributein theconventionalsense)is equivalentto theequa-
tions

> ? @ - A B 1�CED!F ? > ? is total,(9.9.9) > ? G @ > ?�H�- . A B > ? is unique=(9.9.10)

This leadsto our maindefinition: A relationalattributesystem(RAS) is a structure

3 C:5 I'5 3 J ? 7 ? K L 5 3 F ? 7 ? K L 5 M#7
suchthat

1. C is a finite setof objects.

2. I is afinite setof attributenames.

3. N�H CED�F ? for eachO ;!I andeachN ;�J ? .
4. M is asetof constraints.

We do not want to put restrictionson M ; the constraintswill often be expressiblein first
orderlogic or, morespecific,asrelationalequations;examplesfor constraintsare(9.9.9)and
(9.9.10).

For simplicity, we will restrictourselvesin thesequelto thecaseof just oneattributenameO , andtwo relations> 5 PQ;�J ? , which wewill interpretas

4 > R S�T 4 certainlyhas O -propertyR 54UP R S#T 4 possiblyhas O -propertyR =
Therelation > enablesusto expressconjunctiveconditions,while P allowsdisjunctiveinfor-
mationto beexpressed.

In orderto facilitatenotation,wesupposethatwehaveamatrix V in which thecolumnsare
labelledwith theelementsof F ? , andthe rows with the elementsof C . If 4 > R , we indicate
this by writing W into cell 3 465 R 7 , andif 4UP R , wewrite X .
We want to point out that in this setupwe only expresspositive knowledge.Therefore,the
absenceof W or X in cell 3 4�5 R 7 doesnot meanthat 4 doesnot have propertyR ; this couldbe
expressedby introducinga third relation.
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A generalconstraintthatwe make is Y:Z![�\^] _
(9.9.11)

Therefore,we regard uncertaintyas strict in the sensethat ` [ba meansthat we regard `
possiblyhaving property

a
, but weceratinlydonotknow for certain.In matrix form, (9.9.11)

canbeexpressedas

Eachcell of c containsat mostoneentry.(9.9.12)

In roughsettheory, two objectsin a single-valuedinformationsystemarecalledindiscern-
able,if they havethesamefeaturevector. In amultivaluedsystemthereareotherpossibilities
whichusesettheoreticrelationson thesetsd8e `8f . This leadsto the informationrelationsfirst
studiedin [85]. Our relationalsettingextendstheserelationsin thefollowing way: We will
considertherelations \bgih'gij'g�k�gml!g
(9.9.13)

wherefor a set c andsubsets
a g n

of c ,a k�n�o�p�a6Z#n�q\^] g
and
a

and
n

areincomparablewith respectto r g (overlap)a l�n�o�p�a6Z#n�\^] _
(disjoint)

Note that
k

is a partial overlap,sincewe excludethe inclusions. The relationsof (9.9.13)
partition cts�c . Such“intersectiontables” have beenconsideredin qualitative spatial
reasoning,for example,in [39, 40] for theinterior

Y
andboundary

[
of setsin a topological

space.

Setu \�Y v�[ . Giveǹ
g w

in x , thereareninewaysof relatinganelementof y Y e `Uf g [ e `8f g u�e `8f z
with anelementof y Y e w f g [ e w f g u�e w f z , andwedenotethesepossibilitiesby row headingsY Y8g6Y [#g�Y u g�[�Y g�[�[#g�[ u g u Y8g u [�g u�u _(9.9.14)

We cannow constructa relationaltableby indicatingbelow eachheadingwhich of the re-
lations of (9.9.13)holds. Of course,not all configurationsarepossible,sincewe have to
observetheconstraints

u \^Y�v�[ and
Y:Z![�\^] g

(9.9.15)

which imply otherconditions. If, for example,oneof the entriesis
\

, thenthe additional
constraintsare listed in Table 9.1. There, for example, the entry

l
in the cell { Y e `8f \Y e w f g [�Y | meansthat

Y e `8f \^Y e w f implies
[ e `Uf Z!Y e w f \^] .

