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Preface

This is not thefirst book on roughsetanalysisandcertainlynot the first book on knowledge
discovery algorithms,but it is the first attemptto do this in a non-irvasve way. The term
non-irvasivein connectiorwith knowledgediscovery or dataanalysiss new andneedssome
introductoryremarks.We — Ivo Duntsch& GuintherGediga— have workedfrom about1993
on topics of knowledgediscovery and/ordataanalysis(both topics are sometimeshard to
distinguish),andwe felt thatmostof the commonwork on this topicswasbasedon at least
discussablassumptionsWe regardedthe inventionof RoughSetDataAnalysis(RSDA) as
oneof thebig eventsin thosedays becauseatthestart, RSDA wasclearlystructuredsimple,
andstraightforwardfrom basicprinciplesto effective dataanalysis.It is our corviction that
a model builder who usesa structuraland/or statisticalsystemshouldbe clear aboutthe
basicassumption®f the model. Furthermorejt seemdo be a wise stratgyy to usemodels
with only a few (pre-)assumptionaboutthe data. If both characteristicare fulfilled, we
call a modelling processnon-invasive This ideais not really new, becausehe “good old
non-parametristatistics”approactbasedn the mottoof Sir R. A. Fisher

Let the data speak for themselves,

can be transferredto the context of knowledgediscovery. It is no wonderthat e.g. the
randomisatioprocedurgoneof theflagshipsof non-parametristatistics)s partof thenon-
invasive knowledgediscovery approach.

In this bookwe presentainoverview of thework we have donein the pastsevenyearsonthe
foundationsanddetailsof dataanalysis. During this time, we have learnedto look at data
analysisfrom mary differentangles andwe have tried notto be biasedfor - or against ary
particularmethod,althoughour ideastake a prominentpart of this book. In addition, we
have includedmary citationsof paperson RSDA in knowledgediscovery by otherresearch
groupsaswell to somevhatalleviatetheemphasi©n our own work.

We hopethatthe presentationis neithertoo roughnor too fuzzy, sothatthe readercandis-
cover someknowledgein this book.

Jordanstaen, OsnabriickApril 2000
Ivo Dlntsch& GuntherGediga
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Chapter 1

Intr oduction

Accordingto the widely acceptediescriptionof Fayyadetal. [41], the (iterative) procesof
knowledgediscoveryin databasefKDD) consistf thefollowing steps:

KDD 1. Developinganunderstandingf the applicationdomain,the relevantprior
knowledge,andthe goal(s)of theend-user

KDD 2. Creatingor selectingatargetdataset.

KDD 3. Data cleaningand preprocessingthis stepincludes,amongother tasks,
removing noiseor accountingor noise andimputationof missingvalues.

KDD 4. Datareduction:Findingusefulfeaturego representhe datadependingon
the goal of the task. This may include dimensionalityreductionor trans-
formation.

KDD 5. Matchingthe goalsto a particulardatamining methodsuchas classifica-
tion, regressionglusteringetc.

KDD 6. Modelandhypothesiselectionchoosinghedataminingalgorithm(s)and
methodgo be usedfor for searchindor datapatterns.

KDD 7. Datamining.
KDD 8. Interpretingminedpatterns.
KDD 9. Acting ondiscoveredknowledge.

The usualstarting situationin datamining is a vastamountof data, often in the form of
relationaltables,from which usefulknowledgeis to be gathered- informationwhich is not
visible to the naked eye. Much of datamining consistsof classificationor clusteringtasks,
in otherwords, of supervisecor unsupervisedearning, and learningthe rules which are
associatedvith the dataclassification. This is certainly not new; taxonomyhasplayedin
majorpartin the naturalsciencedor alongtime, andmary statisticalmethodsareavailable
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to accomplishthesetasks.However, oneneedgo keepin mind thatmoststatisticalmethods
wereinventedto work well with experimentaldata(which, of course doesnot meanthatit
worksexclusively with suchdata,anexamplebeingnationalstatisticsdatasets) while KDD
handlesobserveddata. Therefore,it is at first glancenot clear whetheror how statistical
methodsaresuitablefor datamining tasks. Taking the descriptionabose asa modelfor the
KDD processone seesthat KDD and statisticalmodelling are,in a way, complementary
asindicatedin Table1.1. Methodswhich aremore specificto KDD, respectiely machine

Table1.1: KDD & Statisticalmodels

KDD Statisticalmodels
Many features/attribtes Few variables
Describingredundang Reducinguncertainty
Top down, reducingthefull attributeset | Bottomup, introducingnew variables

learning,includedecisiontrees[97, 98] andinductivelogic programmind73].

All statisticalandKDD methodsmake externalmodelassumptionsA typical exampleis

“We will considerrectangulardatasetsvhoserows can be modelledasinde-
pendent,dentically distributed (iid) draws from somemultivariate probability
distribution.. .. We will considerthreeclasse®f distributionsf:

1. themultivariatenormaldistribution;

2. the multinomialmodelfor cross-classifiedateyorical data,including log-
linearmodels;and

3. aclassof modelsfor mixedmodelandcategoricaldata. . . ” [106].

Unlike in the previous quote,modelassumptiongre not always spelledout “in toto”, and
thus, it is not clear to an obsener on what basisand with what justification a particular
modelis applied. The assumptiorof representatienessfor example,is a problemof ary
analysisin mostreal life databases. The reasonfor this is the huge statecomplexity of
the spaceof possiblerules,evenwhenthereis only a smallnumberof featureqTable1.2).

Similar problemsoccurin otherareas;for example,thereare about10%® grammatically
correctEnglishsentencesf twentywordsor less[16]. Theseproblemsarenot particularto
“hard” statisticalmethodsput alsoapplyto a“soft” approacto KDD:

“Soft computingdiffersfrom conventional(hard)computingin that,unlike hard
computingi,it is tolerantof imprecision,uncertaintyandpartial truth. In effect,
therole modelfor soft computingis the humanmind. The guiding principle of
soft computingis: Exploit thetolerancefor imprecision,uncertaintyandpartial
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Table 1.2: Statecompleity of a systemwith a moderatenumberof features

Numberof features
10| 20| 30
log,, (states)

Numberof
featurevalues

2 3.01| 6.02| 9.03
3 477 | 9.54]| 1431
4 6.02 | 12.04| 18.06
5 6.99 | 13.98| 20.97

truth to achieve tractability, robustnessandlow solutioncost. .. The principal
component®f soft computingarefuzzy logic, neuralnetwork theory andprob-
abilisticreasoning[129]

All of these"soft” methodsrequire“hard” parameter®utsidethe obsened phenomena-
membershipdegrees,prior probabilities,parameterdor differential equations- the origin
of which is not alwaysclear Indeed,the following words of cautionby Cohen[12] seem
appropriateo mention:

“Mesmerizedby a single-purposemechanisedobjective’ ritual in which we
convertnumbersnto othernumbersandgeta yes-noanswef we have cometo
neglectclosescrutiry of wherethe numberscomefrom”.

An examplefrom the contemporaryiteraturehasreceived someprominencewherearesult
in form of anumberdoesnot give universalsatisfction:

“ ‘Forty two! yelled Loonquavl, ‘Is thatall you've got to shav for sevenand
a half million years’work?’ ‘I checledit very thoroughly saidthe computey
‘and thatquite definitelyis theanswer | think the problemis, to be quite honest
with you, thatyou’ve never actuallyknown whatthe questionis. "[2]

Giventhatthe methodologyof a KDD processs differentfrom statisticaldataanalysisand
thatthe useof statisticalmodelsmay raisemore questionghanit answerspne canpursue
theideaof minimisingmodelassumptionandstartwith whatis there—the obsereddata.

In this book, we adwcateand develop a hon—irvasive approachto dataanalysis,whose
mottot is

Let the data speak for themselves,
Lattritutedto R.A Fisherby Jayneg57], p. 641
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andwhich

(1.1.2)
Usesminimal modelassumptiongy drawing all parameterérom the obseneddata,

(1.1.2)
Admitsignorancewvhenno conclusioncanbedrawn from the dataat hand.

This aspectis in contrastto most statisticaltechniquesnot excluding the non-parametric
ones.Eventhebootstragdiscussedn theroughsetcontet in 122 needssomeparametric
assumptionshbecauseone hasto assumethat the percentagesf the obsered equivalence
classesare suitableestimatorsof the latent probabilitiesof the equivalenceclassesn the

population.

We hopeto show in this bookthat, given minimal assumptionsthe datatell us muchmore
than may seemat first glance,and that additional stringentassumptionsre often neither
necessaryior, indeed,desirable. Thesecanbe appliedin a secondstepif the non-irvasive
analysisoffersconclusionsvhich arenotsufficiently sharpfor theintentionof theresearcher

Wewill build our presentatiomnthe paradignof roughsetdataanalysigRSDA) [89] which
draws all its informationfrom the givendata. RSDA is mainly appliedto informationgath-
eredin datatables.However, thisis by far nottheonly knowledgeoperationalisatioto which
the non-invasive paradigmcanbe applied;in Chapter9 we shall explore applicationsfrom
otherfields suchasspatialreasoningandpsychometrianodelling.

EventhoughRSDA, asa symbolicmethod,usesa only few parametersvhich needsimple
statisticalestimationproceduresits resultsshouldbe controlledusingstatisticaltestingpro-
ceduresjn particular whenthey areusedfor modellingandpredictionof events. We agree
with Glymouretal. [49] that

“ Datamining without properconsideratiorof the fundamentasétatisticalnature
of theinferenceproblemis indeedto be avoided”

Theproblemhere,of coursejs notto allow subjective modelassumption$o creepin through
thebackdoor, whentestingproceduresreapplied.We believe thatthe procedureslescribed
below for significancetesting, datadiscretisationand model selectionsatisfy our goal of
minimisingthe useof externalparametersyhile still deliveringgoodresults.

In this book, we collectin a unified way our own work on non-invasive dataanalysisbased
on the rough set paradigm. As far as a descriptionof RSDA is concernedthis book is
incomplete.Therearemary importantdifferentstrandsof RSDA which we will not present
in detail. We do, however, provide pointersto furtherliteratureon topicswhich we have not
covered but which arein themainstreanof RSDA research.



Chapter 2

Data modelsand model
assumptions

Following Gigerenze[48], we assumehat a data modelhasthe following parts(seeFig-
ure2.1):
1. A domainD of interest.

2. A system&, which consistof a body of dataandrelationsamongthe data,calledan
empiricalsystemandamappinge : D — &, calledanoperationalisation

3. A representatiorsystemM (alsocalleda numericalor graphical syster), anda map-
pingm : £ — M, calledscalingwhichmapsthedataandtherelationsamongthedata
to anumericalor graphicalscale.

In the centreof themodellingprocesss

4. Theresearcher

Figure2.1: Thedatamodel

Domain Numerical or
graphical
system

of

interest T -7
“-{ Researcher |

Operationalisatix\ l Ag
Empirical
system
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Therole of theresearchecannotbe overemphasisedt is (s)hewho chooseshe domainof
investigation the datasampleto be studiedandhow to studyit, in otherwords,the opera-
tionalisationandthe numericalmodel.

A simpleexampleof adatamodelin this senses thefollowing: Thedomainof interestis the
changeof temperature An empiricalsystemis the obsenation of expansionor contraction
of mercuryasthe temperatureehangesanda representatiosystemis the measurementf

thebehaviour of mercuryon ascalesuchasCelsius,Reaumieror Fahrenheit[43]

As anotherxample,considethesituationthatthe knowledgestateof individualsin acertain
areais to be assessedyhich is our domainof interestD. The empiricalsystemconsistsof
the individuals and problemswhich they are asked to solve. Theseproblemsare given by
an expertwho assumeshat they constitutea true operationalisatiorof the real knowledge
statesof the individuals. A numericalsystemfor this domainconsistsof, for example,the
testscoresachieved by the students.

Not every representatiogystemneeddo be numerical.Into the empiricalsystemabove, we
canintroducetwo relations: For two problemsp, ¢ we saythat ¢ is harder than p if every
individualwho solvesq alsosolvesp, andthereis atleastoneindividualwho solvesp but not
g. For two individuals A, B, we saythat A is betterthan B, if A solvesall problemswhich
B cansolve, andat leastone additionalproblem. A consolidatedgraphical)representation
is, for example,aweightedline diagramshawing theserelationssuchasFigure2.2[31].

Thediagramshouldbereadasfollows:

e Studentsof two groups— codedby 1 and2 — anditems— codedby A2, A4... — are
displayedin oneline diagram.Sometimeghereare multiple entries;e.g. 1111122at
the top of the line diagrammeansthat thereare five studentsfrom group 1 andtwo
studentdrom group?2 atthis position.

o If we comparestudentsanascendindine from student: to studenty meansy is better
thanx, sincey wasableto solve eachproblemwhich z couldsolve, aswell as(atleast)
oneadditionalproblem;for examplethe studentsat the top of line diagramarebetter
thanary otherstudentn thetest.

¢ Ascendindinesbetweerproblemnodesshouldbereadas“is harderthan”,e.g. A (on
theright) is harderthan A;2, andbothareharderthan 49. Thereason:Every student
solved 4y andthereis onestudentwho solvesA; 2 but who did not solve As.

e An ascendingdine from asubjectz to anitem ¢ indicateshatz wasnotableto solveg;
for example thestudenfrom groupl codedatitem A, 2 wasnotableto solve problem
A2 .
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Figure 2.2: Representationf assessment

[a)

—

4L
Y

A2

In traditional statisticalmodelling, operationalisatiorand scalingare frequently combined
into oneprocedure.The choiceof anempiricalmodelis often determinecby the numerical
modelwhichis to be applied. But, aswe shall see operationalisatiomnd (possible)scaling
arenotindependenin the KDD processithet

Thefirst stepof the KDD processaimsat minimising uncertaintyarisingfrom operationali-
sation,andKDD 2 coincideswith thechoiceby theresearcheof adomainof interest.

The next step,KDD 3, is concernedvith making the datasuitablefor further analysise.g
by removing noiseand imputing missingdata. In orderto performthis task, we have to
know whatwe meanby noise,andtherefore we musthave decidedalreadyat this stageon
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somekind of numericalsystemwhich impliesthe choiceof modelassumptionsindsuitable
hypotheses.Similarly, the dimensionalityreductionof KDD 4 presupposethe choice of
modelfor a numericalsystem. It follows that at leastthe hypothesisand model selection
of KDD 6 musttake placeright afterKDD 2 in orderto avoid implicit andunstatednodel
assumptionsandnotfall into thetrap of circularreasoning.

Not clearly separatinghe operationalisatiorand scaling processesnay resultin unstated
(or overlooked) modelassumptionsvhich may compromisehe validity of the resultof the
analysis.We invite the readerto consult[53] for anindicationof what cango wrongwhen
statisticaimodelsareappliedwhich arenotin concordancevith theobjectivesof theresearch
(if theseareknown). In particular all we canhopefor is anapproximatiorof thereality that
modelsaresupposedo representandthatthereis no panacedor all situations.

Theoperationalisatiois thefirst sourceof uncertainty:Onequestioris whethertheelements
andrelationsof theempiricalmodel£ arerepresentatie for thedomainD, anothemwhether
the choiceof attributescoversthe relevant aspectof D. Thesechoicesare usually made
by a humanexpert,andthus,to somedegreesubjectve (“model selectionbias”). Too mary
attributesmay overfit a model, andtoo few may resultin unexplainablebehaiour caused
by latentattributes. The choiceof eachof the partsof the modelis a pragmaticdecisionby
researcherddow they wantto representhe propertiesanddependenciesf reallife criteria
in the bestpossibleway, accordingto their presentobjectvesandtheir stateof knowledge
abouttheworld.

In thepresentontet we assuméhatthe operationalisatioof datais sufficiently valid to give
usasoundbasisfor analysisandwe do not queryhow this cameabout.We take subjectvity
atthis stagefor grantedasafactof life, andstartfrom theempiricalmodel.



Chapter 3

Basicrough setdata analysis

3.1 Fundamentals

Roughsettheory hasbeenintroducedin the early 1980sby Z. Pawlak [89], and hasbe-
comeawell researchetbol for knowledgediscovery. Thebasicassumptiorof RSDA is that
informationis presentecndpercevedup to a certaingranularity:

“The informationabouta decisionis usuallyvaguebecausef uncertaintyand
imprecisioncomingfrom mary sources .. Vaguenesmay be causedy gran-
ularity of representatioof theinformation. Granularitymayintroduceanambi-
guity to explanationor prescriptionbasecn vagueinformation”[91].

In contrastto othermethodologiesthe original roughsetapproachusesonly the knowledge
presentedy the dataitself, and doesnot rely on outsidestatisticalor other parameteror
assumptions.

Themostimportantareasvhich RSDA addresseare

e Describingobjectsetsby attributevalues,
FindingdependencieBetweerattributes,
Reducingattribute descriptions,
Analysingattribute significance,
Generatinglecisionrules.

Among others,RSDA hasconnectiongo fuzzy sets[23], geneticalgorithms[9, 127, evi-
dencetheory[63, 111, 113, statisticalmethoddq10, 58], andinformationtheory[33, 126].
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Numerousapplicationsas well as the theoreticalbackgroundof recentenhancementsf
RSDA canbefoundin [65, 86, 93, 94).

Recallthatanequivalencerelation' # onasetU is abinaryrelationon U which satisfieshe
following for all z,y,z € U:

0y reflexivity,
2y <= ybz symmetry
zfy andyfz = 26z transitiity.

If zinU, thenfz = {y € U : yfz} is theequivalencelassof z (with respecto 8).

The granularityof informationin a chosensituationcanbe describedoy anequivalencere-
lation, up to the classeof which objectsare discernable. In our contet, theseare also
calledindiscernabilityrelations What happenswithin the classess not part of our knowl-
edge.However, we areableto countthe occurrencesf indiscernablebjects: Eventhough
we may not be ableto distinguishz, y with respecto the equivalencerelationat hand,we
canneverthelessecognisehatthey aredifferentelementsin a sensethisis like looking at
identicaltwins: We know therearetwo of them,but we cannottell onefrom another

More formally, we call a pair (U, #) anapproximationspace whereU is a finite set,andé
is anequivalencerelationonU. If X C U, thenwe know the elementf X only upto the
(unionof) classe®f §. This leadsto thefollowing definitions:

(3.3.1) Xo={zeU:0zC X}
is thelower approximationof X', and

(3.3.2) X' ={zeU:6znX #0}

is the upperapproximationof X with respectto 8. Here,8(z) = {y € U : zfy} is the
equivalenceclassof z. If 8 is understoodye shall usuallyomit the subscript(superscript).
Theseoperatorsanbe interpretedasfollows: If 8(z) C X, thenwe know for certainthat
z € X,if §(z) C U \ X wearecertainthatz ¢ X. In theareaof uncertainty— alsocalled
boundary- X \ X we canmake no surepredictionsincef(z) intersectboth X andU \ X.

Obsene thatthe boundsof the equivalenceclassesrecrisp: We canrecognisevhetheran

elementz of U isin aclassof 8 or not (seeFig. 3.1).

We notein passingthat the lower (upper)approximationin (U, 8} is the interior (closure)
operatorof the topology on U whosenon empty opensetsare the union of equivalence
classes.This topologyis sometimesalled Pawlak topolagy [e.g. by 64]; the terminology
seemsomavhatunfortunatesinceit hasbeerknown for sometime—sincebeforetheadwent
of roughsets—thaton afinite setU therearenaturalbijective correspondenceamong

1For basicconceptf setsandrelationswe invite thereaderto consult[36]
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Figure 3.1: Roughapproximation

—  Boundary of Set X

Lower approximation of =

Difference of upper and
lower approximation of X

e Thesetof all equivalencerelationsonU,
e Thesetof topologieson U in which eachclosedsetis open,
e Thesetof all regular(not necessarilyfy ) topologieson U,

seefor example[55] andthereferencesherein.

A roughset(of theapproximatiorspace(U, ) is a pair of theform (X, X}, whereX C U.
A subsetX of U is calleddefinableif X = X. In this case, X is emptyor a union of
equialenceclassef 8, andtheareaof uncertaintyis (.

The collectionof subsetof a setU forms a Booleanalgebraunderthe operationgJ, N, —.
With roughsetswe would expecta differentbehaiour, since,for example,it is notimmedi-
ately clearwhatshouldbe understoody a statemensuchas

z is notanelementf aroughset4 = (X, X).

We considertwo possibilitiesof interpretation:

e z isnotin thelowerapproximatiorof X,
e z isnotin theupperapproximatiorof X.

This leadsto a structurewhich hasoperationghat behave lik e intersectionand union, and
alsohasthetwo formsof negationlistedabove.
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More concretely the collection of all roughsetson a setl/' canbe madenaturallyinto an
algebraicstructurer asfollows[14, 95]:

(X, X)+(1,Y) = (X UY,XUY),
(X, X) (¥, V) (X nY,XNY),
(X, Xy € (-X,-X),
(X, X)* € (-X,-X)
0 < 9,0),
1% W,y

With theseoperations$h becomes regulardoubleStonealgebra adistributive lattice with
two additionaloperations

*

: Pseudocomplement
* : Dual pseudocomplement

in which anelementz is uniquelyidentifiedby z+ andz*.

Thesealgebrascansene assemantiomodelsfor threevaluedtukasiavicz logic [25]. The
connectiondetweenalgebraandlogic of roughsetsystemsare exploredin somedetail in

[88]. A differentlogical approacho the roughsetmodelis givenby [84] and[66]: There,
thelower approximatioris considered necessityoperator , andthe upperapproximation
apossibility operatord>.

It may be alsoworthy of mentionthat RSDA canbeinterpretedn Shafers evidencetheory
[109] in suchaway thatbeliefsareobtainednternallyfrom thelower approximatiorof aset,
andplausibility from its upperapproximatiorf111, 113.

Anotherpossibleof expressingoughnesss by thedisjointrepresentationInsteadof (X, X)
we considerpairsof disjoint setssuchas (X, —X). If, say (4, B) is sucha pair, then,in
termsof machinelearning,we may interpretA asthe setof positive examples,B asthe set
of negative examples,andthe restasthe region wherearnything is possible. Eachcrisp set
(C,—-C) with A C C, B C —C is a possibleconceptto be learned. The corresponding
algebraicstructuresaresemi-simpleNelsonalgebrasandwe invite thereaderto consult{88]
for anin-depthstudyof this connection.
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3.2 Approximation quality

Let usfix anapproximatiorspace{U, #). The main statisticaltool of RSDA is the approxi-
mationquality functiony : 2V — [0,1]: If X C U, then

(3.3.3) Sy = KT ITAX
. or

whichis justtheratio of the numberof certainlyclassifiedelementf U to thenumberof all
elementof U. If v(X) =1,thenX = X = X, andX is definable.

It wasshawn in [35] thatthey approximationis a manifestatiorof the underlyingstatistical
principle of RSDA, namely the principle of indifference Within eachequivalenceclass the
elementsareassumedo berandomlydistributed.

While the approximatiormguality v measureshe global classificatiorsuccessn termsof the
equialenceclassespne canusethe sameprinciple for elementsanddefineroughmember
shipfunctions[90]:

ForeachX C U, letux : U — [0, 1] beafunctiondefinedby

_ |fzn X|
(3.3.4) px(z) = o
It is easyto seethatfor all X, Y C U,

1, iffz e X,
(3:3.5) px (@) = {0, iffz ¢ X,
(3.3.6) pnx () =1 - px(z),
(3.3.7) pxuy (2) > max(px (2), py (2)),
(3.3.8) pxny (z) < min(px (2), py ().

The caseswhereequality holdsin (3.3.7)and (3.3.8) - andwhen, consequentlyux is a
fuzzy membershigunction, aswell asanefficient algorithmto computeroughmembership
functionsaregivenin [90]. Unlike fuzzy membershipthe ux valuesareobtainedfrom the
internalstructureof thedata,andno outsideinformationis needed.

Roughsetsandfuzzy setsaregearedowardsdifferentsituations:While attheheartof RSDA
is the conceptof granularity mathematicallyexpressedby classeswith crisp boundaries,
within which no informationis available,fuzzy setsdescribevaguenessf a conceptwhere
boundariesamongclassesareill-defined. Framevorks to combinethe two points of view
have beenproposedamongothers,in [23, 117, 12§. Hybrid systemswhereRSDA is used
asa pre-processingevice for fuzzy methodshave beengiven,for example,in [92, 121]
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3.3 Information systems

In mostcaseswe will notconsideronly onefeatureof theobjects.An importantpropertyof

thedomainof interestis thatit has(possibly)infinitely mary dimensionsandthatit usually
is not well circumscribedn adwance. Statisticalmodelling usually takes as few variables
(features)aspossibleto describea situationandpredictnew cases.n contrast- keepingin

mind that the choiceof dimensionds subjectve and may differ from oneresearcheto the
next — we adwocatea top down approachn consideringn the initial stageasmary features
ascostandtime restraintsallow. Later, we will shov how to reducethe numberof attributes.

Theoperationalisatiowof choiceis the very basic(andsimple)form of an
OBJECT + ATTRIBUTE

relationshipwhichis atthe heartof almostall statisticaimodelling(andthe empiricalmodel
of relationaldatabasesMore formally, aninformationsystent is astructure(U, Q, (V) acq)
suchthat

o U is afinite setof objects.
e Q) is afinite setof mappings: : U — V,,; eacha € Q is calledanattribute
e V, isthesetof attribute valuesof attributea.

SincelU andf} areassumedo be finite, we canpicturean information systemasa matrix
suchasTable 3.1, which shows part of the famouslris data[42]. The operationalisation

Table 3.1: FishersIris data[42]

. Sepal Sepal Petal Petal

ObIeCt| |angth width length width | ©'25°
1 50 33 14 2 Setosa
2 46 34 14 3 Setosa
3 65 28 46 15 | Versicolor
4 62 22 45 15 | Versicolor
6 67 30 50 17 Virginica
7 64 28 56 22 Virginica

<143othervalues>

assumeshe“nominal scalerestriction”that

(3.3.9) Eachobjecthasexactly onevaluefor eachattributeata givenpointin time.
(3.3.10) Theobsenationof this valueis withouterror.
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Anotheroperationalisationvhich allows semanticallyricher situationsis givenin [37], and
it will bediscussedn Chapter.

3.4 Indiscernability relations

Eachattribute set() determinesn a naturalway anequialencerelationfg on U, calledan
indiscernabilityrelation: Two elementsarein the sameequivalenceclass,if they have the
samevaluesunderthe attributescontainedn @:

(3.3.11) x =g, y if andonlyif a(z) = a(y) foralla € Q.

In otherwords,z andy cannotbedistinguishedvith the attributesin Q.

Eachclassof g is determinedby exactly onefeaturevector (¢5)ecq € HaEQ V., andit
containsexactly thoseobjectswhich aredescribedy this vector Thesefeaturevectorswill
alsobe calledgranules With someatuseof languagewe denotethe granulebelongingto
zeUbyQ(z),ie.

(3.3.12) Q(z) = (a(2))acq-
We will sometimeswrite Zg insteadof Q(z); if @ = Q, wewill justwrite Z.

Thefinestequivalencerelationwhich the systemgivesusis 8q. If the systemcomesfrom a
databas¢able,then,by the constraintof therelationalmodel,f, is theidentity relation.

Thefollowing resultshavs thatincreasinghe numberof attributesin anattribute setleadsto
afiner partition:

Proposition3.1. LetQ C P C Q. Then,fp C 6p.

Proof Let z8py; then, by definition of 8p, we have a(z) = a(y) for alla € P. Since
@) C P by the hypothesisijt follows thatin particulara(x) = a(y) for all a € Q, and
thereforezfgy. O

Let d be a new attribute with a setof valuesV; andinformationfunctiond : U — V;, and
supposehatd # Q C Q. Theaimis to relatethe valuesanobjecthaswith respecto the at-
tributesof @ to its valuewith respecto d. Thenew attributeis calledthe dependenattribute
or decisionattribute the elementof () arecalledindependenbr conditionattributes. The
structureD = (Z, d) is calleda decisionsystemit is calledconsistentf

(3.3.13) (Vz,y € U)[(Va € Qa(z) = aly) impliesd(z) = d(y)].
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Table 3.2: Television sets
| Type | Price | Guarantee] Sound| Screen|| d |
1 high 24months| Stereo| 76 high

low 6 months | Mono 66 low
low 12months| Stereo| 36 low
medium | 12months| Stereo| 51 high
medium | 18 months| Stereo| 51 high
high 12months| Stereo| 51 low

o|lglbhlwIN

In otherwords,D is consistentf objectswhich have the samedescriptionunder() have the
samevalueunderf;. Theconditionattributesin Table3.1arepetallength,petalwidth, sepal
length,sepalwidth, andthe decisionattributeis the classof the specimen.

Thefollowing descriptionof television setsgivenin Table3.2 shallsene asanotherexample
[34]. Here,Q2 = {Price,GuaranteeSound,Screen, andd is the decisionattribute, which
indicatesa customers decisionto buy.

Sincefg, is theidentity relationon U, the decisionsystemntrivially fulfils (3.3.13) andthere-
fore it is consistentThepartitioninducedby 8, consistf thesets

(3.3.14) {1,4,5}, {2,3,6}.

3.5 Featureselection

The next questionwhich we investigates whetherit is possibleto expressthe d-valueof z
by thevaluesof « for someattribute set@ C 2. In otherwords,we areinterestedn rulesof
theform

(3.3.15) (Vz € U)(Va € Q)la(z) = t, impliesd(z) = s].

This constitutesa mechanisnof featureselectionwhichis losslessn the sensehatthevalue
of eachr ond is uniquelydeterminedy its valueson @; in otherwords,we have afunctional
dependeng Thealgebraicequivalentof (3.3.15)is

(3.3.16) 8 C 6.

If thisis the casewe saythatd is dependendn @), andwrite this dependengas@ = d. For
thealgebraigpropertiesof dependenciewe referthereadetrto [28, 83].

Onemajortaskof theoriginal RSDA wasto find minimal setsQ) with property(3.3.15) This
leadsto the following concept:A reductfor d is a set@ of attributessuchthat@ = d, and



|. DUNTSCH & G. GEDIGA 25

for which
(3.3.17) If S CQ, thenS # d.

In otherwords,@ determinesl, andeachpropersubsebf () doesnot. A reductfor d is also
calledarelativereductto emphasisés dependencen adecisionattribute. A minimalreduct
is areductwith aminimal numberof elements.

More generallywe will call @ C € areduct(of the informationsystemZ), if ¢ is minimal
with respecto

(3.3.18) 8o = 0.

Reductscorrespondo keys of arelationaldatabasegonsequentlyaswaspointedoutin [100]
the problemof finding a reductof minimal cardinalityis, in general NP-hard,andfinding all
reductshasexponentialcomplexity [115].

Reductsareusuallynot unique,sothatthe problemariseswhich oneis mostsuitableto ex-
presghesituation.If we usethegivendataasa setof exampleswvhichwe wantto generalise,
thisimpliesthe questionwhich reductgeneratetheruleswhich canbe mosteffectively used
for prediction.We will discusghis questionfurtherin Chapters.

Theintersectiorof all reductsis calledthe core; eachelementis of the coreis calledindis-
pensable Notethatif a is in thecore,thena € P for every P C Q) for which8p = 8q,.

Let usdeterminethereductsof thetelevision setexamplewith respecto d. We wantto find
sets@) C Q of minimal cardinality which satisfy (3.3.15) or, equialently, (3.3.16) The
latter; in turn, is equivalentto

(3.3.19) Eachclassof 6 is asubsebf aclassof 8.

This is the conditionwe shalluse. The classef therelationsfg, where) hasexactly one
elementareasfollows:

Price:{1,6},{2,3}, {4,5}
Guarantee{1}, {2}, {3,4,6}, {5}
Sound:{1, 3,4, 5,6}, {2}
Screen{1}, {2}, {3}, {4, 5, 6}.

For eachsuchég thereis a classwhich intersectdwo classef 8,4, sononeof thesecanbe
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areduct.Thus,we considerthe setswith two attributes:

Price,Guarantee:ldentity
Price,Sound:{1, 6}, {2}, {3}, {4, 5}
Price,Screen{1}, {2}, {3}, {4, 5}, {6}

GuaranteeSound:{1}, {2}, {3, 4,6}, {5}
GuaranteeScreen:{1}, {2}, {3}, {4,6}, {5}
Sound,Screen{l, 6}, {2}, {3}, {4, 5}.

This givesustwo reductsfor d, namely

R; = {Price,Guaranteg,
R, = {Price,Screep}.

If @ C Q hasthreeelement@ndcontainseitherR; nor R, then) = {GuaranteeSound,Screer}.
6¢g hastheclasses

{1}, {2}, {3}, {4,6},{5}-
Since{4, 6} is notasubsebf aclassof 84, it cannotbereductfor d.
If we want to find the reductsof the systemZ (that is, without consideringthe decision
attribute d), we needto find those) C €2 which are minimal with respectto 8o = fq;
recall thatin our examplefg, is the identity relationon . Sinceno single attribute leads
to the identity, we look at the setscontainingtwo attributes,and find the partitionslisted
below. There,the abbreviations Pr,Gu,So,Sdcave the obvious meaning,and we list only
non-singletorclasses.

Pr,Gu:
PrSo:{1,6}, {4,5}
PrSc:{4,5}

Gu,S0:{3,4,6}

Gu,Sc:{4,6}
So,Sc:{4, 5,6}.

This givesusthereduct{Pr,Gu}. Sinceno otherreductcancontain{Pr,Gu} asasubsetwe
needto checkonly thefollowing cases:

PrSo,Sc{4, 5}
Gu,So0,Sc{4,6}

Thus,{Pr,Gu} is theonly reduct,andthus,it is the coreaswell.
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The concepiof a (perfect)reductcanbegeneraliseé@sfollows: A set@ C Q is calledane —
reductwith respecto d (or justane — reductif d is understood)f it is minimal with respect

to theproperty
(3.3.20) [7(Q ~ d) — v( ~ d)| < e.

If ¢ = 0, we have areductasdefinedabore. Obsere, that the choiceof e is madeby the
researcheianddepend®n thewillingnessto allow imprecision.Findinge — reductss com-
putationallyexpensve [115], and greatefforts are being madeto find appropriateneuristic
methoddor reductcomputatiofe.g.9, 127].

3.6 Discemability matricesand Booleanreasoning

A transparenmethodof finding reductsis a cross-classificationf objectsby assigningto
eachpair (z,y) € U? thesetd(z,y) of all thoseattributesa for which a(z) # a(y) [115].
Theresultis calleda discernabilitymatrix. Sincethe assignmen{z,y) — §(z,y) is obvi-
ously symmetricandé(z, z) = @), we needonly recordthe uppertriangle. For our television
setexample theindiscernabilitymatrix (withoutthedecisionattributed) is givenin Table3.3.

Table 3.3: Discernabilitymatrix
2 3 4 5 6

1| Pr,Gu,So,Sc| Pr,Gu,Sc Pr,Gu,Sc Pr,Gu,Sc Gu,Sc

2 Gu,So,Sc| Pr,Gu,So,Sc| Pr,Gu,So,Sc| Pr,Gu,So,Sc
3 Pr.Sc Pr,Gu,Sc Pr.Sc

4 Gu Pr

5 Pr,Gu

Proposition3.2. [115]

1. Thecoreof Z is theset

{g€Q:6(z,y) = {q} for somez,y € U}.

2. P C Qisareductof Z if andonlyif P is minimalwith respecto the property
(3.3.21) Pni(z,y)#0

forall z,y € U, §(z,y) £ 0.
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Proof. 1. “C" Leta € €2 bein thecoreC of 7. By Proposition3.1we have g C 6o\ (a3},
and, sincea € C, we musthave strict inclusion. Thus, therearez,y € U which arein
differentclasse®f fq, but in the sameclassof 6, ¢, - It followsthatonly a candistinguish
z andy, andhenceg(z,y) = {a}.

“D" Supposehatd(z,y) = {a} for somez,y € U. Then,a is the only attribute which
distinguishes from y, andthereforen € C.

2. Let M (Q) bethesetof all subsetof © which minimally satisfy(3.3.21)

“=: Supposehat P is areductof Z, i.e. 8p = fg and P is minimal with this property

AssuméfirstthatP N §(z, y) = @ for some, y € U with é(z,y) # @. Then,no elemenif P

distinguisheg andy; sincefp = fq it followsthatfg doesnot distinguishtheseelements.
On the otherhand,thereis somea € 6(x,y), sothatz andy arein differentclassef 6,,.

Sincefqg C 4, by Proposition3.1, 8q mustdistinguishz andy aswell, contradictingour

assumption.

Next, we shav the minimality of P with respectto (3.3.21) Assumethat() C P and@
satisfieq3.3.21) SinceP is areduct,i.e. minimally satisfying(3.3.18) therearez,y € U
which are separatedy 8p but not by g. But then@ N é(z,y) = 0, contradictingthe
assumptiorthat@ satisfieq3.3.21)

“<" SupposehatP C Q minimally satisfieg3.3.21) Assumethatfq C 6p. Then,there
arez,y € U suchthatfq, separates andy, i.e. in particulard(z,y) # 0, but PNé(z,y) = 0,
acontradiction.Next, assumehatfg = 6q for some@ C P. If Q N d(z,y) = @ for some
z,y € U with §(z,y) # 0, thenfg doesnotseparata: andy. However, sincefg = g, this
contradicts}(z, y) # 0. ThereforeQ satisfieq3.3.21) andthe minimality of P impliesthat
@ = P. It followsthat P is areduct. O

For our example,we canreadoff Table3.3that{Pr,Gu} is theonly reduct.

Associatedwith a discernabilitymatrix is a discernabilityfunction which is a frequently
(andsuccessfullyusedtool to handlereducts[115]. First, we needsomepreparatiorfrom
Booleanreasoning Supposehat2 = ({0, 1}, A, Vv, —) is thetwo elementBooleanalgebra.
A Booleanfunctionis amappingf : 2" — 2, wherel < n,and2® =2 x 2 x--- x 2. If

n—times
Z,7 € 2" wesaythatZ < ¢ if z; < y; forall 1 < i < n. A Booleanfunctionf : 2™ — 2

is calledmonotoneif # < ¢ implies f(Z) < f(§). IfV = {y; : 1 < i < n} isasetof
variablesandT" C V, we call T animplicantof f, if for ary valuationof i € 2"
(3.3.22) y; = L forall z; € T implies f(¢) = 1.