Usingtherelationdefinedabove,wecannow expressquitegeneralrelationshipsamnongthe
objectsin x basedon their behaviour with respectto the attribute relations. Supposethat
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Table9.1: Equalityconstraints} }~} ��} ���b}~�����b����}~�������}8� �8�i�^}8� � � ������� �}8� �8�i�^��� � � ����� � �} � �U�i�^��� � � �������������������� �8�i�^}8� � � � ���������� �8�i�^��� � � � ����� ��#� �U�i�^��� � � �������������������� �8�i�^}8� � � ��������������� ���� �8�i�^��� � � �¡���������¢���£���� �8�i�^��� � � � �������
¤�¥ ¦�§�¨ } ¥ �#¥ ��©

, andthat ª is oneof therelationsof (9.9.13). A relation « on ¬ is called
anelementaryinformationrelation if it hastheform� « �#­#®°¯ ¤�� �8� ¥ ¦:� � � ±:§ ª#²(9.9.16)

Any ³ ¥ ´ – combinationof elementaryinformationrelationsis calledan µ -informationrela-
tion. ; this generalisesthe informationrelationsof [85]. This canbe furthergeneralisedby
consideringmorethanoneattribute,but we shallnot considerthis here.A proof theoryfor
relationalattributesystemshasbeenpresentedin [38].

As an examplewe will considerthe following situation: A procedureoften employed in
psychologicalresearchis expert-basedcategorisation: A collectionof ¶ items µ · – suchas
statements,behaviour sequencesetc– arepresentedto anexpert,who is askedto assigneach
oneto exactly oneof ¸ categories¹:· . If two expertssolve this task,thenthesecategoriescan
becross-classifiedin a tableasfollows:

Category: ¹:º»¹i¼½² ² ²¾¹:¿
No. of agreements: À ºÁÀ ¼Â² ² ²ÃÀ ¿

Oneproblemof this procedureis thatexpertsoftencannotor will not assignthe itemsto a
uniquecategory, sincestatementsor behavioural sequencescanoftenbeinterpretedin more
thanoneway, sothattherecouldbemorethanonecategory to which they couldbeassigned.
By having to assignan item to exactly onecategory, this informationis suppressed,and,in
casethe expertsratingsdiffer significantly, it cannotbe said whetherthe expertsstrongly
disagree,or whetherthecategoriesarenot sufficiently discriminating.

In orderto surmountthis problem,onecanoffer the expertsa choiceamongthe following
alternatives:

Eachitem is assignedto a uniquecategory, asdescribedabove.(9.9.17)
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This is thestandardprocedure.But therearelessrestrictivepossibilities:

Eachitem is assignedto a maincategoryandzeroor morelessercategories.(9.9.18)

Eachitem is assignedto oneor morecategories“aequoloco”.(9.9.19)

Wecanexpressthesesituationswith ourRASoperationalisationasfollows: Let ÄEÅ^Æ Ç'È É Ê Ê Ê Ç:Ë Ì
bethesetof experts,andfor eachitem Í Î , ÏbÐ�ÑiÐ�Ò , let Ó8Ô ÕiÅ�Æ Ö:È É Ê Ê ÊUÉ Öi×8Ì bethesetof
possiblecategories.Therelationswhich weconsiderare Ø Ô Õ and Ù�Ô Õ ; theirmeaningis given
by

Ú�Û Ç#É Ö'Ü�Ý!Ø Ô Õ meansthatexpert Ç classifiesitem Í Î ascertainlybelongingto categoryÖ .Ú�Û Ç#É Ö'Ü:Ý!Ù'Ô Õ meansthatexpert Ç classifiesitem Í Î aspossiblybelongingto categoryÖ .

Theconstraintscorresponingto theconditions(9.9.17)– (9.9.19)canbedescribedby

Ø Ô Õ is a function,and Ù�Ô ÕmÅ^Þ for all Í Î Ê(9.9.20) Ø Ô Õ is a function,and Ø Ô Õ8ß!Ù'Ô ÕmÅ�Þ for all Í Î Ê(9.9.21) Ø Ô Õ is totaland Ù�Ô ÕmÅ^Þ for all Í Î Ê(9.9.22)

All theseconstraintscanbeexpressedasrelationalequations.

Variousstatisticscannow beemployedto gaugethequality of (dis-)agreement,andonecan
explore the areasof possiblereconciliation. We invite the readerto consult[37] for more
detailsandexamples.