Obsene thatwe canregardtheleft handsideof (3.3.22)asa conjunction,andwe canequi-
alentlywrite

(3.3.23) AT=1=f@H=1
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Thus,animplicantgivesusa sufficient conditionfor f(7) = 1. A primeimplicantof f is a
subsefl” of V' suchthatT is animplicant,but no propersubsebf T hasthis property

SupposehatQ = {¢1,...,¢n}, andU = {z1,...,zn}. Foreachg; € Q, welet g} be
avariable,and, for é(x;, z;) # 0, we defined*(z;,z;) = V{g} : ¢ € 6(z;,z;)}. The
discernabilityfunctionof Z is theformal expression

Thediscernabilityfunctionof Table3.3is

A(Pre, Gu*, Sd", Scr) = (Pr v GU* v Sd" vV S¢&) A (Pr* v GU* v S¢) A (Pr* v Gu* V S¢)
A (Pr Vv GU* V S¢) A (GU* v SE) A (Gu* V ST v S¢¥)
A (PP vV GU vV SdVSE)A (Prv Gu v Sd v Sc)
A (Pr v GU* vV S vV S¢&) A (Prf v S¢) A (Pr v GU* v Sc¥)
A (Pr Vv S&) A GU* A PP A (PrF v GUY).

Theconnectiorbetweerreductsandthediscernabilityfunctionis asfollows[115]:

Proposition3.3. @ is areductof Z if andonlyif @ is a primeimplicantof A.

Proof. “=": Supposehat( is areductof Z, andlet i € 2™ beavaluationof {¢f,...,q:}
suchthaty; = 1 for all ¢; € Q. We first shaw that@ is animplicantof A. Assumethat
A(g) = 0. Then, by definition (3.3.24) therearel < i < j < m suchthatz;,z; €
U, §(z;,z;) # O andz, = 0 for all g € 6z, z;. It follows thaté(z;, z;) N Q = 0,
andtherefore,() doesnot distinguishbetweenz; andz;. Since() is areduct,we have, in
particular 8o = 8q, sothat,in fact,z; andz; cannotbe distinguishedy ary attributein €.
Henced(z;,z;) = @, contraryto our assumption.

Supposethat P C @ is animplicant of A, andassumetherearez;,z; € U suchthat
z;0pz;, andQ distinguishese; andz;, i.e. 6(z;,z;) # 0. It follows from z;0pz; that
PNé(z;,z;) = 0. Lety beavaluationsuchthat

1, ifgr € P,
0, otherwise

(3.3.25) i = {

Then, A{yr : g € P} = 1, while A(§) = 0, contradictingthe assumptiorthat P is an
implicantof A. It followsthatdp C fq, andthefactthat@ is areductimplies P = Q.

“«<": Supposehat P is aprimeimplicantof A, andlet z;0pz;. Then,P N é(z;,z;) = 0.
Assumethat§? distinguishesr; andz;. Choosea valuationg asin (3.3.25) By the same
argumentas above, we arrive at a contradiction. Sincefdp = g, P containsa reduct().
It is straightforvardto seethat @) is animplicant, andtherefore since P is prime,we have
Q=P. O
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Thisshavsthatfindingreductds equivalentto findingtheprimeimplicantsof certainBoolean
functions.Muchwork hasbeendoneon employing methodof Booleanreasonindor reduct
determinatiorandrule finding, andwe referthereaderto [77-81, 112 115|.

3.7 Rules

A local conditionfor dependeng of d on @ canbe definedby calling aclassX of 8o d -
deterministicif it is containedn a classof 4. Then,@ = d if andonly if eachclassof 8¢g
is d —deterministic.

SupposehattheclassX of §g correspondso the featurevector(,)qcq, andthat X inter-
sectssay theclassedy, Yy, . .. , Y%, which areassociatedavith thevaluessyg, s1,... ,s; €
V4. In this casewe obtaintherule

(3.3.26) (Vz € U)[(Vq € Q)a(z) =t, impliesd(z) = sq or ... ord(z) = sg].

We denotethe collectionof rulesof the form (3.3.26)by @ ~+ d, and,with somealuseof
languagecall Q@ ~ d arule aswell.

In thetelevision setexamplePrice andGuaranteecompletelydetermineconsumebehaiour.
This leadsto therules

= 6 months: low
. medium:  high
If Guarantee = 12 months: If Price= )
otherwise: low
> 18 months: high.

Obsene that the rule systemis deterministic. If we only considerthe attribute Guarantee
thenwe obtaintherule system

=6 months: low
If Guaranteg = 12 months: low or high
> 18 months: high.

In generalrulesobtainedrom a decisionsystemhave theform a ~» 3, wherea is apositive

Booleancombinatiorof descriptorof theforma(x) = ¢, andg is adisjunctionof descriptors
of theform d(z) = s. Onecanoptimisetheserulesin two ways: Minimising the number
of independenattributesappearingn «, or minimising the numberof descriptors.Thereis

a substantiabody of literatureon this topic, and we point the readerto [6] for detailsand

furtherreferences.
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3.8 Approximation quality of attrib ute sets

EventhoughRSDA is a symbolicmethodof analysisjt usescountinginformationprovided
by the classeof the equivalencerelationsunderconsideration.The basicstatisticusedin
RSDA is anextensionof Definition 3.3.30f « to the partitionsobtainedrom ¢ andd:

_ |U{X : X isad —deterministicclassof 8¢ }|
Ul '

(3.3.27) Y(Q ~ d)

~v(Q ~ P) is calledtheapproximationquality of @ with respectod. It measuretherelative
frequeng of thoseobjectswith canbe correctlyclassifiedasbeingin a classof 8,4 with the
knowledgegivenby the attributesin Q. If (@ ~» d) = 1, thenthe approximatiorquality is
perfect,andd is dependendn Q.

Note that the approachis quite differentto other non-parametricechniquesuchasthe k-
nearesheighbouror the kerneldensityestimation. The k-nearesteighbourtechniqueneeds
an externaldefinition of a distanceor a similarity to startthe groupingprocedurgwhich is
anextra stepwith mary degreesof freedom)andto describedependencieamongattributes.
Suchanindirectway to describedependenciess not neededn theroughsetapproach.The
kerneldensityestimationneedghe additionalassumptiorof the family of the kerneldensity
andthe fixing of someparameterge.g.the unknavn varianceof a normalkernel). Both
assumptionsannotbejustified by the dataalone,but arepartof the numericalmodelwhich
is asubjectve constructiorof theresearcher

The approximationquality is traditionally usedin RSDA asa measuref “goodnessof fit”
of attributereductionand(relative) reductsin particularareregardedasan optimal solution.
This is certainlytrue for the static caseof a non-changinglatasystem. However, we shall
show below that,in caseof prediction,this interpretatiorhasto be takenwith somecare,as
it is conditionalon the choserreduct,and,furthermore,doesnot take into accountpossible
randominfluences.Reductsneednot be stableundersmall variationsof data[7], and“per-
fect” rulesobtainedfrom reductsneednot be statisticallysignificant[30]. We shalladdress
the latter problemin Chapter4, andproposea differentcriterion for attribute reductionand
modelselectionn Chaptef6.
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Chapter 4

Rule significance

4.1 Significant and casualrules

Any rule basedinferencesystemmustconsiderthe fact that a rule may be due to chance,
andthata rule which is logically valid neednot be significant. This is notimportant,if one
considersastaticdatabaseHowever, if therulesareto beusedfor predictionor classification
of unseerdata,thenthe useof randomrulesis questionable:

“Considera datasetn which thereis a nominalattribute thatuniquelyidentifies
eachexample. .. Using this attribute one canbuild a 1 — rule that classifiesa
giventrainingset100%ocorrectly: needlesso say therule will not performwell
onanindependentestset”. [54]

We obsene that v is not a good indicator, sincey(Q ~+ d) = 1 if, for example, each
rule is basedon exactly one object. Thereare numerousstatisticalmethodsto testa given
hypothesis.Most of these however, dependon an assumedamplingdistribution, which is
somethingve wantto avoid in our non-invasive contet. If we wantto testthesignificanceof
ruleswe musttake carethatno specificmodelassumptionsre usedwhich arenot justified
by thedataat hand.

Onemethodwhichis applicablefor any kind of datasampleandanry distributionis randomi-
sation

o “A randomisatiortiestis a procedurdhatinvolvescomparingateststatistic
with adistributionthatis generatedby randomlyreorderinghedatavalues

in somesense.
e Randomisatiortestshave the advantageof beingvalid with non-random

samplesandallowing the userto choosea teststatisticthatis appropriate
for the particularsituationbeingconsidered.[70]
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In our particularcasetheteststatisticis theapproximatiorguality v, andthe null hypothesis
H,

Therule @ ~ d is dueto chance

is testedby comparingits approximationquality to the approximationquality of the rules
obtainedby reorderingrandomlythe featurevectorsfor objects,while keepingthe decision
valuesconstant.

More formally, let ¥ bethe setof all permutation®f U, ande € X. We definenew attribute
functionsa® by

(4.4.1) .
a(z), otherwise

o def {a(a(w)), ifa€Q,
a’(z) =

TheresultinginformationsystemZ,, permuteghe @-columnsaccordingto o, while leaving
the d—columnsconstantwe let Q¢ be the resultof the permutationin the Q—columns,and
~v(Q° ~ d) bethe approximatiomuality of the of the new rule @ ~ d in theinformation
systeniZ,,.

Thevalue

@42 po(Q- djHy) = D2 D1 €2

measureshe significanceof the obsened approximationquality. If o = p(y(Q ~ d)|Hyp)
is low, traditionally below 5%, thenthe rule Q ~~ d is deemedsignificant andthe Hy
hypothesisanberejected.Otherwise,ifa > 0.05, we call @ ~ d acasualrule. Wewould
like to emphasis¢hatfailure to rejectthe null hypothesisdoesnot meanthatit is true,and
thata doesnot signify the probability of the null hypothesisput the probability of therule,
giventhat Hj is true.

The cut-off valueof 5% is somevhatarbitraryandcanbe viewed asa minimal requirement
for avalid rule. In caseof a “significant” result— which meansthat the probability of the
sameor a betterresultcanbe achieved by randomis lower than5% — we cansafelyassume
thattherule is — atleastin parts— not anarbitraryone. It shouldbe notedthata fixedlevel
of significance(suchasthe chosen5%) canbe obtainedmore easily whenthe samplesize
grows[74]; in otherwords,the relative size of the systematigartin alarge samplemay be
lowerthanin asmallsamplefor aresultto be significant.

As anexample,considerthefollowing (contrived)informationsystem30]:

U I To d
1/0 0 O
210 1 1
3|11 0 2
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Therule{z1,z2} ~ disperfectsincey({z:,z2} — d) = 1. Furthermorep(y({z1, z2} ~
d)|Hp) = 1, becauseevery instanceis basedon a single obsenation, andthus, therule is

casual.

Now supposehatwe have collectedthreeadditionalobsenations:

U 1 o d U 1 T d
1,0 O Ofj2(0 0 O
2|10 1 14220 1 1
311 0 2|31 0 2

To decidewhetherthe givenrule is casualunderthe statisticalassumptionye have to con-
siderall 6! = 720 possiblepermutedinformation systemsandthe approximationqualities
of the randomisedules. This distribution is shavn in Table4.1,with & = p(y({z1, z2} ~

d)|Hp). Giventhe 6-obsenationexample,the probability of obtaininga perfectapproxima-

Table 4.1: Resultsof randomisatioranalysisg obserations

¥ Noof cases « Exampleof &
1.00 48 0.067| 1,1,2,2/,3,3’
0.33 288 0.467| 1,1,2,3,2', 3
0.00 384 1.000| 1,2,2',3,1",3

tion of d by {z1,z2} underthe assumptiorof randommatching,is 0.067which is smaller
thanin the 3—obserationexample but, usingcornventionala: = 0.05, not corvincingenough
to decidethattheruleis sufiiciently significantto benot casual.

Theexampleshavsthateventhe optimalvaluey = 1 doesnot protectagainsthe simplehy-

pothesighattherule maybedravn by random.Additionally it shavs how theinsignificance
canbechangedo significancejf the numberof casegergranuleis increasedOn the other
hand,arule with alowervalueof v maybesignificant:

U|lz, 2o d||U |21 =2 d
1 0 1 0|5 1 4 1
2 0 2 0| 6 1 5 2
3 0 2 0|7 1 6 3
4 0 3 01 8 1 7 4

The valueof y({z1} ~ d) is 0.5, which is weakby traditional rough set standards.On
the otherhand,within the 8! possiblepermutationghereareonly 2 x 4! resultswhich have
achievedthe samey value,resultingin p(y({z1} ~ d)|Ho) = 0.0286 < 5%. Thevalueof
v({z2} ~ d) is 1, but theruleis casual.
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4.2 Conditional significance

We canusea similar randomisatiortestto determinethe influenceof one attribute on the
classificationsuccess.In traditional RSDA, the declineof the approximationquality when
omitting oneattributeis usuallyusedto determinewhetheran attribute within a reductis of
high valuefor the prediction. This approachdoesnot take into accountthe possibility that
thedeclineof approximatiomjuality may bedueto chance.

Supposehatwe wantevaluatethecontributionof ¢ € @ totherule@ ~ d. Asin (4.4.1) our
statisticalapproachs to comparethe actualy(@ ~ d) with theresultsof arandomsystem.
Let Hy, g bethehypothesis

Theinfluenceof g on~(Q ~ d) is dueto chance.

If o is apermutatiorof U anda € @ we define

(443) ao’,q(:l:) déf {a(a(m)), ifa = q,

a(z), otherwise

Thus, we randomisethe valuesfor ¢ within the attribute set@). The significanceof the
influenceof ¢ is measuredy

@48 p(@Q= Dl g = AT D €2

Here, Q%7 ~ d is therule in thepermutednformationsystem.With the samecaveatregard-
ing the 5% cutoff asabove, we call ¢ conditionalcasual(in @ ~ d), if 0.05 < p(y(Q ~
d)|H07q)

Thefollowing examplefrom [30] shaws that, dependingon the natureof anattribute, statis-
tical evaluationleadsto differentexpectationf the changeof approximationquality which
arenotvisible underordinaryRSDA.

Table 4.2: Conditionalcasualness

ry ro rg|d||U|qg|r re 73

A wWNPR|C
o o o olw
oo o o|s
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7
8
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W www

Considettheinformationsystemof Table4.2. The predictionrule ¢ ~ d hastheapproxima-
tion qualityy(q ~» p) = 0.5. Now, supposehatanadditionalattributer is conceptualiseth
threedifferentways:
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¢ A fine grainedmeasure; using8 categories,
o A mediumgraineddescriptiornry using4 cateyories.
e A coarsedescriptiornrs using?2 cateyories.

For1l <i < 3wehave~({q,r;} ~ p) = 1, sothateachof theseapproximationss perfect.
If we regardy(g ~» d) = 0.5 asthe valueof the declineof the approximatiomuality when
leaving outattributer; in thepredictionof d, we have a situationin which standardoughset
dependeng analysisdoesnot distinguishbetweerthe alternatedescriptionswith respecto
theadditionalattributer;, 1 < i < 3.

In orderto show thatthereis a needfor testingthe significanceof thedropfrom 1 to 0.5, we
canlook at the statisticalexpectationf the predictionsuccessif we fix the attribute ¢ and
have a“random” attributer;.

If we do so,we considerthe expectationE[y({g, o (rz)} ~+ d)], andwe obsene that

Elv({g,0(r1)} ~ d)] =
Ev({g,0(re)} ~ d)] = 0.88,
Ev({g,0(r3)} ~ d)] = 0.624.

Theincreasefrom 0.5 to 1 is dueto randominfluences,f we useattributer;. Therefore,
thedropfrom 1 to 0.5 cannotbe significant,if we eliminater; from the attribute set. Using
attributers, the expectatiornof the predictionquality givenarandomrepresentatioof rs and
g isonly 0.624 andit is very likely thatthedropfrom 1 to 0.5 wheneliminatingrs from the
attribute setis significant. The quality of r, is in betweerthatof the othertwo, andmustbe
asubjectof statisticaltestingaswell.

The statisticalapproachoffers additionalinformationin the evaluationof the increase(or
drop) of theapproximatiorguality, if we add(or remove) oneof ther; attributesto (or from)
theleft sideof the predictionrules.

e Any attribute s with the samefrequeng distribution asthe valuesr, (z),z € U, is
expectedto have approximationquality y({g, s} ~ d) = 1. Thereforewe cannot
trustthe rules derived from the description{gq, r1} — d, becausehe attribute r; is
exchangeablevith any randomlygenerateattribute s = o (ry).

e The expectationof a randomly generatedule systemwith an attribute s = o(r3)
is only y({g,s} ~ d) = 0.624, andthus by far smallerthan the obsered value
v({g,r3} ~d) = 1.

e Theresultof the4 category exampleis in between.

Whereaghe statisticalevaluationof the additionalpredictive power of the threechosenat-
tribute differs,the analysisof the declineof the approximatiorguality tells us nothingabout
thesedifferences.
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4.3 Seguentialrandomisation

We seefrom the denominatotU|! of (4.4.2)thatthe computationatostof obtainingthesig-

nificanceis feasibleonly for smallvaluesof |U|, andmoresophisticatedools areneededo

applytherandomisationiest. A fairly simplemethodof shorteninghe processindgime of the
randomisatioriestis the adaptatiorof a sequentiatestingschemeo the givensituation.Be-

causethis sequentiatestingschemecanbe usedasa generakool in randomisatioranalysis,
we presenthe procedureén amoregeneralway.

Supposehaté is a a statisticwith realizationd;, andthatwe have fixedarealizationd,.. We
canthink of 8, asy(Q ~ d) and#; asv(Q° ~ d). An evaluationof the hypothesi® > 4.,
giventhenull hypothesisH, canbedoneby usinga sampleof sizen from the# distribution,
andcountingthenumberk of 6; for which#; > 6.. Theevaluationof p(6 > 6.|H,) cannow
bedoneby the estimatomp,, (# > 6.|Hy) = % andthe comparisorp, (6 > 0.|H) < o will

be performedo testthe significanceof the statistic. For this to work we have to assumehat
the simulationis asymptoticallycorrect,i.e. that

(4.4.5) h_>m ﬁn(e > eclHO) = p(0 > eclHO)'

Assumingindependencef the drawvs — which in our situationis no restriction—, theresults
of the simulationk out of n canbe describedy a binomial distribution p* (1 — p)»~* with
parametep = p(6 > 6.|Hp). Thefit of the approximationof 5, (8 > 6.|H,) canbe
determinedy the confidencenterval of the binomialdistribution.

In orderto controlthefit of the approximatiormore explicitly, we introduceanotherproce-
durewithin our significanceestingschemeLet

(4.4.6) Hy : p(6 > 6.|Hp)) € [0,0)
(4.4.7) He, : p(6 > 0c|Ho)) € [o, 1]
beanotherpair of statisticalhypothesesyhich arestronglyconnectedo theoriginal ones:If

H, is true,we canconcludethatthe testis a—significant,if H, holds,we concludethatit is
not.

Becausene wantto do a finite approximationof the testprocedurewe needto controlthe
precisionof theapproximationto this end,we definetwo additionalerrorcomponents:

1. r = probabilitythatH,, is true,but Hj is theoutcomeof theapproximatve
test.

2. s = probabilitythat Hy, is true,but H, is theoutcomeof theapproximatve
test.
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Thepair (r, s) is calledthe precisionof the approximatve test. To resultin a goodapprox-
imation, the valuesr, s shouldbe small (e.g.r = s = 0.05); at ary rate, we assumehat
r+ s < 1,sothat2- < =% whichwill beneededelow.

<

Given a sampleof n obsenationswith k& obsenationswhich countagainstHy, andn —
k obsenationswhich counttowards Hy, we canusethe the Wald-procedurg123], which
definegthelik elihoodratio

_ $UPpefo,) PP(L—p)" 7

4.4.8 L n,k )
( ) Qn. k) SUPpe[q,1) PP (1 — p)"F

andwe obtainthefollowing approximatve sequentiatestingscheme:

1. 10f
s

<
LQ(n.k) S 1

thenH, is truewith probabilityat mosts.

2. If 1—s
LQ(m k) 2 ——,
thenH, is truewith probabilityat mostr.
3. Otherwise s 1—s
T <LQmR) <

andno decisionwith precision(r, s) is possible Hence the simulationmustcontinue.

Within this testingprocedurethe numbern of obsenationsis treatedasa randomvariable.
If we fix the critical value a, andthe precisionr, s, ary (n, k)-combinationhasits own
LQ(n, k) valueandtherefore oneof the alternatvesmusthold. Becausehe procedurecan
beusedin aniterative manneywe will stopthesimulation,if alternatve (1) or (2) occurs.It
is well known [123] that this procedurds time saving in comparisorto testingschemesn
whichn is fixed.

With this procedure which is implementedin our rough setengine GRoBIAN® [29], the
computationaleffort for the significancetestin most casesdecreasesiramatically and a
majority of thetestsneedlessthan100simulations.

Ihttp://www infj.ul st.ac. uk/~cccz23/ grobi an/ grobi an. ht m
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Chapter 5

Data discretisation

5.1 Classificatory discretisation

A numericalattribute usually givesrise to mary small classesof objects,which, in turn,

leadto ruleswhosesignificanceis below an acceptabléevel. Collectingnumericalvalues
into classesuchasintervalsor rangesf valuesis usuallycalleddiscretisationor horizontal
compession Therearewell establisheanethodsof achieving areductionof the numberof

classesyy discretisatiorwhich needextra parametersuchasminimumsize, Euclideandis-

tancesjndependenceegreesor othermeasuresFor an overview of discretisatiormethods
in datamining we invite thereaderto consult[78].

Within ournon-irvasve paradigmwe needo find otherproceduresvhichmaybeusedwhen
the numericalinformationneededor the commondiscretisatiormethodss not availableor
cannotbejustified. Sucha methodwaspresentedn [32]; beforewe formally describet we
shalllook atanexampleto explain theideabehindthe procedure.

Table 5.1: Heartattackinformationsysteml

U m{p/lH|U|m|p|H
I 1 3 0 Iy 2 4 1
zo | 3|2 |0 ||z | 41| 1
zs | 2|1 O0O||zy | 1|5]|1
z4 | 3|3|0||lxzs|5]4]|1

Considertheinformationsystemof Table5.1 whichwe interpretasfollows:

e 11,...,Tg arepatients.
e The attribute m is a combinedmeasureof medicalindicatorsfor the risk of a heart
attack,while p is acombinedmeasuref psychologicalndicators,seee.g.[26, 103.
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e Thevaluesof therisk measureare

1. Norisk, 2 —Smallrisk, 3—Mediumrisk, 4 —Highrisk, 5—Very highrisk.

e ThedecisionvariableH is the obsenation of a heartattackwithin a predefinedime
spancodedas

1 — Heartattack, 0 — No heartattack

It is easilyseenthaty({m, p} ~ H) = 1, andthus,theruleis logically valid. Onetheother
hand,the significanceanalysisdescribedn Chapter4 shows that the probability to obtain
thisrule by chances closeto 100%. This is surprising because¢he dependeng

(5.5.1) High medicalor high psychologicatisk leadsto heartattack

is obviously present. But note that (5.5.1) usesfar lessinformationthanis presentin the
Table,sincethereareonly the two risk values{high, not high} insteadof the five valuesin
thesystem.If we look morecloselyat Table5.1,we obsenethatfor all z € U,

m(z) € {4,5} impliesH =1,
p(z) € {4,5} impliesH =1,

andthatcorversely
H =1impliesm(z) € {4,5} orp(z) € {4,5}.
If consequentlyve recodein bothV/,,, andV,
1,2,3—0, 4,51,

we obtainthe systemshown in Table5.2.

Table 5.2: Heartattackinformationsystemil|

Ul m{p|H||U| m|p|H
1 | 0|0| 0|z | O |11
2o | 00| 0|z | 1|01
z3 | 00| O ||z | O |11
z4 | 0|00 |l2g | 1|11

We still havetherule {m, p} ~» H; thesignificanceanalysishowever, shovsthatthechance
to getthe sameresultby randomis about2.8%. Hence this dependeng canbe considered
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significant. The higher statisticalstrengthof the predictiongivenin the recodedsystemis

dueto factthattherisk groupsl, 2, and3 areidentified,aswell asthe 4 and5 risk groups.
The differenceswithin theserisk groupsare neglected,andonly the differencebetweerthe
recodedisk groupsremainsasa characteristiof the setof predictionattributes@ = {m, p}.

This leadsto a duplicationof rule instancesvhich influenceshe statisticalsignificancein a
positive way.

The generalideausesa binarisationof theinformationsystem:For eachattributeg € 2 let
V;r bethe setof attribute valueswhich areactuallytakenby somez € U. For eacht € V;r
we defineanew attributefunctiong? : U — {0, 1} by setting

qt(x) _ {17 if q("l") =1t,

0, otherwise

WeletQ, = {¢* : t € V;''}, andZp be the information systemwith attribute setQ* =
Ugeq - Thebinarisationof the heartattacksystemis shavn in Table5.3.

Table 5.3: ThebinarisedsysteniZg

m

©

u
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o
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o

3
3
3
3
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z1
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T3
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Tg
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Tsg
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P PP RPRPROOOOl I

Oncethe systemhasbeenbinarisedwe do the following:

1. Foreachg € Q andeacha € V; find all ¢ € V, for which

(5.5.2) (Vz € U)[¢*(z) = 1 impliesd(z) = a.

2. Let M?* bethe setof all thesebinary attributes,anddefinea new (binary) attribute

m%° by
(5.5.3) m%®(z) = 1 < ¢'(z) = 1 for somet € M,
(5.5.4) = max ¢'(z) =1,

tEM‘Z:a
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We now replaceall attributesq?, ¢+ € M%® simultaneouslyy theattrioutem?:¢. This
stepeffectively collectsall attribute valuesof ¢ which do not split the decisionclass
belongingto a into a singleattribute value.

For our example ,we obtainthereducednformationsystemasshavn in Table5.4 after
this step.

Table5.4: ReducedinarysysteniZy

U
z1
Z2
T3
7

3

ms3 M43
0

D23 Pas

Ty
Tg
7
Tsg

P PP PRPOOOOITI

OOOI—‘OI—‘OO§

Ocor olor ool

O R OO O0OO0O0R
o O O O O+ O
R O PRFr OO0 O0O0o
O OO Ok, O Fr K-
P P, ORFRPOOOo

3. We now defineanew informationsystemZ* = (U, *, (V*)4eq) asfollows:

Vi={m®:ae VUV \ | M>
acVy

For eachz € U thereis exactly onet, € V,* suchthatg®(z) = 1 by definitionof V",
andwe setg*(z) = t,.

In our examplesystemthevaluesfor m have beenreducedo 4, andthosefor p to 3. As the
algorithmshows, this type of datacompressioris not expensve andeasilyimplemented.

In a further (expensve) step,one can considerminimal reductsof I beforecollectingat-
tribute values;this will usually reducethe numberof attribute valueseven further. In our
examplesystemtheuniquereductis theset{m.as, p45 }, sothatin theoptimalreductioneach
attribute hasonly two valuesasshown in Table5.2.

Thequestionariseswhetherthesetransformationg&eepthedependengstructureof theorig-
inal systemandwhetherit hasaneffectonthesignificanceof theattributes.Thisis answered
by thefollowing resultfrom [32]:

Proposition 5.1. Let Z* be obtainedfrom the decisionsysteniZ as describedabove Let
0 # Q C Q,andQ* bethecorrespondingttribute setfromZ*. Then,

1. v(Q ~ d) =v(Q* ~ d).



|. DUNTSCH & G. GEDIGA 45

2. p(v(Q ~ d)|Ho) > p(v(Q* ~ d)|Ho)
Proof. 1. SupposehatP(Q) (P(d)) is thesetof all classe®f 8¢ (64). Recallthat

_ > |{X : X is ad-deterministicclassof 6 }|

¥(Q ~ d) 0]

If Y isaclassof P(d), then
ZE | JixeP@):XCY}

containsexactlythoseelement®of U which contributeto the @-deterministigartof Y. Since
Z is aclassof Q*, and every d—deterministicclassof §g- hasthis form, the conclusion
follows.

2. First,we obsene thatbecauseattribute valuesareidentifiedin thethefiltration process,
for eachR C 2, eachclassof 8z« is aunionof classef 8g. Thus,givenary o € ¥, the
rule Q° ~ d will have at leastasmary deterministiccasesas@*? ~» d. It follows that
Y(Q7 ~ d) > v(Q*° ~ d). Thus,for everyo € ¥ with v(Q7* ~ d) > v(Q* ~ d) we
have

Y(Q7 ~ d) > y(Q* ~ d) > y(Q" ~ d) =~(Q ~ d),

thelatterby 1. Hence the numeratoof theright handsideof (4.4.2)for @ ~ d is atleastas
largeasthatfor @* ~ d, whencetheconclusionfollows. O

Thus, the approximationquality is the same,and the rule significanceis not worsethan
before. Indeed,in all caseswe have tested therewasa remarkableincreaseof the signifi-
cancegvenin casewheretheattributeswerehighly continuousin [10] we have discretised
Fishers Iris datawith our non-numericamethod;theresultsareshovn in Table5.5. We list
the resultingnumberof classesandin bracletsthe numberof classef the un-discretised
data.Obsene thedramaticfall in the numberof classe®f the petalattributes.

This classificatorymethodof discretisatiorcanbeextendedoy consideringageneralisedype
of informationsysten]124]: A multi-valuednformationsystenis astructure{U, 2, (V,)qcq)
suchthat

o U is afinite setof objects.
e Qisafinite setof mappings: : U — 2%=; eachu € Q is calledamulti-valuedattribute.
e V, isthesetof attribute valuesof attributea.

A hypertupleis anelementf [, .q 2V= andahypegranuleis ahypertuplet whichis equal
to someQ(z), i.e. + = (a(z))scq. A hyperelationis a collection of hypertuples. A
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Table5.5: Non-numericalliscretisation

Attribute Filter No of classes

Sepallength: 43-48,53 — 46 22 (35)
66,70— 70
71-79— 77

Sepalwidth:  35,37,39-44— 35 16 (23)
20,24— 24

Petallength: 10-19— 14 8 (43)

30-44,46,47 46
50,52,54-69— 50

Petalwidth: 16— 2 8(22)
10-13— 11
17,20-25— 17

simpletupleis a hypertuplein which eachcomponents a singletonset. We canregardeach
(single-walued)informationssystenmZ asa multi-valuedoneZ™ by consideringhesingleton
{a(z)} C V, insteadof a(z) € V,. Thus,agranuleof Z becomes simplehypegranulein
7™, andwe shallusuallyidentify thetwo.

Hypertuplescanbeorderedby setting
(5.5.5) t) Lta <=1 (a) Cio (a) foralla € Q.

If R isahyperrelationwelet | R = {t € [[,cq 2Ve : t < rforsomer € R}. We also
definet; V ty by setting

(556) (t1 \Y tg)(a) = t1 (a) U t2 (a)

Clearly, ¢, V ty is the supremunof {¢;, ¢} with respecto <. If T, R C [],cq 2% we let
TVR={tvr:teT, r€R}.

Now, supposéhatd is asingle-walueddecisionattributeandM is aclassof 8. A hypertuple
t €[l ca 2V is calledequilabelledwith respecto M if for all granules2(z)

(5.5.7) If Q(z) < ¢, thenz € M.

Obsene thateachgranuleis equilabelledwith respecto someclassof ;. Eachequilabelled
hypegranulecanreplaceanumberof granulesvithoutdestrying theclassinformationof 4.
Theaimis now to find the maximalequilabellechypegranulesthis will give usanoptimal
datacompressionClearly, we candothis by consideringheclasse®f 8; oneatatime;thus,
let M besuchaclass,and€ bethesetof all hypertuplesvhich areequilabelledwith respect
to M. Furthermorelet H bethesetof its maximalelements A simplealgorithmto find H
wasgivenin [124]:
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1.0, % M.

2. Cpt1 €f Thesetof maximalelementf L (Cr+MINE.
It canbeshawn by elementaryatticetheoreticargumentghatthealgorithmbecomegonstant

from someC,, on,andthatC,, = H. Theresultof this algorithmwith respecto thelris data
is givenin Table5.6.

Table 5.6: Hypegranuledor thelris data

Attribute Class

Sepallength | Sepalwidth | Petallength | Petalwidth
{43,...,58} x  {23,29,...,44} x {10,...,17,19} x {1,...,6} | Setosa
5{:79’,?3; x  {20,22,...,34} x {30,33,35,...,49} x {10,...,16}|Versicolof
{;r’f ?2?;77 73;’ x {25,...,34,36,38} x 63,{:2,756;6;5,169} x {18,...,25} | Virginica
{61,63} X {26,28} X {51,656} x  {14,15} | Virginica
{60} X {30} X {48} X {18} Virginica
{72} X {30} X {58} X {16} Virginica
{62} X {28} X {48} X {18} Virginica
{60} X {22} X {50} X {15} Virginica
{49} X {25} X {45} X {17} Virginica
{60} X {27} X {51} X {16} Versicolor
{67} X {30} X {50} X {17} Versicolor
{59} X {32} X {48} X {18} Versicolor

Obsenethatthetablecontainsonly 12 entriesinsteadof theoriginal 150. Thehypegranules
cannow be usedto classify unseerelementsandwe refer the readerto [124] for further
details.

5.2 Discretisation of real valued attrib utes

A differentapproachto discretisationwhen the attributesare real-valuedcan be taken by
searchingor hyperplanesvhich determineoptimalintervalsfor discretisatiori76, 80, 81].
To explain the principle, we shall only presenthe caseof cuts,i.e. hyperplaneparallelto
anaxis,aspresentedn [81], andleave thereaderto consultthe citedreferencegor themore
generakase.

We supposedhat eachattribute domaina is a left-closed,right-openinterval of therealline,
i.e. Vo = [lg,7e) for somel,,r, € R, I, < 1. Theideais to partitioneachV, into a setof
subintenals, which canreplacethe original attribute values,andthusleadto a reductionof
takenvalues.
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A sequencef cutsfor a € Q is asequenc€, = {c} : i < t(a)} of numberssuchthat
(5.5.8) la=cf <t <) = Ta-

More generally we will call pair {a, c) acut, if ¢ € C,, andwith someahuseof language,
we identify C,, with {{a,c) : ¢ € C,}. Similarly, we identify afamily C = {C, : a € 0} of
sequencesf cutswith theset{(a,c) : a € 2, ¢ € C,}, andcall it briefly a family of cuts
Obsenethatby our definition, {a,l,,), {a,r,) € C forall a € Q.

Eachsequencé€’, of cutsfor a determines partitionP¢, of V,, by

(5.5.9) Vo =leg,ct) Ulet,e5) U+ Ulen_1, ¢fy))-

Corwversely eachpartition P, of V, into left-closed,right-openintervals determines se-
guenceof cutsfor @ in anaturalway.

If ¢ = {{(a,¢) :a € Q,c € C,} andC’' = {{a,¢) : a € Q,c € C.} arefamiliesof cuts,
wewriteC < C',if C CC'. If C < (', then,atleastoneC, containslesscutsthatC!, and
thereforethepartitiondeterminedy C,, will be coarsethanthatof C"..

Givenafamily C of cuts,we obtaina new informationsystemZ¢ = (U, Q, (Ve )aceqe),
where
1. Q¢ = {a :a € Q}.
2. Foreacha® € QF,
@ VE={ieN:1<i<t(a)}.
(b) a€(z) = i if andonlyif a(z) € [¢}_;,c?).

Supposehatd is adecisionattribute. We saythatC is consistentvith d, if for all z;, z; € U,

(5.5.10) Qc(zi) = Qc(z;) = d(z;) = d(z;).

C is calledirreducible(with respecto d), if C is consistenwith d andnoC’ < € hasthis
property The aim is now, to find irreduciblesetsof cuts. In otherwords, we arelooking
for a consistentamily of cuts,leadingto partitionsof the setsV, into left-closed right open
intervals, suchthatjoining ary two intervals would make the systeminconsistent.Obsene
thatthe setsC,, areusuallynotindependentandthatit is possiblefor a consistent to have,
a®(z;) = af(z;) andd(z;) # d(z;) for somea € Q. Thisis analogougo the factthat, in
determiningdependenciesye havefor all P,() C Q

PCQ=0gCébp.

Recallingthe connectiorbetweernreductsand Booleanreasoning Proposition3.3), the fol-
lowing comesasno surprise[81]:
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Proposition5.2. Finding anirreduciblefamily of cutsfor a decisionsystemnis polynomially
equivalento findinga primeimplicantof a monotonéBooleanfunctionin conjunctivenormal
form.

Thus, finding an irreducible family of cutsis NP-complete[115]; effective heuristicsare
describedn [75, 79]. An overview anddetailedexamplesof theseprocedureganbefound
in [78].

The hyperplaneapproachusesnumericinformation of the attribute domain,which the dis-

cretisatiorof [32, 124] doesnottake into account.t is possibleto includefurtherrestrictions
on hypertuplesn [124] to mimick a hyperplanelgorithmaswell. Therefore the methodof

[124] is themoregeneralapproachandit canbetailoredto otherrestrictionson the dataset
aswell.
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Chapter 6

Model selection

In the static case,reductsdescribethe dataerror free. However, thereare usually mary
reductsandthe questionariseswhich of theseis, in a sensethe bestone. The criterion for
this canbe, for example,the costof determiningattribute values,so that the bestreductis
onewhich minimisesthesecosts. In a dynamicsituation,a bestattribute setmight be one
which hasa high classificationquality with respecto unseercases.lt hasbeenknown for
sometime thatreductswhich stemfrom staticdatabasearenot alwaysthe bestchoicewhen
it comesto prediction.In this chapterwe describewo approacheto the choiceof attribute
setsfor prediction: The dynamicreductsof [7], andtheentropy basedneasuref [33] which
doesnotusereductsatall.

6.1 Dynamicreducts

Dynamicreductsaim to improve the predictionquality of rules generatecby a reductby
measuringhis quality over a numberof randomlygeneratedub-unversesof the domainof
interest:

“The underlyingideaof dynamicreductsstemsrom theobsenationthatreducts
generatedrom informationsystemsare unstablein the sensehatthey aresen-
sitive to changesn theinformationsystemintroducedby removing arandomly
chosenset of objects. The notion of dynamicreductencompassethe stable
reducts,i.e. reductsthat arethe mostfrequentreductsin randomsamplescre-
atedby subtable®f the givendecisiontable” [114].