9.2 Non-invasive test theory

Theaim of anassessmentis to find out which skills a personhasin a givenarea.An opera-
tionalisationof this domainof interestis oftena setof problems,anda testcontainingthese
problemscanberegardedasanempiricalsystem. A scalingwould mapthe testresultsto
somelinearscaleof grades.Thesegrades,however, aresofar removedfrom thedomainof
interest– the skills a personhas–, that alternative methodsof “measurement”needto be
employed, if sensibleinformationis to be gained. The theoryof knowledge structureshas
beendevelopedby DoignonandFalmagne[20, 21] to handlestructuraldependenciesamong
setsof problems.Typically, it providedrulessuchas

If personà cansolveproblemá , then(s)hecanalsosolveproblemâ Ê
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The theory of knowledgestructureshasbeenextensively usedfor automatedassessment.
Onedrawbackof the theorywasits assumptionthat the ability to solve problemscould be
equatedto the possessionof appropriateskills, which, however, arenot part of the theory.
Subsequently, Doignon[19] andDüntschandGediga[27] independentlydevelopedsimilar
skill theories;in otherwords,they studiedtheoperationalisation

Setof skills ãä Setof problemså
In thesequel,we will follow theapproachgivenin [27, 46].

Supposethat æ is a finite setof skills, ç a finite setof dichotomousproblems,and è a finite
setof subjects1. For eaché�ê�è welet ë ì é8í bethesetof problems(s)heis ableto solve. The
collection îbï:ð�ñ ë ì éUí:ò é�ê�èbó
is calledtheempiricalknowledgestructure (EKS) with respectto ç and è ; theelementsofô ï

arecalledempiricalknowledgestates.

Observethat ë determinesa relation õ ï�ö èE÷!ç suchthat

é õ'ø'ù�ú�é solves û å(9.9.23)

With this in mind, we sometimeswill call a triple ü èiý ç#ý õ'þ an EKS, where õ ö è�÷�ç .
Thisgivesusthefreedomto inteprettheknowledgestatesin othersettings;for example,é8õ�ø
could mean“Personé hassymptom ø ”. We remarkin passingthat sucha structureis the
sameasacontext in thesenseof [125].

A problemfunctionis amappingÿ ��ä ø � , suchthat

� ì � í ð � ý � ì æmí ð ç#å(9.9.24) �
is monotonewith respectto

ö
. å(9.9.25)

We interpret
� ì ��í asthesetof problemswhich canbesolvedwith theskills in � . Thesetî���ð�ñ ô ì ��íiò � ö æió

is calledtheskill knowledgestructure (SKS)with respectto æ and ç . Its elementsarecalled
skill or theoretical knowledgestates.

Associatedwith
�

is a relation � ��ö ç�÷�ì ÿ �	� ñ � ó í suchthat

ø � � � ù�ú ø canbesolvedwith theskills in ��ý but notwith any propersubsetof ��å
1Wefollow, notwithout hesitation,thenomenclatureof thepsychologicalliterature.



86 NON-INVASIVE KNOWLEDGE DISCOVERY

It canbeshown that,givenour assumptionson 
 ,
� � 
�� ��� �������

(9.9.26) � ��� ��������� �
(9.9.27) � ��� �

and

� ��� !"������!
or
�#� !

areincomparablewith respectto $&%(9.9.28)

Conversely, it canbe shown that for every relation
�

satisfying(9.9.26)– (9.9.28), thereis
exactlyoneproblemfunction 
 suchthat

���'���
. A relationwith thesepropertiesis calleda

skill relation. We caninterpret

� �(�
as“
�

is minimally necessaryto solve

�
”, andcall

�
a strategy for

�
. In what follows,we supposethata problemfunction 
 is given,alongwith

its skill relation
�

. We alsolet ) � *(� bethetrueskill stateof
*

, i.e. thesetof all skills from +
which

*
possesses.

The aim of a testshouldnot be only to observe which problemsa studenthassolved, but
rather, which skills thestudenthas.Dueto possiblydifferentsolvingstrategiesandrandom
influences,thetrueskill stateof asubject, is usuallynotdirectlyobservable,evenif - � , � is a
knowledgestatewhich is consistentwith thetheory. Therefore,we have to look for waysto
approximate) � , � . To acquaintthereaderwith theproposedconcepts,we first look at some
examples:

Example 1. Supposethat
�.�&/ 01� 2�� � � 3 4

, + ��/ 56� 7 � 8 � 9 4 , and

�:� 0����&/ / 5 4 � / 7 4 4 � �:� 26�;�&/ / 8 4 � / 9 4 4 � �:� � �;�&/ / 56� 8 4 4 � �:� 3 �:�&/ / 56� 9 4 4 %
Theassociatedknowledgestructure< � is givenin Table9.2.