ForZ = (U, V,, fg,d)qeq andU’ C U’', wecallZ' = (U’',Q, Vy, f;, d)geq asubsystem
of Z. If F is afamily of subsystemsf Z, then

(6.6.1) DRed(I,F) = Red(Z)N({J : J € F}
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is calledthefamily of F-dynamicreductsof Z. It is easilyseernthatin mostcasesthisis too
restrictive for practicaluse,andthus,athresholdis introduced:Let 0 < e < 1. Thefamily
of (¢, F)-dynamicreductsof Z is definedby

(6.6.2) D.Red(I,F) = {Q € Red(T) : 1 — € < sp(Q)}

where

_HT €F:Q € Red())]
7]

(6.6.3) sr(Q)
is theF- stability coeficientof (). Model selectionproceedsn four steps:

1. Choosenumberss, k;, j <n, 1 < k; < J%l andathresholck.

2. Foreachl < j < n generatasubsystent; of Z by randomlydeletinga k; objectsof
U,andsetF = {Z;: 1 < j < n}.

3. Findthereductsfor ZandeachZ;.

4. Chooseall reducts) with 1 — € < sp(Q) for furtherprocessing.

From these"true dynamicreducts”,decisionrulesfor classificationare computed,andthe
final decisionis taken by “majority voting”.

The methodof dynamicreductsemploys a kind of internal cross-alidationin orderto im-
prove the externalpredictionquality. We obsene thatthe researchehasto make somesub-
jective choicesin stepl. of the procedurewhich are not containedn the data. The huge
complexity of step3. forcesapplicationsof heuristictechniquessuchascombinatorialor
geneticalgorithms. Extensve experimentseportedin [5] showv thatthe dynamicreductap-
proachfaresconsiderablybetterthanthe traditional RSDA methodandcomparesvell with
customaryprocedures.For extensionsof the methodand similar approachesve refer the
readerto [5, 82, 114].

6.2 Roughentropy measures

A totally differentroutewasproposedn [33], whichis notbasedn reductsput oninforma-

tion theoreticentroy measuresTherationalebehindthisis the obsenationthatreductbased
predictionrulesarerelative to the choserreduct,andonly measurgheuncertaintyof the pre-

diction, while not takinginto accountthe predictorvariables. Thus,a comparisorbetween
the predictionqualitiesbasedon differentreductsdoesnot view thefull picture. In orderto

obtainanunconditionaimeasuref predictionsucces®f a set@ of predictorattributes,one
hasto combine
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1. Thecompleity H(Q) of codingthe hypothesig).

2. Theconditionalcodingcompleity H(d|Q) of d, givenby thevaluesof attributesin Q

into onemeasure? (Q ~ d).

This approachs in the spirit of the minimum descriptionlengthprinciple (MDLP) of [101,
102, andwill bedoneby suitableentrogy functions.

Information theoreticentroyy is a purely syntacticmeasurementf the coding effort of a
sequencef bits, knowing their probability. It answerghe question

e How mary binary questionsamustwe pose(optimally andin the long run), if we do
clever guessingy usingthe knowledgeaboutthe probability distribution p?

Thefamouscodingtheorem[110] shows thatthe entrogy functionis the lower boundof the
codingcompleity of eventsgiven their probabilities. Entropy-relatedfunctionshave been
widely usedasobjective measures mary fields,andwe pointtheinterestedeaderto [62].

Let P beapartitionof U with classesX;,: < k, eachhaving cardinalityr;. In compliance
with the principle of indifferencewe assumehatthe elementf U arerandomlydistributed
within the classef P, sothatthe probability of anelementz beingin classX; is just 7*.

We definetheentropyof P by

k
(6.6.4) HP)EY % : logQ(%).

=0

If 8 is an equialencerelationon U and P its inducedpartition, we will alsowrite H ()
insteadof H(P). Furthermoreif @ is asetof attributes thenwe usuallywrite H(Q) instead
of H(QQ).

Theentropy estimateshe meannumberof comparisongninimally necessaryo retrieve the
equialenceclassinformation of a randomlychosenelementz € U. We can also think
of the entropy of P asa measureof granularityof the partition: If thereis only oneclass,
thenH (P) = 0, andif P correspondso the identity v, then H (P) reacheghe maximum
log, (|U]). In otherwords,with theuniversalrelationthereis noinformationgain,sincethere
is only oneclassandwe alwaysguesghecorrectclassof anelementjf the partitioncontains
only singletonstheinclusionof anelementin a specificclassis hardesto predict,andthus
theinformationgainis maximized.

The assumptionwhich we make in choosinga predictorset @ is, in a way, a worst case
scenarioWe supposéghatthe deterministicclassef 8¢ give usreliableinformation,while
everythingoutsidetheseclassess the resultof a randomprocesswhichis totally unknaovn
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to the researcher Thus, in settingup the partition which determineghe desiredmeasure
H(Q ~ d), we keepthe deterministicclassef 85 andput every elementof U which is
notin one of theseclassednto its own class;in this way, the entrogy is maximised. This
maximunentropy principle is well suitedto our non-invasve philosophy:

“Althoughtheremaybe mary measureg thatareconsistentith whatwe know,
the principle of maximumentropy suggestshatwe adoptthat u* which hasthe
largestentropy amongall the possibilities. Using the appropriatedefinitions,
it canbe shavn that thereis a sensein which this i* incorporateghe ‘least’
additionalinformation” [56].

Indeed,in choosingH (Q ~ d) the way we do, we assumeepresentatienesnly of the
deterministicclassesf g, andadmittotal ignoranceotherwise. This is in contrastto the
informationgainusedin machinelearningwhich assumeshatall classesrerepresentatie,
andwhich furthermoresuffersfrom the symmetryof the measure.

More formally, we supposehat X;, 1 < i < ¢, aretheclasse®f 8o eachhaving cardinality
r;. A classis X; is deterministiowith respecto d if andonlyif 1 < i < ¢, andwe denoteby
V the union of the deterministicclasses Furthermorelet [U| = n and# bethe probability
measureassociateavith 6, i.e.

A= | X _n
Ul
Then,we obtaintheentropy of 8¢ as
! 1 L n
(6.6.5) HQ)=) #i-log,— =) — -log, —.
i=1 TS Ti

In orderto keeponly the deterministicclassef 8¢, we definea new equivalencerelation
g5 onU by

z 593 y if andonly if z = y or thereexistssomel < i < ¢ suchthatz,y € X;.
Its associateghrobability distributionis givenby {¢; : 1 < i < (¢ + |U \ V|)} with

N m, ifl1<i<eg,
(6.6.6) g LT =t=e
%, Ootherwise

We cannow definethe entropy of roughpredictionor roughentropy (with respecto Q ~ d)
as

H(@ = d) = Y i loga( 1)

Themaximumfor H(Q ~ d) occurswhen
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» §g istheidentity relation,andeverythingcanbe explainedby ¢, or
e v(@Q ~ d) = 0, andeverythingis guessing.

In bothcasesve have H(Q ~ d) = logy(n).

Next, we definethe normalizedrelative deterministicpredictionsuccessS (Q ~» d), which
we will call normalisedroughentopy (NRE): First,let §; betheidentity o, sothatH (d) =
log, (n). Then,

1, iffg =
(6.6.7) SQ~wad s "=
0, otherwise

Otherwisejf H(d) < log,(n), we set

def H(Q ~ d) — H(d)
(6.6.8) SQ~d) =1 - —H@)

In this way we obtainan measuref predictionsuccessvithin RSDA, which canbe usedto
compardifferentrulesin termsof the combinationof codingcompleity andthe prediction
uncertaintyin thesensehata perfectpredictionresultsin S(@Q ~+ d) = 1, andtheworstcase
isatS(Q ~ d) = 0. S is anunconditionalmeasurebecauseoth, the compleity of the
rulesandthe uncertaintyof the predictionsaremergedinto onemeasure.

If the NRE hasa valuenearl, the entroyy is low, andthe chosenattribute combinationis
favourable,whereasa value near0 indicatescasualness.The normalisationdoesnot use
moving standardsislong aswe do not changethe decisionattributed. Thereforearny com-
parisonof NRE valuesbetweendifferentpredictingattribute setsmakessensegivena fixed
decisionattribute.

Theaim of modelselectionis now to minimiseroughentrogy, or, equivalently, to maximise
NRE; notethatthis is independentf the reductcriterion. In orderto gaugethe prediction
quality of the entrogy basedmodelselectionwe have comparedts performanceon 14 pub-
lisheddatasets with the well known machinelearningalgorithmC4.5asreportedin [99].
Thevalidationby thetrainingset—testingsetmethodwasperformedby splitting thefull data
setrandomlyinto two equalsizes100times,assuminga balancedlistribution of trainingand
testingdata(TT2 method). The meanerror valueis our measureof predictionsuccessWe
chooseonly half of thesetfor trainingpurposesn orderto have abasisfor testingthe predic-
tive power of theresultingattribute sets.Becauseall datasetscontaineccontinuousattributes
andmostof themmissingvaluesaswell, a preprocessingtepwasnecessaryo applytheal-
gorithmto thesedatasets.Missingvalueswerereplacedby themeanvaluein caseof ordinal
attributes,and by the mostfrequentvalue otherwise. The preprocessin@f the continuous

Ihttp://www ics. uci . edu/ ~n earn/ MLRepository. htm
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datawasdoneby threedifferentglobaldiscretisatiormethodsThefirst methodperformsthe
globalfiltering methoddescribedn Sections.1whichinfluencegheNRE, but doesnotaffect
~, andthushasnoinfluenceon thedependengstructure.This resultsin minimal granularity
of attributeswith respecto the decisionattribute. The othertwo discretizatiormethod<clus-
terthevaluesof anattributeinto ten,resp.five, classesvith approximateljthe samenumber
of objects. The discretizationmethodcanbe refinedby transformingthe methodsof local
discretisatiorof continuousattributesgivenin [11] and[22] to our entropy measure.

Table6.1: H(Q ~» d) andC4.5

Dataset H(Q ~ d) C4.5(8)
Attributes No. of

Name Cases| Classes| Cont. | Discr || pred.attr Error | Error

Anneal 798 6 9 29 11 6.26 7.67
Auto 205 6 15 10 2 11.28| 17.70

Breast-W 683 2 9 - 2 5.74 5.26
Colic 368 2 10 12 4 21.55| 15.00
Credit—A 690 2 6 9 5 18.10| 14.70
Credit-G 1000 2 7 13 6 32.92| 28.40
Diabetes 768 2 8 - 3 31.86| 25.40
Glass 214 6 9 - 3 21.79| 32.50
Heart-C 303 2 8 15 2 22.51| 23.00
Heart—H 294 2 8 15 5 19.43| 21.50
Hepatitis 155 2 6 13 3 17.21| 20.40

Iris 150 3 4 - 3 4.33 4.80
Sonar 208 2 60 - 3 25.94| 25.60
Vehicle 846 4 18 - 2 35.84| 27.10

Std. Deviation 10.33| 8.77

In Table 6.1 we list the basic parameter®f the datasets,and comparethe resultsof our
methodwith the C4.5performancegivenin [99]. This hasto betakenwith somecare,since
Quinlanusesl0-fold crossvalidation(CV10) on datasetsoptimizedby

“ ... dividing the datainto ten blocks of caseghat have similar sizeandclass
distribution” [99, p.81,footnote3.].

Becausd T2 tendsto resultin smallerpredictionsuccessatesthanCV10, thecomparisoris
basedn a consenrative estimate.

Thecolumn“No. of pred.attr” recordsthe numberof attributeswhich areactuallyusedfor
prediction;thisis in mostcasesonsiderablyessthanthenumberof all attributes. Theresults
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show thatour methodcanbe viewedasan effective machinelearningprocedurebecauséts
performanceomparesvell with that of the well establishedC4.5 procedure:The oddsare
7:7 (giventhe 14 problems)that C4.5 producesetterresults. However, sincethe standard
deviation of theerrorpercentagesf our methodis higherthanthatof C4.5,we concludethat
C4.5hasaslightly betterperformancehanour raw procedure.

6.3 Entropy measuresand approximation quality

In this Sectionwe will exhibit somepropertiesof the conditionalentropy H(d|Q), andshow
wherethe approximationquality vy, the traditional performancaneasureof RSDA, is posi-
tionedin our entropy basedmethod. We will usethe parameter®f the precedingSection;
also,lety = v(Q ~ d), andnotethaty = Y1, andthereforel — v = AV,

n

We first find the conditionalentropy H (d|Q) by

H(d|Q)=H(Q~d) - (Q)
= Zd}z 10g2 Zﬂ'z 10g2 Py

t
V . 1
= Z i - 10%2 | \ | (n)_zﬂi'lo&A—
. (¥
1<i<c =
= > - logz + (1 —7) - logy(n Zm logz
ﬁ_/
1<Z<c , Guessing
Certainty
=(1—=7) logy(n Z Tt - 10g2
i=c+1

Thefollowing propositiongivesthe boundswithin which H (d|Q) varies:

Proposition6.1. (1 —v) < H(d|Q) < (1 —v)logy(n — |V]).
Proof. First, obsere thatlog,(n — [V]) > logy(2) = 1. Theminimumvalueof . #;
log, (#;) is obtainedwhenc = ¢ — 1, andin this case,

V n
> ;- logy(# l | 10%2(m)

i>c
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Therefore,

H(d|Q) = (1-7) logy(n) — > #; - log2

i>c

< (1-7) - logy(n) — (1~ ) -log2(ﬁ>,

= (1 =) (ogy () = logal(7 =),

=1 —7)-logy(n-(1-17))
= (1=7) - logy(n — [V]).

For the otherdirection, we first note that eachnondeterministiaclass X hasat leasttwo
elementsandthat", . . #; - logy (2 -) hasa maximumif eithereachsuchclasshasexactly
two elementsor all but oneclasshave two elementsandoneclasshasthreeelements Since
thevalueof 3, #; - logy (&~ -) is greaterin thefirst casewe assumew.l.o.g. thatn — [V is
even,sothat

gm log2 - _2|V| . % -logQ(g)
=(1—7)logy(5)
Therefore,
H(d|Q) > (1 =)+ logy(n) — (1= ) -log, ()

= (1—7) - (logy(n) — log,(3))

= (1—7) - logy(2)

=1-,
which provesour claim. O

We seethat H (d| @) isindependenof thegranularity—i.e. theprobabilitydistribution—of the
deterministicclasse®f 6g, andthatit is dependenon the granularityof the classedeading
to nondeterministicules: Thehigherthe granularityof thoseclassesthelower H (d|Q). We
usethisto show
Proposition6.2. If @ C R, thenH(d|R) < H(d|Q).
Proof. By theremarkabove, we canassumehatevery deterministicclassof g is a classof
fg. Thisimpliesthateg C 6+, andhence,

H(R~d) <H(Q ~ d).

SincefurthermoreH (Q)) < H(R), theconclusiorfollows. O
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A similarresultdoesnotholdfor H(Q ~ d) astheexamplegivenin Table6.2shows: There,

H{q} ~ {p}) =15<2=H{a,q} ~ {p}) = H{e} ~ {p})-

Table6.2: H(Q ~> d)

Ulge a p
1)1 1 1
212 1 2
3|13 2 2
414 2 2

The questionariseswherethe approximatiorfunction-y is positionedin this model. Propo-
sition 6.1 showsthat,for fixed @,

max{H (d|R) : y(B ~ d) =v(Q ~ d)} = (1 — ) -logy(n — |V]),
and we denotethis value by Hma«(d|@). The following result tells us that, for fixed d,
Hnax(d|Q) is strictly inverselymonotoneo y(Q ~ d):
Proposition 6.3. ¥(Q ~ d) < ¥(R ~ d) <= Hmax(d|R) < Hmax(d|Q).
Proof. “=": Thehypothesigy(Q ~ d) < y(R ~ d) impliesthat|Vg..q| < |Vrwal. Thus,
Humax(d|R) = (1 = ¥(R ~ d)) - 1ogy (n — [VRwal),
<1 =~(Q ~ d)) -logy(n — |[Voual),
= HmaX(de)a
“<«". Firstnote,thatfor k > 1,
(6.6.9) k-logok < (k+1)-logy(k+1).
We canalsoassumehat0 < Hpa«(d|R), sothatU \ Vg..q # 0. Now,
Hmax(le) < Hmax(de)
= (L=7(R ~ d)) -1ogy(n — [VRwal) < (1 = 7(Q ~ d)) - logy(n — [Vgal)
= (0 — |[Vrwal) -10g2(n — [Vewal) < (n — [Vgmwal) - logy(n — [Voual)
= (0 — |VRewdl) < (n — |Vigal) by (6.6.9)
= |Vde| < | VRl
=7(@Q ~ d) <y(R ~ d).
This completeghe proof. O
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In termsof conditionaluncertaintywe mayview v = y(@Q ~+ d) asa crudeapproximation
of ameasuref normalizedpredictionsuccesshecause

Hemax(d|Q) — min{Hmax(d|R) : R C Q}

Smexl Q) = e Ho i) < E C 0 — min{ B3, dl) : B C O
1 Hna(dIQ) = 0
logy(n) — 0
_ logy(1—7)
=y-(1- V)W
1
=+ (i5m)

Proposition6.2 doesnot extendto the hypothesisy(Q ~+ d) < y(R ~+ d), andthus,a
resultsimilarto 6.3doesnot hold, asthefollowing exampleshowvs: Considetheequivalence
relationsdy, 6, 8 g with thefollowing partitions:

84 {1,2,3},{4,5,6}, 6o : {1,4},{2,5},{3,6}, Or : {1},{2,3,4,5,6}.

Then,

Ontheotherhand,

5 5 5 6
H(d|Q) = log, (6) ~ logy (3) = 1 < & -logs (5) = & -logs (6) ~ & -logs (5) = H(dIR).
Theprecedingesultsshon thatRSDA which triesto maximizesy is aproceduréo minimize
the maximumof the conditionalentrofy of roughprediction.This shavs clearlythat, unlike
H(Q ~ d), thetraditionaly is a conditionalmeasureandthus,itsapplicationin comparing
the quality of approximatiorfor differentattribute setshasto betakenwith care.



Chapter 7

Probabillistic granule analysis

This chapteris concernedwith a probabilistic counterparto the rough set model, which
sharegheideaof predictinga dependentariableby granulesof knowledge,andwhich can
becalledanon-invasetechniqueaswell, sinceit is a distribution freetype of analysig45].

As we have shavn, RSDA concentrate®n finding deterministicrules for the description
of dependencieamongattributes. Oncearule is found, it is assumedo hold without ary

error by the nominalscaleassumptior(3.3.10) If ameasuremergrroris assumedo bean

immeasurablgart of the data— ase.g. statisticalprocedureslo — the pureRSDA approach
will not produceacceptableesults,becauséreal” measuremergrrorscannotbe explained
by arny rule.

7.1 The variable precisionmodel

Thereareseveralpossibilitiesto reducethe precisionof predictionto copewith measurement
error. One possibility is the variable precisionrough setmodel[130], which assumeghat
rulesarevalid only within a certainpart of the population. The main tool of the modelis
a precisionparamete which expresses boundfor misclassificationLet X,Y C U; the
relativedegreeof misclassificatiorof X with respecto Y is definedby

1- XYl i x
(7.7.1) c(X,Y) = X1 7 _0’
0, otherwise

We obsenethate(X,Y) = 0if andonlyif X CY.If 0 < 8 < 0.5 weset

(7.7.2) xly — o(X,Y) < B
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Thenumberg measuretheacceptableelative errorandit is calledtheprecisionparameter
I @ C © andd is adecisionattribute, we saythata classX of 8¢ is g-deterministic if

B
thereis someclassY of 84 suchthatX C Y. Wewill denotetheunionof all 3-deterministic
classedby D(Q, d, 8). Theattributed is called3-dependenon @, if D(Q,d,5) =U.

The -approximationquality of arule ¢ ~ d is now definedas

_1D@.d8)|

(7.7.3) Q4 d) 7

Theadvantageof this approachs thatit usesonly two parametergthe precisionparametefs
andthe approximatiomuality ) to describethe quality of a rule system;the disadwantages
arethatprecisionandy arepartiallyexchangeableandthatthereis notheoreticabackground
to judgewhich combinationis bestsuitedto the data. Furthermorethe 3-dependeng does
not have the nice structuralpropertiesasthe normalrough setdependencieghey are, for
example,nottransitive.

7.2 Replicateddecisionsystems

In orderto formulatea probabilisticversionof RSDA, whichis ableto handlemeasurement
errorsaswell, we enhancesomeof the conceptslefinedbefore.

Therearetwo differentaspectof errors,which have to be modelled: First, the conceptof

“error” is quite differentin the lower andupperapproximation.Whereagshe lower boundis
basedon a logical conjunction,which canbe expectedto be relative robustagainstrandom
influences,the upperboundis a disjunctionand thereforemuch more sensitve if random
processesauseerrors. The secondaspects that rules may not be stable,andthereforea
replicationof a decisionsystemmight look quite differentfrom the original one,evenif the
underlyingstructureis unchanged As we will seebelow, both problemscanbe tackled, if

we usea well known trick to estimatereliability and/ or stability: The assumptiorthatan
identicaldecisionsystemcanbe obsened (atleast)twice.

A replicateddecisionsysten® is astructure{U, Q,Y, (V) acq), Where

o (U,Q, (V,)acq) is aninformationsystem,
o Y ={y1,...,ys}isasetof replicateddecisionattributes,explainedmorefully below.

Theintroductionof replicateddecisionvariablesoffers the opportunityto control the effect
of ameasuremergrror: The smallerthe agreemenamongmultiple replicationsof the de-
cision attribute, the more measuremergrror hasto be assumed.This conceptof replicated
measurementis a way to estimatethe reliability of, for example,psychometrigests,using
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theretest-reliabilityestimationwhich in turn usesalinear modelto estimatereliability and
errorof measuremeraswell.

We denotethe setof granulesby G = {d1, ... ,aar}; in otherwords,

(7.7.4) G={Qz):z €U},

see(3.3.12) Eachreplicaof thedecisionattribute takesthevaluesVy = {r,rs,... , 7y }.
The classe®f §,, aredenotedby My q,... , M, ; for eachgranuled;, welet&(i, ¢, j) be

thenumberof objectsdescribedy &@; whicharein classM; ;. In otherwords,

(7.7.5) £(,t,7) =|{z € U : Q(z) = a@; andz € M, ;}|
We alsolet
(7.7.6) v(d;) =|{z €U : Q=) =20}

Clearly, >, £(4,¢, §) = v(a;) for fixeds, and}_, ; £(3, ¢, 5) = |U|. Eachset{{(i,¢,7) : 1 <
t < s} canbeassignedan unknown valuer (i, §), which is the probability thatan element
a € U isassignedo aclassr; wherel < j < ry and{)(a) = ;.

With someahuseof notation,we assumehat the decisionattributesy , . .. ,ys arerealisa-
tionsof anunknowvn underlyingdistributionY considerechisa mapping

Y:Ux{r,...,rv}—=1[0,1].

Y assigndo eachelementr of U andeachvaluer; of the decisionattribute the probability
thatY (z) = r;.

An exampleof the parametersf a decisionsystemwith onereplicaof the decisionattribute
is shavnin Table7.1. Theexamplegivenin Table7.1showvs thatindeterministiculesalone

Table 7.1: A replicateddecisionsystem

@ Q Y = ™1 Y = T2 V((_i)
e ome | €(,1,1) €3, 1,2) ‘
a |0 1 5 1 6
i | 1 0 2 8 10
) 7 9 16

donotusethefull informationgivenin thedatabaseThereis no deterministicule to predict
avalueof thedecisionattributey, , givenavalueof theindependenattributes{(a, , a2 ): Both
indeterministicruleswill predictboth possibleoutcomesn the decisionvariable. The pure
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rough set approachnow concludesthat no discernableassignments possible. But if we
inspectthe table, we seethatthe error of assigning(0, 1) to 1 is small (1 obsenation) and
that(1,0) — 2 istrueupto 2 obsenations.

Another approach- basedupon standardstatisticaltechniques- is the idea of predicting
randomvariablesgnsteadof fixedvalues.Conceptuallyeachrealizationof the distribution Y
canbedescribedyy a mixture

(7.7.7) Y= > wY,
1<r<R

with 3~ w, = 1, basedn anindex R of unknovn size,andunknown basicdistributionsY;
with unknowvn weightsw,..

If we usethe granulesd; to predictY’, the maximal numberR of basicdistributions is
boundedby the numberM of granules;equality occursjust when eachgranuled; deter
minesits own Y. In generalthis neednotto bethe caseandit mayhapperthatthe sameY;
canbeusedto predictmorethanonegranule;this canbeindicatedby anontofunction

g:{1,...,. M} —»{1,..,R},
mappingthe (indicesof) thegranulego a smallersetof mixture componentsf Y.

Probabilisticpredictionrulesareof theform

aj ~ Y5, 1<j <M,
whereeachYy; : V¥ — [0,1] is arandomvariable. If the probabilitiesare understood,
we shall often just write & ~» Y, with ¥ possiblyindexed, for the rule system(a@; ~+

Yy h<i<m.

In the exampleof Table 7.1 thereare two possibilitiesfor R, andwe use maximumlik e-
lihood to optimisethe binomial distribution, the applicationof which is straightforvard, if

we additionallyassumehatthe obsenationsstemfrom a simplesamplingscheme.ln case
R = 1, both granulesusethe samedistribution ;. In this case,the likelihood function
L, = L(Y1|(0,1),(1,0)) is givenby

(7.7.8) L= (196) 71 —m)7

which, asexpectedhasamaximumat# = % Thisleadsto therule system

(7.7.9) (0,1) or (1,0) ~ {(1, f§), (2, 15)}-
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If R = 2, thesamplegelongingto (0, 1) and(1, 0) areassumedo be differentin termsof
the structureof the decisionattribute, andthe likelihood of the samplehasto be built from
the productof the likelihoodsof both subsamplesIf we have therules{0,1) — Y¥; and
(1,0) — Ys, then

(7.7.10) Ly = (?) (1 —m)° (180) 75 (1 — ).

Usingstandarctalculus the maximumof Ly is (7, = (1;, frg = %), which givesustherule
system

(7.7.11) {

In goingfrom from L, to L, we changehe samplingstructure-the estimationof L, needs
2 sampleswhereasl; needsonly onesample— andwe increasethe numberof probability
parameters; by one.

Changingthe samplingstructureis someavhat problematic,becausecomparisonof lik eli-
hoodscanonly be donewithin the samesample.A simplesolutionis to comparethe like-
lihoodsbasedon elementsthusomitting the binomial factors.Becausehe binomialfactors
areunnecessarfor parameteestimation(andproblematicfor modelcomparison}hey will
beskippedin thesequel.Letting

(7.7.12) Li(max) = #%(1 — #)7 = 0.0000173,
(7.7.13) Ly(max) = 71 (1 — 71)% 43 (1 — #5)? = 0.0003746,
we have to decidewhich rule offers a betterdescriptionof the data. Although Ly (max) is

largerthan L, (max), it is not obviousto concludethatthe two rulesarereally ‘essentially’
different,becausehe estimationof L, depend®n morefree parametershanl;.

Thereare— at least— two standardporoceduregor modelselectionwhich arebasedon the
likelihoodandthe numberof parametersThe Akaike Information Criterion (AIC) [3] and
the SchwarzInformationCriterion(SIC) [107].

If L(max) is the maximumlikelihoodof the data,P the numberof parametersand K the
numberof obsenations thesearedefinedby

(7.7.14) AIC =2(P — In(L(max)))
(7.7.15) SIC =2 (@ -P - ln(L(max))) .

Thelower AIC (andSIC respectiely), the betterthemodel. AIC andSIC arerathersimilar,
but the penaltyfor parameterss higherin SIC thenin AIC.
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In theexample,we have usedoneparameterr to estimatel;. Therefore,

AIC(Li(max)) = 2(1 — In(0.0000173))  =23.930,

SIC(Ly (max)) = 2(216)

— In(0.0000173))=24.702.

Therearethreefree parameterso estimateL,: First, the probabilitiess, 72 ; furthermore,
oneadditionalparameters used,becauseave needto distinguishbetweenrthe two granules.
Therefore,

AIC(Ly(max)) = 2(3 — In(0.0003746)) =21.779
SIC(Lsy(max)) = 2(31n(16) — In(0.0003746))=24.090.

andwe canconcludethattherule —system(7.7.11)is bettersuitedto thedatathenthe simple
1-rule—system(7.7.9)

7.3 An algorithm to find probabilistic rules

The algorithmof finding probabilisticrulesstartsby searchingor the optimal granulemap-
ping basedon a set{) of (mutually) predictingattributesanda setY of replicateddecision
attributes. Finding the bestmappingis a combinatorialoptimisationproblem,which canbe
approximatedoy hill-climbing methods,whereasthe computationof the maximumlik eli-
hoodestimatorsgivena fixedmappingg, is straightforvard: Onecomputeghe multinomial
parameterg, (ix) of thesampleg definedby g for everyreplicationy; of Y andeveryvalue
ry € {r1,...,ry}, andcomputegshe meanvalue

(7.7.16) #ix) = M

?

from which the likelihoodcanbefound. The numberof parametergnp) dependsn R and
ry because
np=RXxry —1;

the computatiorof the AIC is now possible.

An algorithmto find the probabilisticrulesbasedon AIC optimizationis givenin Table7.2
on the facing page. The adapatatiorof similar optimizationcriterialike SIC or a function
f(AIC,SIC) is straightforvard. The result of algorithm offers the most parsimoniousde-
scriptionof a probabilisticrule system(in termsof AIC). In orderto reducethe numberof
independenattributeswithin the rules,a classicalRSDA reductanalysisof theseattributes
canbeapplied,usingtheresultsof the mappingg asadecisionattribute.
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Table 7.2: Rulefinding algorithm

R = 0, A(AIC) =1.
while R < M andA(AIC) > 0do
R :=R+1
for all y; do
Find k¢ . (R) andits associatednultinomial parameter
i1 <i< M, 1<kLY.

endfor
foralll<i<M,1<k<Ydo
S gt
ﬁi,k — Et:éﬂ-z,k
endfor

ComputeL g(max) from the#; .
ComputedICp for Lr(max).
if R =1then
A(AIC) = AIC,
else
A(AIC) := AICgr_, — AICg
endif
endwhile

7.4 Unsupelrvisedlearning and nonparametric distrib ution
estimates

The mostinterestingfeatureof the probabilisticgranuleapproachis that the analysiscan
be usedfor clustering,i.e. unsupervisedearning. In this casethe predictingattribute is the
identity andary granuleconsistsof oneelement.If we usemorethanonereplicationof the
decisionattribute,it will be possibleto estimatethe numberof mixturecomponentsf Y and
thedistribution of the mixtures.

The Figures7.1and7.2 show the resultof the mixture analysisbasedon granulesusingthe
mixture

1 1
(7.7.17) Y = 2 N(-2.0,10) + 5N(0.0,10).

N (u, o) is the normaldistribution with parameterg ande. 1024 o0bsenationsperreplica-
tion weresimulated;one simulationwasdonewith 2 replications(Figure 7.1), andanother
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with 5 replications(Figure 7.2). The simulateddataweregroupedinto 32 intervalswith ap-
proximatelythe samefrequenciedn the replications,andthe searchingalgorithmoutlined
above wasapplied.

Figure 7.1: Nonparametriestimatesf a w mixture distribution (2 replications;lines
denotegheoreticaldistributions)
1
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0.4

0.2

Figure 7.2: Nonparametriestimate®f a (N(-2,1)+N(0,1))/2mixturedistribution (5 replicationsjines
denotegheoreticaldistributions)
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The resultshows that the underlyingdistributions can be approximatedjuite successfully
although

¢ No parametridistributionalassumptiorwasused,
¢ Y hasainimical shape,
e Only afew replicationswereconsidered.

The next numericalexperimentwasperformedwith thelris data[42]. It is well known (e.g.
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[10]) that Sepalwidth attribute is not very informative; thereforewe shall skip it for the
subsequerdnalysis.

If we assumehatthethreeremainingattributesmeasurehesamevariableupto somescaling
constantsyve canusethe z—transformeattributesasa basisfor the analysis. The unsuper
vised AIC searchalgorithm clearly votesfor threeclassesn the unknown joint dependent
attribute. If we usethe estimatedlistribution functions(Figures7.3,7.4,7.5) for the classifi-
cationof theelementsye find a classificatiomquality of about85% (Table7.3),whichis not
too badfor anunsupervisedearningprocedure.

Table 7.3: Iris: Classificatiorresults
Setosa 50| O 0
Versicolor| 7 | 41| 2
Virginica 0|14 36

Theproceduraoesnotoffer only classificatiorresults put alsoestimator®f thedistributions
of dependenattributeswithin the groupswithout having a prior knowledgeaboutthe group
structure.TheFigures7.3,7.4,7.5 comparehreeestimatedlistributionswith therespectie
thedistributionsof three(normalisedvariableswithin the groups.Theresultsshow thatthe
“Sepallength” attribute doesnot fit very well andthatthe estimatedistributionssummarise
thisaspecbf both“Petal” measures.

Figure 7.3: Setosalistributionsof 3 attributesandits estimation
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Figure 7.4: Versicolordistributionsof 3 attributesandits estimation
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Figure 7.5: Virginicadistributionsof 3 attributesandits estimation
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Chapter 8

Imputation

8.1 Statistical procedures

In reallife, obsened datais seldomcomplete. Thereare several waysto “impute” missing
values mostof which arebasen statisticalproceduresThe basicideaof theseprocedures
is the estimationof the missingvaluesby minimisingalossfunctionsuchastheleastsquare
measurer the negative likelihood. For an overview of the currentpracticeof working with
missingdatawe invite thereadeto consulf1]; for amorecompletereatmentve recommend
theexcellentbook[106].

Considertheinformationsystemin Table8.1. We write 7 in cell {(z, a), if a is notdefinedat
z. In ourinterpretationthe ? is a placeholdefor any valuein V.

Table 8.1: Missingdatatable Table 8.2: Singleimputationvia iteratedlinearregression
ap as as aq ai as as as
z; | 5.00 4.00 3.00 2.00 z1 | 5.00 4.00 3.00 2.00
z2 | 7 3.00 2.00 1.00 zy | 430 3.00 2.00 1.00
z3 | 200 7?7 4.00 5.00 z3 | 200 2.00 4.00 5.00
T4 ? 200 7 3.00 z4 | 239 2.00 2.28 3.00
x5 | 200 2.00 7 ? zs | 2.00 2.00 1.62 J3.11
zg | 5.00 4.00 3.00 2.00 z¢ | 5.00 4.00 3.00 2.00
z7 | 3.00 2.00 1.00 1.00 z7 | 3.00 2.00 1.00 1.00
zg | 3.00 2.00 5.00 ? zg | 3.00 2.00 5.00 4.17

In orderto copewith the missingdataentriesseveralstrat@iescanbeused.Thesimplestone
is ignorancewhich meanghatarny obsenationwith missingentriesis skippedfrom further
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analysis.Thereis well-documentedvidenceto showv thatignorances usuallya badstratey
[69].

A secondstreamof methodsusesa single imputationstratgyy. Here, a missingvalueis
replacedy the bestsuitedreplacementyvherebestsuited”is definedin termsof a statistical
model. Suchmodelsusuallymake somedistributionalassumptiorsuchasa multinomialor a
multivariatenormaldistribution, e.g. the treatmenif missingdatain the AMOS systen(4],

orthe EQSsystem[8], or they usemixed multinomial/normaimodels[106].

Eventhoughthe approacthascomeundercriticism [e.g. in 50|, we usetheiteratedlinear
regressionalgorithm for singleimputationasan illustrative exampleto shav how missing
datacanbereplacedy a simplestatisticaltechnique.

With the dataof Table 8.1, we resultin the underlinedimputedvaluesin Table8.2. This
methodestimateshe missingvaluesby linearregressiorof the othervariablesn aform such
as

a1(x3) = bo + beaz(x3) + bsaz(x3) + baas(zs),

wherebyg, ba, b3, by areconstantsvhichareoptimalto fit theregressiorine for theprediction
of a; by theattributesas, as, a4. Becausehereplacemenof the missingvalueshaschanged
afteronecycle, mary iterationstepsarenecessaryo resultin a stableoptimal configuration.
Furthermorethe critical assumptiorof this imputationmodel,namely thatthereis alinear

relationshipamongthe variables,cannotbe assumedn general. Evenif the relationshipis

linear, the procedurdacesanothemproblem: The existenceof only oneoutlier will biasthe

estimationof the b-valuesdramatically

Of course,mary non-linearrelationshipscan be modelledsimply by a non-lineartransfor
mation of the variables,but a soundmodel of the datais necessaryo achiese a good de-
scriptionof the missingvalue. A badly chosemrmodelcanmale the thingsevenworsethan
the ignorancestratgy, andhence statisticalimputationshouldbe usedwith care. Detailed
discussion®f the interplay betweerthe modelusedfor imputationandthe modelusedfor
analysiscanbefoundin [71] and[105].

A third streamof methodsemploys the multipleimputationstrateyy [104]. Here,the dataset
is replacedby a numberof “mutual” datasetsin orderto simulatethe uncertaintyaboutthe
missingvalues.Every datasetcanthenbe usedwithin the dataanalysisanda modelbased
aggreationschemesnableghe combinationof theresults.

The famousEM-algorithm[15] wasone of the first effective approacheso handlemissing
dataproblemson the basisof thelik elihoodmeasureOnedravbackof the EM algorithmis
thatit is slow andcostly. Furthermorejt presupposea restrictedmodelclassfor the data,
namely whenthe distribution of thedatais assumedo be a samplefrom afixeddistribution
family suchasthe multivariatenormaldistribution. This is problematic becauséhe model
assumptioritself influenceghe estimationof the missingvalues.
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8.2 Imputation from known values

In our non-irvasie setupwe do not have the tools of statisticalanalysissuchaslossfunc-
tionsor alikelihoodfunction; therefore otheroptimisationcriteriamustbe used. A simple
criterionis the demandhattherulesof the systemshouldhave a maximumin termsof con-
sisteny with respectto known values. If we fill a missingentry with a value, we should
resultin arule whichis consistentvith the otherrulesof the system.Our algorithmimputes
missingvaluesin a granulef by presentingalist of possiblevaluesdravn from the setof all

granulesgy which do not contradicty, i.e. they have the sameentrieswherever both arede-
fined. Onefeatureof the proceduras thatit doesnotinter-/extrapolateinto unknown regions
like theregressiomrmethod becausehereis no mechanisnfor inter-/extrapolation.The pro-

cedureusesonly rulesanddependenciewithin the obsenedbody of the data,andtherefore
missingvaluescanonly replacedby known facts.Furtherconsistentompletionsareusually
possible but cannotbe drawn from existing valuesin othergranules.This is typical for the
cautiousapproactof non-irvasive dataanalysis:If the procedurecannotreplacea missing
valueit will signala“do notknow”- sign,which maybe morereliable(andhonestthanary

extrapolationbasedn strongmodelassumptions.