Table 9.2: Knowledgestructure,Example1

Skills
 5 7 8 9 5 7 5 8 5 9

Problems
 0 0 2 2 0 0	2 � 0	2 3

Skills
7 8 7 9 8 9 5 7 8 5 7 9 5 8 9 7 8 9 +

Problems
0	2 0	2 2 0�2 � 0�2 3 � 0	2 �

Now, let , solve exactly
0

and
2

. Then, - � , � is a knowledgestate,and 
 � �=��� - � , � if and
only if

�
is oneof thesets

/ 7 � 8 4 �:/ 7 � 9 4 � / 7 � 8 � 9 4
Sincewe do not know which of thesesetsled to - � , � , it follows that , certainlyhasskill

7
,

which is containedin all thesesets,andpossiblythe skills
7 � 8 � 9

. If we had 
 � / 7 � 8 � 9 4 ���/ 0=� 2�� 3 4
, thenwewouldstill havethesameset

/ 7 � 8 � 9 4
of possibleskills with theadditional

informationthat , cannothavebothskills
8 � 9

, since
3>�? - � , � . @
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Example 2. WhereasExample1 shows that true stateswithin a knowledgestructurenot
necessarilyimply auniquesetof skills for eachproblem,ambiguitywill comeinto play, even
if everyproblemcanbesolvedby exactlyoneminimal skill set.

Let

A:B C(D E�F&G G H D I I J
A:B C6K E�F&G G H D J H K I I J
A:B C6L E�F&G G H D J H K J H L I I J
A:B C M E�F&G G H D J H K J H L J H M I I J
A:B C6N E�F&G G H D J H K J H L J H M J H N I I J
A:B C6O E�F&G G H D J H K J H L J H M J H N J H O I I J

Thestatesof P�Q are

R J G C(D I J G C(D J C6K I J G C(D J C6K J C6L I J S S S G C(D J C6K J C6L J C M J C6N J C6O I S
Supposenow that

H B T E1F�G C(D J C6K J C6L J C6O I
. The problemarisesthat

H B T E
is not a knowl-

edgestatein P�Q ; however, since in this case P�Q is actually closedunder U and V , we
can find the largeststate

H B T E FWG C(D J C6K J C6L I
below

H B T E
and the smalleststate

H B T E�FG C(D J C6K J C6L J C M J C6N J C6O I
above

H B T E
.

Thesubjectsolvesthefirst threeproblemsconsistentwith theskill theory. Dueto thestructure
of the skill assignment,we concludethat the body of certainknowledgeof the subjectisG H D J H K J H L I

. Although the subjectdid not solve problems
C M

and
C6N

, the subjectsolves
C6O

.
Thoughthis is inconsistentwith the theory, we cannotprecludethat

T
indeedhasthe skills

necessaryto solve
C6O

. Hence,with somejustification,we cansaythat an upperboundforX B T E is Y . The interpretationof theset
G H M J H N J H O I

containedin theupperboundbut not in
thelowerboundis thattheskills in this setarethosewhich thesubjectpossiblyhas;in other
words,thesetdescribesthe“border” of thesubject’s knowledge. Z
Example 3. Let [ F�G C�J \ J ] J ^1J _;I J Y F&G `6J a J b J c I , and

A:B C6E�F&G G ` I J G a I I J
A:B \ E�F&G G ` I J G a I J G b I J G c I I J
A:B ] E�F&G G b I J G c I I J
A:B ^�E�F&G G `6J b I J G `6J c I I J
A:B _�E�F&G G a J b I J G a J c I I J

TheassociatedknowledgestructurePdQ is givenin Table9.3.
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Table 9.3: Knowledgestructure,Example3

Skills e f g h i f g f h f i
Problems e j6k j6k k l k l j6k j6k l m j6k l m

Skills g h g i h i f g h f g i f h i g h i n
Problems j6k l o j6k l o k l p p p p p

Figure9.1: Example3q j�r k r l r m=s q j�r k r l r o;s
q j�r k r l s

q j�r k s q k r l s

Supposethat t u v w>x q j�r k r l s . The statesin y�z'{ q e r p	s areunderlinedin Figure9.1. In
particular, t u v w1|} y�z . Sincethe true states

q j�r k s and
q k r l s aresubsetsof t u v w , we can

assume,however, that v possessesany skill which belongsto all skill sets~ with � u ~=wdxq j(r k s , aswell asany skill which belongsto all skill sets� with � u �dw'x q k r l s . Thesetof
all theseskills determinesthelowerboundof �;u v w , which, in this caseis e .
If weconsiderthesetof skillswhich v possiblyhas,weseethatany of thesets