We donotdifferentiatebetweerindependenattributesanda decisionattribute, sincewe want
to achierse consisteng everywhere.Decisionrulesobtainedfrom partial systemshave been
investigatedn [59].

In orderto formalisethis situationwe say that an information systemZ is partial, if the
attributesareallowedto be partialfunctions.In otherwords,anattributea € 2 is afunction
a : dom(a) — V,, wheredom(a) is asubsebf U, calledthedomainof a.

An extensionof Z is an information system,in which eachattribute is an extensionof an
attribute of Z. More formally, Z' = (U, ¥, (V,)ascq) suchthatthe assignment — o' is a
bijectionfrom @ — €', anda’ is anextensionof a. . A completionofZ is anextensionof Z
in which eachattributeis atotal function.

Foreachz € U andeachd # @ C Q let
relg(z) ={a € Q : x € doma}
bethesetof Q-relevantattributesfor z. For eachl} # Q C Q we definearelationQz onU
by
(8.8.1) zQzy <= a(z) = a(y) foralla € relg(z) Nrelg y.
This relationhasalsobeenusedin [59].

If xQzy, we saythatz andy areconsistent This terminologyis justified by the fact that
zQzy justin casethatwheneera is definedonbothz andy, it doesnotdistinguishbetween
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them. For example,z andy with

o =(1,7,3), o = (1,4,7)

areconsistentyhile in case
-’I-':Q - (17?7?’)7 g’Q = (17?72>

they arenot. Consisteng is a generalisatiorof indiscernabilityusedin RSDA: Two objects
z,y areQ-indiscernableif relg(z) = @ = relp(y), andtheir inducedgranulesareequal.
The granulesof two consistentobjectscan be madeequal on the union of their relevant
attributesby filling in missingvaluesin onegranuleby valueswhich aredefinedin the other
granule.

It is clearfrom thedefinitionthat@ is reflexiveandsymmetric put notnecessarilyransitive.
Suchrelationsareusuallycalledtolerancerelationsor similarity relations Forz € U we
setQz(z) = {y € U : zQzy}. Thesets@Qz(z) arecalledsimilarity classesClearly,

Qz(z) ={y € U : (Va € Q)[a(z) = a(y) ora(z) is notdefined or a(y) is notdefined},
We call z € U a-casual(with respecto @ andZ), if a € @), and
(8.8.2) (Vy)ly € Qz(z) = y ¢ dom(a)].

In this case thereis no informationfor z with respecto attribute a from any granulecom-
patiblewith Zg.

For Table8.1we have thefollowing similarity classes:

Qz(z1)={z1,%6}, Qz(z5)={z4,25},
Qz(22)={z2}, Qz(z6)={z1,%6},
Qz(xs3)={z3, 25}, Qz(z7)={z7},

Or(za)={z4,z5,28}, Qz(zs)={z4,25}.

We obsenethatz, is a;-casual.

It is our aim to transforma partial systemZ into a systemwithout missingvalues. If the

granuleZg hasamissingvalueat, say a € @, we will try to imputeit from the a-valuesof

theobjectsin thesimilarity classof z. Thiswill notalwaysbepossibleand,if it is, theremay
notbeauniquevalue. Thus,theresultof theimputationprocesswill in some(or mary) cases
be a list of valuesfrom which a value may be picked, possiblyby other methods without

violating the consisteny.

Thenext resultis crucialfor ourimputationalgorithm:

Lemma 8.1. If relg(z) C relg(y) anda(z) = a(y) for all a € relg(z), thenQz(y) C
QI(.’IJ)



|. DUNTSCH & G. GEDIGA 75

Proof. Letrelg(z) C relg(y), andassumel«(y) € Qz(z). Then,thereis somez € U
suchthat

1. Whenevera € @ is definedfor y andz, thena(y) = a(z).

2. Thereis someag € @ suchthatag(z) andag(z) exist, anda(z) # a(z).

By theassumptionrelg (z) C relg(y), ao is definedfor y aswell. Sinceay(y) = ao(z) by
1.,wehaveay(x) # ao(y), contradictingu(z) = a(y) for all a € relg (). O

Next, we defineamappingm : U xQ —= U, cq 2V whichwill give usthepossiblémputable
valuesby collectingfor eachz € U andeacha € ) thoseentrieswhich appearasentries
a(y) in thegranulesnducedby ay € U whichis consistento x.

(8.8.3)
a(z), if a(z) is defined

m(z,a) = < {a(y) : y € Qz(z)}, if aisnotdefinedatz, buta is definedfor somey € Qz(z),
?, otherwise

We seethatm leavesuniquevaluesalone;furthermorejf o is notdefinedatary y € Qz(z),

i.e. if z is @ — casualthenwe will notbeableto fill theentry{z,a); in this casethereis no
“collateralknowledge”for (z,a). Thisis thecasewhenaruleis basedononly onegranule;
we have discussedhis briefly in [33].

Basedon Lemmas8.1,we cannow give a non-irvasiveimputationalgorithm.

Algorithm 1. Defineasequencef informationsystemsasfollows:
1. T, = T.
2. SupposehatZ = (U, Q, {V,+ : aF € Q}) is definedfor somek > 0.

(a) Findthesimilarity classe%)z, (z).
(b) Foreacha® € Q, z € U, let

ki1 m(x,a®), if Im(z,a")| =1,
a" " (z) = _
?, otherwise

(€) Seti1 « {a**1: a*F € Qp} andV, asa def Vs
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With this procedure,we successiely extend the attribute mappings;in other words, we
increase(or leave constant)relq(x). Lemmas8.1 now tells us that thereis a k& suchthat
Qz.(z) = Q1.4 (x) for allz € U. At this stepwe reportthe matrix (m(z, a))acq, - If
m(z,a) hasmore than one element,this setwill give us the possibilitiesfor value a(z),
basedon previousexperience.

Exceptfor thoseentriesfor which thereis no collateralknowledge thefirst stepof the algo-
rithm will putalist of possiblevaluesinto every othercell, sothat,in theend,all ? will be
removedin thesecells. Thus,in remaoving 7 entries,we cannotgetary better

Onemight aguethatthereis a biastowardsone elementsetsm(z, a), sincewe alwaysfill

thosein first, andthen computethe similarity classes.If we have committedoursehesto
minimisethe numberof remaining? andfill in whatever we can,we have no otherchoice:
We mustimputesingletondirst, sincethey areall we have in suchaninstance As remarled
above, this procedurdeadsto theleastnumberof remaining? cells.

The stepstaken by this methodfor the exampledataare givenin Table8.3. We have kept

m(z, a) to indicatehow thecompatibilitieschangeafterwe have extendedattribute functions
in onestep.

Table 8.3: Non-invasie imputationl

ay as as aa

1 5.00 4.00 3.00 2.00

Z9 ? 3.00 2.00 1.00

s 2.00 {as(zs)}  4.00 5.00

z4 | {a1(zs5),01(zs)} 2.00 {as(zs)} 3.00

Z5 2.00 2.00 {as(z3)} {as(z3),04(z4)}
Tg 5.00 4.00 3.00 2.00

7 3.00 2.00 1.00 1.00

s 3.00 2.00 5.00 {as(z4)}

After the first stepwe notethatwe cannotmake the table complete,sincez. is a;-casual.
Thereis someambiguityfor the obsenationsz, andz; which cannotberesohedin thefirst

step.Thereasoris thatthereare— atthis step— consistenteplacementsf themissingvalues
in z3, x5, andzg respectiely, which allow usto build a suitablegranulefor the predictionof

themissingvaluesof 24 andz;. Sincethe similarity classearereducedn step2, thereare
lesspossibilitiesfor replacementand,indeed all ambiguitiescanberesohed.

As anotherexample,considerthe datain Table8.6 takenfrom [59].
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Table 8.4: Non-irvasive imputationl|

Table 8.5: Non-irvasive imputationlll: Final state

ay as as aa ay as as aa

1 5.00 4.00 3.00 2.00 z1 | 5.00 4.00 3.00 2.00

Za ? 3.00 2.00 1.00 Za ? 3.00 2.00 1.00

z3 2.00 {2.00} 4.00 5.00 zz | 2.00 {2.00} 4.00 5.00

z4 | {a1(zg)} 2.00 {5.00} 3.00 z4 | {3.00} 2.00 {5.00} 3.00

Zs5 2.00 2.00 {4.00} {as(zs)} | zs5| 2.00 2.00 {4.00} {5.00}

Zg 5.00 4.00 3.00 2.00 zg | 5.00 4.00 3.00 2.00

7 3.00 2.00 1.00 1.00 z7 | 3.00 2.00 1.00 1.00

zg 3.00 2.00 5.00 {3.00} || zs | 3.00 2.00 5.00 {3.00}

Table 8.6: Cardatal Table 8.7: Cardatall

Car|Price Mileage Size |Max-Speed Car|Price|Mileage Size |Max-Speed

1 |high| low full low 1 |high| low full low

2 | low ? full low 2 |low | high full low

3| ? ? |compact low 3| ? ? |compact low

4 |high ? full high 4 | high| high full high

5 ? ? full high 5 [high| high full high

6 | low | high full ? 6 | low | high full low
We have

Qz(1) = {1}, Q2(2) = {2,6},Q2(3) = {3},
0z(4) = {4,5},02(5) = {4,5,6},9z(6) = {2,5,6}.

Obsene thatattribute 3 is price-andmileage-casualTheresultof ourimputationprocedure
is givenin Table8.7. The original in [59] hasan additionaldecisionattribute asshavn in
Table8.8. Thesimilarity classedor the new tableareasabove, exceptfor

Table 8.8: Extendeccardatal

Table 8.9: Extendectcardatall

Car|Price/Mileage| Size [Max-Speed d CarlPrice]Mileagd Size [Max-Speedl d

1 |high| low | full low good 1 |high| low | full low good
2 | low ? full low good 2 | low | high | full low good
3| ? ? comp. low poor 3| ? ? comp, low poor
4 | high ? full high good 4 | high ? full high good
5| ? ? full high |excellenf | 5 | ? ? full high  |excellent
6 | low | high | full ? good 6 | low | high | full low good
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Qz(4) = {4}, Qz(5) = {5},

dueto theseparatingf 4 and5 by the new attribute.

In the study [59], imputation criteria are derived from the complexity of rules which are
obtainedfrom the incompletesystem. Theseconstructionsare somavhatinvolved, andwe
refer the readerto [59] for details. The connectionbetweenthe rule compleity and the
quality of imputation,however, is notexplainedthere.

A simulationstudycarriedout in [44] hasshavn thatthe numberof possiblereplacements
is negatively correlatedwith statecomplexity. Thisis a price onehasto payif onewantsto
know the possible(andnot the probablebest)replacementsif the statecomplexity grows,
the chanceof mutualreplacementsvhich arein the underlyingdistribution of the datarises;
if the numberof missingvaluesgrows aswell, the risk of resultingin mary replacements
grows multiplicatively.

A directuseof the resultsof this proceduren further statisticalanalysiswill usuallynot be
feasible becaus¢henumberof possibledatasetswill beby fartoo highto beof ary practical
valuein, say a multiple imputationprocedurewhich needsonly a few numberof imputed
datasets([104, p. 117],[10€]). Theintensionof the proposedroceduras to inform theuser
of whatmight happenf missingvaluesareimputed,whichis a differentgoalto thanto find
a (statistical)procedurdo estimatea modelamongvariables.This interplayof non-irvasive
computingand more demandingstatisticalmodellingis intended: Non-invasive computing
shonvswhichresultsarepossiblefrom theobtaineddata— statisticalmodellingoffersthemost
probablesolutionof the problem.



Chapter 9

Beyond rough sets

We have saidatthebeginningof this bookthatwe regardtheroughsetmethodasa paradigm
whichis basedn the principles(1.1.1)and(1.1.2) Theseprinciplesare,of coursenotonly

applicableto thetraditionalrealmof roughsets- attributereductionandrule generatiorfrom

informationsystems but alsoin othersituations for example,approximationof regionsin

spatialreasoningandpsychometricskill theory In this Chapterwe shallexploreafew other
scenariogor the RSDA principles.

9.1 Relational attrib ute systems

Recallthatthe modelassumptionsf the OBJECT — ATTRIBUTE operationalisatiomere

1. Eachobjecthasexactly onevaluefor eachattribute ata givenpointin time.

2. Theobsenationof this valueis withouterror.

While we have addressethe secondconditionin Chapter7, we shalldiscussn this Section
how thefirst conditioncanbe extended.

A naturalway to relaxthe uniquenessf assignmenis to allow a setof attribute valuesto be
associateavith anobjectvia anattribute function, sothateachattributeis a mapping

a:U— 2",

We have alreadyencounteredhesestructurson p. 45 in Chapter5.1. Thesemulti-valued
information systemswere introducedby Lipski [67, 68] underthe nameof systemswith
incompleteinformation They are also usedin symbolic dataanalysis,e.g. [17, 18, 96]
andin roughset-basedataanalysisge.g.[86, 87, 124. .
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With suchsystemsthingsare not asstraightforvard asthey seem. Consideran attribute a
whichis interpretedas“Languagespolen”, andsupposehat

a(Tom) = {French,GermanEnglish}.
Therearemary possibleinterpretationsof which we list just four:

(9.9.1)
Tom speakd=renchor Germanor English(disjunctive, non-exclusive).

(9.9.2)
Tom speaksxactly oneof French,German English(disjunctive, exclusive).

(9.9.3)
Tom speakd-renchandGermanandEnglish,andpossiblyothers(conjunctve, non-exclusive).

(9.9.4)
Tom speakd-renchandGermanandEnglish,andno otherlanguagegconjunctve, exclusive).

It is thereforenecessaryo add semanticinformation to the designof the system,which
needgo befulfilled regardlesf the concretemodel,andin the sequele shall presenthe
approachakenin [37].

Thebasicideais to replacethe attribute functionsby attributerelations In this way, totality
(“Eachobjecthasat leastanattribute value”) anduniquenes$‘Each objecthasat mostone
attributevalue”) arespecialcase®f themoregenerakituation.We canalsouseseveralrela-
tionsfor thesameattributewhich candifferentiatebetweerdifferentsituations.For example,
we caninterpret

zI,t <= z certainlyspeakdanguage,
zB,t <= z possiblyspeakdanguagé.

Totality, uniqgueness(non-)exclusivenessan all be expressedas relationalconstraints for
which we needsomepreparation.Supposahat R C A x B. Weletran(R) = {y € B :
zRy for somez € A} betherange of R, anddom(R) = {z € A : zRy for somey € B}
bethedomainof R. Foreachz € A, welet R(z) = {y € B : zRy}. R” is thecorverseof
R, i.e.

(9.9.5) zR”y <= yRxz.

If RCAx B, SC B xC,thenR; S isthecompositiorof R and S, i.e.
(9.9.6) z(R; S)y <= (3z € B)[zRz andzSy].

We denoteby 1 4 theuniversalrelationon A

(9.9.7) la={(z,y) : =,y € A},
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andby 1/, theidentityrelationon A
(9.9.8) 1y = {{z,z) : z € A}.

Now, “I,, is afunction” (i.e. anattributein the corventionalsense)s equivalentto the equa-
tions

(9.9.9) I;1ly, =U XV, I, istotal,
(9.9.10) I,"; I, C 1y, I, is unique

This leadsto our maindefinition: A relational attribute system{RAS) is a structure

(U7 Qa (Ra>aeﬂa (Va>a697 A)

suchthat

1. U is afinite setof objects.
2. Q is afinite setof attributenames.
3. RCU x V, foreacha € Q andeachR € R,.

4. A is asetof constraints.

We do not want to put restrictionson A; the constraintswill often be expressiblein first
orderlogic or, morespecific,asrelationalequationsgxampledor constraintsare(9.9.9)and
(9.9.10)

For simplicity, we will restrictoursehesin the sequelto the caseof just oneattribute name
a, andtwo relations, B € R,, whichwewill interpretas

zIt <= z certainlyhasa-propertyt,
xBt <= z possiblyhasa-propertyt.

Therelation enabledisto expressconjunctive conditionswhile B allows disjunctive infor-
mationto beexpressed.

In orderto facilitatenotation,we supposehatwe have a matrix M in whichthe columnsare
labelledwith the elementsof V,, andthe rows with the elementsof U. If zI¢, we indicate
this by writing & into cell {z, t), andif zBt, we write $.

We wantto point out thatin this setupwe only expresspositive knowledge. Therefore the
absencef & or ¢ in cell (x,t) doesnot meanthatz doesnot have propertyt; this couldbe
expressedy introducinga third relation.
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A generakonstrainthatwe malkeis
(9.9.11) INnB=4§.

Therefore,we regard uncertaintyas strict in the sensethat Bt meansthat we regard z
possiblyhaving propertyt, but we ceratinlydo notknow for certain.In matrixform, (9.9.11)
canbeexpresseds

(9.9.12) Eachcell of M containsat mostoneentry.

In roughsettheory two objectsin a single-valuedinformationsystemare calledindiscern-
able,if they havethesamefeaturevector In amultivaluedsystenthereareotherpossibilities
which usesettheoreticrelationson the setsa(x). Thisleadsto theinformationrelationsfirst
studiedin [85]. Our relationalsettingextendstheserelationsin the following way: We will
considertherelations

(9.9.13) =G, 2, 0, D,
wherefor asetM andsubsetg, u of M,

tOu <= t Nu # B, andt andu areincomparablavith respecto C, (overlap)
tDu<=tNu=»0. (disjoint)

Note that O is a partial overlap,sincewe excludethe inclusions. The relationsof (9.9.13)
partition M x M. Such“intersectiontables” have beenconsideredn qualitatve spatial
reasoningfor example,in [39, 40] for theinterior I andboundaryB of setsin atopological
space.

SetH = IUB. Givenz,y inU, thereareninewaysof relatinganelemenof {I(z), B(z), H(z)}
with anelemenbf {I(y), B(y), H (y)}, andwe denotethesepossibilitiesby row headings

(9.9.14) II, IB, IH, BI, BB, BH, HI, HB, HH.

We cannow constructa relationaltable by indicating below eachheadingwhich of the re-
lations of (9.9.13)holds. Of course,not all configurationsare possible,sincewe have to
obsenetheconstraints

(9.9.15) H=IUBandInB=4,

which imply otherconditions. If, for example,one of the entriesis =, thenthe additional
constraintsare listed in Table 9.1. There,for example,the entry D in the cell {(I(z) =
I(y), BI) meanghatI(z) = I(y) impliesB(z) N I(y) = 0.

Usingtherelationdefinedbore, we cannow expressquite generakelationshipsamnongthe
objectsin U basedon their behaiour with respectto the attribute relations. Supposehat
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Table 9.1: Equality constraints

IT IB IH BI BB BH HI HB HH
I@)=14) |= D ¢ D 2
I@=Bly) |D = ¢ D 2
I@)=Hw) |2 2 = D D D 2 2 2
B(z)=1(y) | D = D ¢ 2
B@)=B@) | D D = ¢ 2
B@)=Hy|D D D 2 2 = 2 2 2
Haz)=Iw) |¢ D ¢ ¢ D ¢ = D ¢
H@)=Bw)|D ¢ ¢ D ¢ ¢ D = ¢
H(z) = H(y) ¢ ¢ 2 2 =

R,S € {I, B, H}, andthat(@ is oneof therelationsof (9.9.13) A relationT onU is called
anelementarynformationrelationif it hastheform

(9.9.16) Ty < (R(z), S(y)) € Q.