q f6r g s r q g r h s r q g r i s
is consistentwith

q j�r k r l s , andtherefore,weconcludethatnoskill canbedefinitelyexcluded
from �;u v w . �
Theseexamplesshow that, in general,it is not possibleto give a necessaryandsufficient
conditionrelating t u v w and �;u v w . Furthermore,it is not clearwhat the connectionbetween��u v w and t u v w shouldbe. One extremewould be that thereis no connectionat all: Eachk } t u v w is theresultof a lucky guess,andeachj } n#{��;u v w is theresultof a carelesserror.
In orderto build a sensiblestructuraltheory, we clearly needto limit the scopeof random
influences,andtherefore,in thesequelwe shallassumetwo conditions.First, let

t u v w x q � } y�z�� �.� t u v w and
�

is maximalwith thispropertys r
Observethat t u v w } ydz implies t u v w x�t u v w . Now,

t } �;u v w���u � k } t u v w w u � ~ � n:w � k �(~ and t } ~#� �(9.9.29)

u � � } t u v w w u �6k } � w u � ~ � n:w � k �(~���t } ~#�(��t } �;u v w �(9.9.30)
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Condition (9.9.29)relatesskills to solved problems: If � hasa skill � , then this shouldbe
witnessedby someproblemwhich � is able to solve, andsomestrategy of which requires� . Note that we do not take into accountlatentskills andthus,carelesserrors. Condition
(9.9.30)saysthat if � � � � containsa maximalknowledgestate� accordingto � , thenwe can
assumethat � possesseseachskill which is containedin eachstrategy for � . This limits the
possibilityof lucky guessesin � � � � .
This leadsto thefollowing definitions:

1. Theupperapproximationof �;� � � is theset

�;� � ���&� ���#��� � � �	��� � � � � � � � ���:� ¡ � ¢(� and �d�>�#£ ¤ ¥(9.9.31)

2. The lower approximationof �;� � � is theset

�;� � � �&� ���#��� � � �.��� � � � � � ¦6�	�>�'� � ¦6�����:� ¡ � ¢(��§��d�>�#£ ¤ ¥(9.9.32)

3. Theareaof uncertaintyis theset

¨ � � ��� �;� � ��©��;� � � ¥(9.9.33)

It is not hardto checkthatthesedefinitionsgiveustheupperandlowerboundsheuristically
obtainedin Example1 – 3. Theconditions(9.9.29)and(9.9.30)now immediatelyimply

Proposition9.1. �;� � � ���;� � �ª� �;� � � .
The interpretationof (9.9.31)asthe upperboundof skills which � possiblyhasimplies the
assumptionthat

� certainlydoesnot haveaskill � if andonly if � ¦6�d�#� � � � � � ¦6�����:� ¡ � ¢(��§���«���#£ ¥

9.2.1 Application: Guttman scalingrevisited

Oneof thefirst investigatorsto realisethatdifferentscalingtechniquesareneededfor quali-
tativeattributesandquantitativeoneswasL. Guttman[51, 52]:

“Guttmanimplicitly challengedthejustificationof applyingcorrelationanalysis
to attributes,that is, manifestclassificationsfor which only a few categoriesare
available” [60].
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He proposeda mathematicalscalemodel in which oneassignsnumbersto individualsand
problemssuchthat ¬ solves­ if andonly if thenumberassignedto ¬ is greaterthanthenumber
assignedto ­ . In themoreformal termsof [24], anEKS ® ¯ª° ±�° ²'³ is Guttmanscalableif and
only if therearefunctionś#µ ¯&¶�·�°�¸>µ ±.¶�· suchthat

¹ ²�­�º�»�´;¼ ¹6½ª¾ ¸(¼ ­ ½ ¿(9.9.34)

In oneof thefirst applicationsof Guttman’s scalingtechnique,Suchman[119] investigated
physicalreactionsto dangersof battle experiencedby soldierswho have beenunderfire.
He showed that subjectsandexperiencedsymptonsform an almostperfectGuttmanscale.
Presenceof symptomsin decreasingfrequency wasasfollows:

À>Á
Violentpoundingof theheart 84%À�Â
Sinkingfeelingof thestomach 73%À�Ã
Feelingsickat thestomach 57%À	Ä
Shakingor tremblingall over 52%À�Å
Feelingof stiffness 50%À�Æ
Feelingof weaknessor feelingfaint 42%À�Ç
Vomiting 35%À�È
Loosingcontrolof thebowels 21%À�É
Urinatingin pants 9%

A skill theoryconsistentwith Guttmanscalingmustassumethat the itemsbecomeincreas-
ingly “dif ficult” with decreasingmanifestfrequency. Therefore,astrategy for a“harder” item
mustcontainall theskills necessaryfor “easier”itemsandat leastoneadditionalskill. In its
simplestform, weobtainthefollowing skill relation:Ê�Ë ¼ À>Á ½:Ì&Í Í Î Á Ï Ï °Ê�Ë ¼ À�Â ½:Ì&Í Í Î Á ° Î Â Ï Ï °Ê�Ë ¼ À�Ã ½:Ì&Í Í Î Á ° Î Â ° Î Ã Ï Ï °Ê�Ë ¼ À	Ä ½:Ì&Í Í Î Á ° Î Â ° Î Ã ° Î Ä Ï Ï °Ê�Ë ¼ À�Å ½:Ì&Í Í Î Á ° Î Â ° Î Ã ° Î Ä ° Î Å Ï Ï °Ê�Ë ¼ À�Æ ½:Ì&Í Í Î Á ° Î Â ° Î Ã ° Î Ä ° Î Å ° Î Æ Ï Ï °Ê�Ë ¼ À�Ç ½:Ì&Í Í Î Á ° Î Â ° Î Ã ° Î Ä ° Î Å ° Î Æ ° Î Ç Ï Ï °Ê�Ë ¼ À�È ½:Ì&Í Í Î Á ° Î Â ° Î Ã ° Î Ä ° Î Å ° Î Æ ° Î Ç ° Î È Ï Ï °Ê�Ë ¼ À�É ½:Ì&Í Í Î Á ° Î Â ° Î Ã ° Î Ä ° Î Å ° Î Æ ° Î Ç ° Î È ° Î É Ï Ï ¿
It is straightforwardto seethatthecorrespondingÐ�Ñ Ò has10 states.

Looking at thesymptoms(andnot theobserveddata),we observe the following threecate-
gories:
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Ó Slight somaticsymptomsÔ�Õ Ö Ô�× .Ó Mediumto severesymptonswithoutexcretion Ô�Ø Ö Ô�Ù Ö Ô�Ú Ö Ô>Û .Ó ExcretionÔ�Ü Ö Ô>Ý Ö Ô�Þ .
Assumingthatthecorrespondingpopulationscanbewell separated,andthatoccurenceof all
symptomsin onegroupimpliesoccurenceof at leastonesymptonof eachlower group,we
canconstructthefollowing skill relation:

ß Ø à Ô>Õ á:â&ã ã ädÕ å å Öß Ø à Ô�× á:â&ã ã ä�× å å Öß Ø à Ô�Ø á:â&ã ã ädÕ Ö ä�× Ö ä'Ø å å Öß Ø à Ô	Ù á:â&ã ã ädÕ Ö ä�× Ö äªÙ å å Öß Ø à Ô�Ú á:â&ã ã ädÕ Ö ä�× Ö ä'Ú å å Öß Ø à Ô�Û á:â&ã ã ädÕ Ö ä�× Ö ä'Û å å Öß Ø à Ô�Ü á:â&ã ã ädÕ Ö ä�× Ö ä'Ø Ö ä'Ù Ö ä�Ú Ö ä'Û Ö ä�Ü å å Öß Ø à Ô�Þ á:â&ã ã ädÕ Ö ä�× Ö ä'Ø Ö ä'Ù Ö ä�Ú Ö ä'Û Ö ä�Þ å å Öß Ø à Ô�Ý á:â&ã ã ädÕ Ö ä�× Ö ä'Ø Ö ä'Ù Ö ä�Ú Ö ä'Û Ö ä�Ý å å æ
çdè é

hasthe27stateswhichhaveoneof theforms

ê Ö ê"ë ã Ô�Õ Ö Ô>× å Ö
ã Ô>Õ Ö Ô�× å�ì ê Ö ê"ë ã Ô>Ø Ö Ô�Ù Ö Ô�Ú Ö Ô>Û å Ö

ã Ô>Õ Ö Ô�× Ö Ô>Ø Ö Ô	Ù Ö Ô>Ú Ö Ô�Û å�ì ê Ö ê"í ã Ô>Ü Ö Ô>Þ Ö Ô�Ý å æ
We have shown elsewhere[46] that theskill theoryendingup in

çdè é
is moresuitableto the

empiricaldatapublishedin [119, p. 140] thantheoriginal Guttmanscaleversion.Table9.4
on the next pagedemonstratesthat the setdifferenceof lower andupperapproximationof
skill setsis muchsmallerin the new scaleversionthanin the original, which supportsthe
statisticalfindingsin [46].
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Chapter 10

Epilogue
In thisbook,wehavegivenanintroductionto andanoverwiew of non-invasivedataanalysis
basedon theparadigmof RSDA. We hopeto have shown that thereareeffective andmath-
ematicallywell-foundedtools for non-invasive dataanalysis,and that the gain in “model
certainty”mayoutweightheprecise,but oftenuncertain,resultsof thosemethodswhich are
basedon strongmodelassumptions.

At the end,we would like to stressanotherargumentfor usingnon-invasive dataanalysis
techniques,which follows from oneof the mostexpensive negative resultsin the research
on dataanalysis:The STATLOG project [72] hadthe aim to find the bestalgorithm(s)for
supervisedlearning. Its main resultwas that mostalgorithmswithin the competitionhave
aboutthesameeffectiveness.Becauseit is obviousthatwe will not find a “best” dataanal-
ysis methodwhenfollowing this pathof maximaleffectiveness,we needothercriteria for
choosinga gooddataanalysisstrategy. We think thatthecriterionof “non-invasiveness”is a
goodchoice:A gooddataanalysisalgorithmshouldbenot ablack,but a whitebox; theuser
shouldbe awareof all assumptionsandtheir consequencesor, at least,mostof them. This
bookmakesa first stepin this direction,andour procedures– e.g. the rough-entropy based
searching(Section6.2)or thelatticebasedclassificatoryalgorithms([124]) – areasgoodas
theestablishedfine tunedmethodsfor supervisedlearning.

Theconsiderationsof this bookshow thatmany situationscanbedescribedwith thesimple
trichotomy

Inside- Boundary- Outside.

anda very worthwhile researchtaskis the investigationof systemswith boundaries.There
arealreadymany flourishingareaswhichareconcernedwith suchinvestigation,for example,
qualitativespatialreasoning[13, 61], visualperception[47], or testtheory[46].
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An examplefor thethree-partconceptualisationof thedomainof interestis the“preparedness
theory”of SeligmanandSchwartz[108] in thefield of learningpsychology. They distinguish
amongbeing

þ Prepared- for purebasicinstinctreactions,þ Unprepared- for actionswhich anindividual is ableto learn,þ Contraprepared- for actionswhichanindividual is not ableto learn.

Onecausefor thelow impactof this theorymayhave beentheunavailability of a methodol-
ogywhich coulddealwith suchboundarysystems.

Most algorithmsusedin RSDA areNP-hard,and therefore,goodheuristicsareneededto
approximateoptimalsolutions,aswell assoftwarewhichimplementstheprocedures.Wewill
endeavour to list RSDA resourcesin generalandcurrentsoftwaredevelopmentin particular
at

www.methodos.co.uk/noninv/resources.html
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[58] Krusińska,E.,Babic,A., Słowiński,R., andStefanowski, J. (1992).Comparisonof the
roughsetsapproachandprobabilisticdataanalysistechniquesonacommonsetof medical
data.In [116], pages251–265.

[59] Kryszkiewicz, M. (1998). Propertiesof incompleteinformationsystemsin the frame-
work of roughsets.In [93], pages422–450.

[60] Lazarsfeld,P. F. (1968).Latentstructure analysis. HoughtonMif flin, Boston.

[61] Lehmann,F. andCohn,A. G. (1994).TheEGG/YOLK reliability hierarchy:Semantic
dataintegrationusingsortswith prototypes. In Proc. Conf. on InformationKnowledge
Management, pages272–279.ACM Press.

[62] Li, M. andVitányi, P. (1997). An Introductionto Kolmogorov Complexity and Its Ap-
plications. GraduateTexts in ComputerScience.Springer-Verlag,New York, 2 edition.

[63] Liau, C.-J. (1996). An algebraicformalizationof the relationshipbetweenevidential
structuresanddatatables.FundamentaInformaticae, 27:57–76.



I . DÜNTSCH & G. GEDIGA 99

[64] Lin, T. Y. (1992).Topologicalandfuzzy roughsets.In [116], pages287–304.

[65] Lin, T. Y. andCercone,N., editors(1997). Roughsetsand data mining, Dordrecht.
Kluwer.

[66] Lin, T. Y., Liu, Q., andYao,Y. Y. (1994). Logic systemsfor approximatereasoning:
via roughsetsandtopology. In Rás, Z. W. andZemankova, M., editors,Methodologies
for intelligentsystems, pages64–74.Springer, Berlin.

[67] Lipski, W. (1976). Informationalsystemswith incompleteinformation.In Michaelson,
S. andMilner, R., editors,Third InternationalColloquiumon Automata,Languagesand
Programming, pages120–130,Universityof Edinburgh.EdinburghUniversityPress.

[68] Lipski, W. (1979). On semanticissuesconnectedwith incompleteinformation data
bases.ACM Trans.DatabaseSystems, 4(3):262–296.

[69] Little, R. J.A. andRubin,D. B. (1987).StatisticalAnalysiswith MissingData. Wiley,
New York.

[70] Manly, B. F. J.(1997).Randomization,Bootstrap,andMonteCarlo Methodsin Biology.
ChapmanandHall, London.

[71] Meng,X. L. (1995).Multiple-imputationinferenceswith uncongenialsourcesof input
(with discussion).StatisticalScience, 10:538–573.

[72] Michie, D., Spiegelhalter, D. J.,andTaylor, C. C. (1994).Machinelearning, neural and
statisticalclassification. Ellis Horwood.

[73] Muggleton,S.,editor(1992). InductiveLogic Programming. AcademicPress.

[74] Neyman,J.andPearson,E. (1933).On theproblemof themostefficient testsof statis-
tical hypotheses.PhilosophicalTransactionsof theRoyalSociety(A), 231:289–337.

[75] Nguyen,H. (1998a).Fromoptimalhyperplanesto optimaldecisiontrees.Fundamenta
Informaticae, 34:145–174.

[76] Nguyen,H. S.(1998b).Fromoptimalhyperplanesto otimaldecisiontrees.Fundamenta
Informaticae, 34:145–174.

[77] Nguyen,H. S. and Nguyen,S. H. (1996). Someefficient algorithmsfor rough set
methods.In Proc.of IPMU’96, pages1451–1456.

[78] Nguyen,H. S. andNguyen,S. H. (1998a).Discretizationmethodsin datamining. In
[93], pages451–482.

[79] Nguyen,H. S. andNguyen,S. H. (1998b). Patternextractionfrom data. Fundamenta
Informaticae, 34:129–144.

[80] Nguyen,H. S.,Nguyen,S.H., andSkowron,A. (1996). Searchingfor featuresdefined
byhyperplanes.In Ras,Z. W. andMichalewicz,M., editors,ISMIS-96,NinthInternational
Symposiumon Methodologiesfor Intelligent Systems, volume1079of Lecture Notesin
Artificial Intelligence, pages366–375,Berlin. Springer–Verlag.

[81] Nguyen,H. S.andSkowron,A. (1996).Quantizationof realvalueattributes:Roughset



100 NON-INVASIVE KNOWLEDGE DISCOVERY

andBooleanreasoningapproach.Bulletinof InternationalRoughSetSociety, 1(1):5–16.

[82] Nguyen,S. H., Skowron, A., andSynak,P. (1998). Discovery of datapatternswith
applicationsto decompositionandclassificationproblems.In [94], pages55–97.

[83] Novotný, M. (1997). Dependencespacesof informationsystems.In [86], pages193–
246.

[84] Orłowska,E. (1984). Modal logics in the theoryof informationsystems.Zeitschr. f.
Math.Logik undGrundlagender Math., 30:213–222.

[85] Orłowska,E. (1995). Informationalgebras.In Proceedingsof AMAST95, volume639
of LectureNotesin ComputerScience. Springer–Verlag.

[86] Orłowska,E., editor (1997). IncompleteInformation– RoughSetAnalysis. Physica–
Verlag,Heidelberg.

[87] Orłowska,E. andPawlak, Z. (1987). Representationof nondeterministicinformation.
TheoreticalComputerScience, 29:27–39.

[88] Pagliani, P. (1997). Roughsetstheoryandlogic-algebraicstructures. In [86], pages
109–190.

[89] Pawlak, Z. (1982).Roughsets.Internat.J. Comput.Inform.Sci., 11:341–356.

[90] Pawlak, Z. andSkowron, A. (1994). Roughmembershipfunctions. In Zadeh,L. and
Kacprzyk,J.,editors,Fuzzylogic for themanagementof uncertainty, pages251–271,New
York. Wiley.
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