Any U, N —combinationof elementarynformationrelationsis calledana-informationrela-
tion. ; this generaliseshe informationrelationsof [85]. This canbe furthergeneralisedy
consideringmorethanoneattribute, but we shallnot considerthis here. A proof theoryfor
relationalattribute systemshasbeenpresentedhn [38].

As an examplewe will considerthe following situation: A procedureoften employed in
psychologicakesearchs expert-basedategorisation A collectionof N itemsa; — suchas
statementdyehaiour sequencestc— arepresentedo anexpert,whois askedto assigneach
oneto exactly oneof n categoriesC;. If two expertssolve thistask,thenthesecateyoriescan
becross-classifieth atableasfollows:

Catayory: ¢, C ... C,
No. of agreements| k1 k2 ... ky,

Oneproblemof this procedureds that expertsoften cannotor will not assigntheitemsto a
uniguecategory, sincestatementsr behaioural sequencesanoftenbeinterpretedn more
thanoneway, sothattherecouldbe morethanonecateyory to whichthey couldbeassigned.
By having to assignanitem to exactly one category, this informationis suppressedind,in
casethe expertsratingsdiffer significantly it cannotbe said whetherthe expertsstrongly
disagreeopr whetherthe categoriesarenot sufficiently discriminating.

In orderto surmountthis problem,one canoffer the expertsa choiceamongthe following
alternatves:

(9.9.17) Eachitemis assignedo a uniquecategory, asdescribedabove.
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Thisis the standargprocedureBut therearelessrestrictive possibilities:

(9.9.18) Eachitemis assignedo a maincategory andzeroor morelessercateyories.
(9.9.19) Eachitemis assignedo oneor morecateyories“aequoloco”.

We canexpresghesesituationsvith ourRAS operationalisatioasfollows: LetU = {E4, ... E:}
bethesetof experts,andfor eachitema;, 1 < < N, letV,, = {C1,...,C,} bethesetof
possiblecategories. Therelationswhich we considerare I, andB,,;; their meanings given

by

e (E,C) € I,, meanghatexpertE classifiestem a; ascertainlybelongingto category
C.

e (E,C) € B,, meanghatexpertE classifiedtema; aspossiblybelongingto category
C.

Theconstraintsorresponindo the conditions(9.9.17)-(9.9.19)canbe describedy

(9.9.20) I,, isafunction,andB,, = @ for all a;.
(9.9.21) I,, is afunction,andl,, N B,, = 0 for all a;.
(9.9.22) I,.istotalandB,, = 0 for all a;.

All theseconstraintcanbe expressedsrelationalequations.

Variousstatisticscannow be employedto gaugethe quality of (dis-)agreemengndonecan
explore the areasof possiblereconciliation. We invite the readerto consult[37] for more
detailsandexamples.

9.2 Non-invasietesttheory

Theaim of anassessmetis to find out which skills a personhasin a givenarea.An opera-
tionalisationof this domainof interestis oftena setof problems andatestcontainingthese
problemscanbe regardedasan empiricalsystem. A scalingwould mapthe testresultsto

somelinear scaleof grades.Thesegradeshowever, aresofar removedfrom the domainof

interest— the skills a personhas—, that alternatve methodsof “measurementheedto be
employed, if sensibleinformationis to be gained. The theoryof knowled@ structueshas
beendevelopedby DoignonandFalmagng?20, 21] to handlestructuraldependenciesmong
setsof problems.Typically, it providedrulessuchas

If personz cansolve problemp, then(s)hecanalsosolve problemg.
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The theory of knowledge structureshasbeenextensiely usedfor automatedassessment.
Onedrawvbackof the theorywasits assumptiorthat the ability to solve problemscould be
equatedo the possessionf appropriateskills, which, however, are not part of the theory
SubsequentlyDoignon[19] and Diintschand Gediga[27] independentlydevelopedsimilar
skill theories;in otherwords,they studiedthe operationalisation

Setof skills — Setof problems

In thesequelwe will follow theapproactgivenin [27, 46].

Supposéhat s is afinite setof skills, @ afinite setof dichotomougproblemsandU afinite
setof subjects. Foreachz € U welet s(z) bethesetof problemg(s)heis ableto solve. The
collection

Ks={s(z):z €U}

is calledthe empiricalknowled@ structure (EKS) with respecto @@ andU; the elementsf
K, arecalledempiricalknowled@ states

Obsenethats determinesarelationT; C U x @ suchthat
(9.9.23) xT'q <= z solvest.

With this in mind, we sometimeswill call atriple (U, Q,T) anEKS,whereT C U x Q.
This givesusthefreedomto intepretthe knowledgestatesn othersettingsfor example,zTq
could mean“Personz hassymptomg”. We remarkin passingthat sucha structureis the
sameasa context in the senseof [125].

A problemfunctionis amapping2® — ¢%, suchthat

(9.9.24) 00) =0, 6(S)=0Q.
(9.9.25) 4 is monotonewith respecto C..

We interpreté (X) asthesetof problemswhich canbe solvedwith theskillsin X. Theset
Ks = {K(X): X C S}

is calledtheskill knowled@ structuie (SKS)with respecto S and@. Its elementsarecalled
skill or theomretical knowledg states

Associatedvith § is arelationT's C @ x (29 \ {#}) suchthat

ql's X <= ¢ canbesolvedwith theskills in X, but notwith arny propersubsebf X.

1we follow, notwithout hesitation the nomenclaturef the psychologicaliterature.
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It canbe shawn that,givenour assumptionsn d,

(9.9.26) dom(Ts) = @,
(9.9.27) qTsX => X #0,
(9.9.28) ¢I's;X andql'sY = X =Y or X,Y areincomparablevith respecto C .

Corversely it canbe shavn thatfor every relationT” satisfying(9.9.26)— (9.9.28) thereis
exactly oneproblemfunctioné suchthatT's = I'. A relationwith thesepropertieds calleda
skill relation We caninterpretgl’ X as“X is minimally necessaryo solve ¢”, andcall X
a strategy for ¢. In whatfollows, we supposehata problemfunctioné is given,alongwith
its skill relationI'. We alsolet o () bethetrueskill stateof z, i.e. thesetof all skills from S
whichz possesses.

The aim of a testshouldnot be only to obsene which problemsa studenthassolved, but
rather which skills the studenthas. Dueto possiblydifferentsolving stratggiesandrandom
influencesthetrueskill stateof a subjectt is usuallynotdirectly obsenable,evenif s(t) isa
knowledgestatewhichis consistentvith thetheory Thereforewe have to look for waysto
approximater (t). To acquaintthe reademwith the proposedctonceptswe first look at some
examples:

Example 1. Supposehat@ = {m,p,q,7}, S ={a,b,c,d}, and

I(m) = {{a}, {b}},T(p) = {{c},{d}},T(q) = {{a, c}},T(r) = {{a,d}}.

Theassociate#knowledgestructureky is givenin Table9.2.

Table 9.2: Knowledgestructure Examplel

Skills 0 a b c d ab ac ad
Problems| @ | m |m | p P m | mpg | mpr
Skills bc | bd | cd | abe | abd | acd | bed S
Problems| mp | mp | p | mpg | mpr | Q mp Q

Now, let t solve exactly m andp. Then,s(t) is a knowledgestate,andé(X) = s(t) if and
only if X is oneof thesets

{b,c}, {b,d},{b,c,d}

Sincewe do not know which of thesesetsled to s(t), it follows that¢ certainly hasskill b,
which is containedn all thesesets,andpossiblythe skills b, ¢, d. If we hadd({b,¢,d}) =
{m,p, r}, thenwewouldstill havethesameset{b, ¢, d} of possibleskills with theadditional
informationthat¢ cannothave bothskills ¢, d, sincer ¢ s(). m|
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Example 2. WhereasExamplel shaws that true stateswithin a knowledge structurenot
necessarilymply auniquesetof skills for eachproblem,ambiguitywill comeinto play, even
if every problemcanbesolvedby exactly oneminimal skill set.

Let
I'(p1) = {{s1}},
F(p2) = {{31’32}}’
[(p3) = {{s1,52,83}},
F(p4) = {{31’32’33’34}}’
T(ps) = {{s1,52,53,54,55}},
T(ps) = {{s1,52, 53,54, 55,56} },

Thestatef K5 are

07 {p1}7 {p17p2}7 {p17p27p3}7 e {p17p27p37p47p57p6}-

Supposenow that s(t) = {p1,p2,p3,p6}. The problemarisesthat s(¢) is not a knowl-
edgestatein Ks; however, sincein this caseX’s is actually closedunderu and N, we

canfind the largeststates(t) = {pi1,ps,ps} belov s(t) and the smalleststates(t) =

{p1,p2,p3,P1,P5, 6} abOVE 5(2).

Thesubjectsolvesthefirst threeproblemsconsistentvith theskill theory Dueto thestructure
of the skill assignmentwe concludethat the body of certainknowledgeof the subjectis
{s1, s2,53}. Although the subjectdid not solve problemsp, andps, the subjectsolvesps.
Thoughthis is inconsistentith the theory we cannotprecludethatt indeedhasthe skills
necessaryo solve ps. Hence,with somejustification,we cansaythatan upperboundfor
o(t) is S. Theinterpretationof the set{s4, s5, s} containedn the upperboundbut notin
thelower boundis thatthe skills in this setarethosewhich the subjectpossiblyhas;in other
words,thesetdescribeshe“border” of the subjects knowledge. O

Example 3. Let@ = {p, q,r,m,n}, S = {a,b,c,d}, and

I(p) = {{a},{b}},

I(q) = {{a},{b}, {c}, {d}},
I(r) = {{c},{d}},

I'(m) = {{a,c},{a,d}},
I'(n) = {{b,c},{b,d}},

Theassociate#tnowledgestructureky is givenin Table9.3.
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Table 9.3: Knowledgestructure Example3

Skills 1] a b c d ab ac ad

Problems| @ pg |pg| gr | qgr | pg | pgrm | pgrm
Skills be bd cd | abe | abd | aed bed S

Problems| pgrn | pgrn | gr | Q | Q | Q Q Q

Figure9.1: Example3

{p,q,r,m} {p,q, 7 n}
N
{p,q,7}
N
g} {or}

Supposehats(t) = {p,q,r}. Thestatesin K5 \ {0, @} areunderlinedin Figure9.1. In
particular s(t) € Ks. Sincethetrue states{p,q} and{g,r} aresubsetf s(t), we can
assumehowever, thatt possesseary skill which belongsto all skill setsX with 6(X) =
{p, ¢}, aswell asary skill which belongsto all skill setsY with §(Y) = {q,r}. Thesetof
all theseskills determineshe lower boundof & (t), which, in this cases 0.

If we considetthesetof skillswhich# possiblyhas we seethatary of thesets{a, b}, {b, ¢}, {b,d}
is consistenwith {p, ¢, 7}, andthereforewe concludethatno skill canbedefinitelyexcluded
fromao(t). m|

Theseexamplesshaw that, in general,it is not possibleto give a necessarand sufficient
conditionrelating s(t) anda(¢). Furthermorejt is not clearwhat the connectionbetween
o(t) and s(t) shouldbe. One extremewould be that thereis no connectionat all: Each
g € s(t) is theresultof alucky guessandeachp € S\ o(t) is theresultof a careles®rror.

In orderto build a sensiblestructuraltheory we clearly needto limit the scopeof random
influencesandthereforejn the sequelwve shallassumewo conditions.First, let

s(t) = {T € Ks : T C s(t) andT is maximalwith this property},

Obserethats(t) € K5 impliess(t) = s(t). Now,

(9.9.29) s€o(t)= (g € s(t))(AX C 9)[¢I'X ands € X].
(9.9.30) (AT € s(t))(Vg e TY(VX C 9)[I'X = s € X] = s € o(t).
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Condition (9.9.29)relatesskills to solved problems:If ¢ hasa skill s, thenthis shouldbe
witnessedby someproblemwhich ¢ is ableto solve, and somestratgy of which requires
s. Note thatwe do not take into accountlatent skills andthus, carelesserrors. Condition
(9.9.30)saysthatif s(t) containsa maximalknowledgestateT" accordingto 4, thenwe can
assumehatt possessesachskill which is containedn eachstratayy for 7'. This limits the
possibility of lucky guessen s(t).

This leadsto the following definitions:

1. Theupperappoximationof o (t) is theset

(9.9.31) o(t) ={s€ S:(3qg e s(t)(AX C S)[¢T'X ands € X]}.

2. Thelower approximationof a(t) is theset

(9.9.32) o(t)={seS:(TT €s(t))(Vge T)(VX C S)[¢T'X = s € X]}.

3. Theareaof uncertaintyis the set

(9.9.33) )=o)\ o(t).

It is nothardto checkthatthesedefinitionsgive usthe upperandlower boundsheuristically
obtainedn Examplel — 3. Theconditions(9.9.29)and(9.9.30)now immediatelyimply

Proposition9.1. o(t) C a(t) C o(t).

Theinterpretationof (9.9.31)asthe upperboundof skills which ¢ possiblyhasimpliesthe
assumptiorthat

t certainlydoesnothave askill s if andonly if (Vg € s(2))(VX C S)[¢T'X = s ¢ X].

9.2.1 Application: Guttman scalingrevisited

Oneof thefirst investigatorgo realisethatdifferentscalingtechniqguesreneededor quali-
tative attributesandquantitatve oneswasL. Guttman[51, 52]:

“Guttmanimplicitly challengedhejustificationof applyingcorrelationanalysis
to attributes,thatis, manifestclassificationgor which only a few cateyoriesare
available”[60].
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He proposeda mathematicakcalemodelin which one assignsnumbersto individualsand
problemssuchthatt solvesg if andonly if thenumberassignedo ¢ is greatetthanthenumber
assignedo ¢. In themoreformaltermsof [24], anEKS (U, @, T') is Guttmanscalableif and
only if therearefunctionsf : U =+ N, g : Q — N suchthat

(9.9.34) zTq < f(z) > 9(9).

In oneof thefirst applicationsof Guttmans scalingtechnique Suchmar{119] investigated
physicalreactionsto dangersof battle experiencedby soldierswho have beenunderfire.
He shaved that subjectsand experiencedsymptonsform an almostperfectGuttmanscale.
Presencef symptomsn decreasingrequeny wasasfollows:

X; Violentpoundingof theheart 84%
X,  Sinkingfeelingof thestomach 73%
X3 Feelingsickatthestomach 57%
X, Shakingor tremblingall over 52%
X5 Feelingof stiffness 50%
Xg Feelingof weaknessr feelingfaint  42%
X7 Vomiting 35%
Xs Loosingcontrolof the bowels 21%
Xy Urinatingin pants 9%

A skill theoryconsistentvith Guttmanscalingmustassumehatthe itemsbecomeincreas-
ingly “difficult” with decreasingnanifesfrequeng. Thereforeastratgy for a“harder”item
mustcontainall the skills necessaryor “easier’itemsandat leastoneadditionalskill. In its
simplestform, we obtainthe following skill relation:

Po(X1) = {{A}},

Pa(X2) = {{A1, A2}},

Pa(Xs) = {{41, A2, As}},

Fg(Xy) = {{A1,A2, A3, As}},

Pa(Xs) = {{A1, A2, A3, Ay, As}},

Fa(Xe) = {{A1, A2, A3, Ay, A5, As}},

Ta(X7) = {{41, A2, A3, A4, A5, As, A7},
Ta(Xs) = {{A41, A2, As, A4, A5, Ag, A7, As}},
Ta(Xg) = {{A41, A2, A3, A4, A5, Ag, A7, Ag, Ag}}.

It is straightforvardto seethatthe correspondindC;, has10 states.

Looking at the symptomgandnot the obsened data),we obsenre the following threecate-
gories:
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e SlightsomaticsymptomsX, Xs.
o Mediumto severesymptonswithoutexcretionXs, X4, X5, Xs.
e ExcretionX7, Xo, Xs.

Assumingthatthe correspondingopulationscanbewell separatedandthatoccurencef all
symptomsin onegroupimplies occurenceof atleastone symptonof eachlower group,we
canconstructhefollowing skill relation:

I3(Xy) =
I3(Xs) =
I'3(X3) = {{BlaBz,Bs}}
(X4) = {{B1, B2, B4 }},
I'3(X5) = {{B1, B2, Bs}},
(Xe) = {{B1, B2, Bs}},
(X7) = {{B1,B2, B3, B4, Bs, Bs, B7}},
(Xs) = {{B1, Bs, B3, B4, Bs, Bs, Bs } },
(Xo)

I'3(Xy) = {{B1, B2, B3, B4, Bs, B, By} }.

Ks, hasthe 27 stateswhich have oneof theforms

P7 P ,g {X17X2}7
{X17X2}UP7 P,C‘{X37X47X57X6}7
{X17X27X37X47X57X6}UP7 Pg {X77X87X9}'

We have shown elsavhere[46] thatthe skill theoryendingupin K5, is moresuitableto the
empiricaldatapublishedin [119, p. 140] thanthe original Guttmanscaleversion.Table9.4
on the next pagedemonstratethat the setdifferenceof lower and upperapproximationof
skill setsis muchsmallerin the new scaleversionthanin the original, which supportsthe
statisticalfindingsin [46].
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Chapter 10

Epilogue

In this book,we have givenanintroductionto andanoverwiew of non-irvasive dataanalysis
basedon the paradigmof RSDA. We hopeto have shavn thatthereare effective andmath-
ematically well-foundedtools for non-invasive dataanalysis,and that the gain in “model

certainty” may outweighthe precise put often uncertain resultsof thosemethodswhich are
basedon strongmodelassumptions.

At the end, we would like to stressanotherargumentfor using non-irvasive dataanalysis
techniqueswhich follows from one of the mostexpensve negative resultsin the research
on dataanalysis: The STATLOG project[72] hadthe aim to find the bestalgorithm(s)for
supervisedearning. Its main resultwas that mostalgorithmswithin the competitionhave
aboutthe sameeffectivenessBecausét is obviousthatwe will notfind a “best” dataanal-
ysis methodwhenfollowing this path of maximaleffectivenesswe needother criteria for
choosinga gooddataanalysisstrateyy. We think thatthe criterion of “non-invasveness’is a
goodchoice:A gooddataanalysisalgorithmshouldbe not a black, but a white box; the user
shouldbe aware of all assumptionsindtheir consequencesr, at least,mostof them. This
book makesa first stepin this direction,andour procedures- e.g. the rough-entroy based
searchingSection6.2) or the lattice basedclassificatoryalgorithms([124]) — areasgoodas
theestablishedine tunedmethodsor supervisedearning.

The considerationsf this book shav thatmary situationscanbe describedwith the simple
trichotomy

Inside- Boundary- Outside.

anda very worthwhile researchaskis the investigationof systemswith boundaries.There
arealreadymary flourishingareasvhich areconcernedvith suchinvestigationfor example,
qualitative spatialreasoning13, 61], visualperceptior[47], or testtheory[46].
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An examplefor thethree-partonceptualisationf thedomainof interestis the“preparedness
theory” of SeligmarandSchwartz[108] in thefield of learningpsychology They distinguish
amongbeing

e Prepared for purebasicinstinctreactions,
e Unprepared for actionswhich anindividualis ableto learn,
e Contrapreparedfor actionswhich anindividualis notableto learn.

Onecausefor the low impactof this theorymay have beenthe unavailability of a methodol-
ogy which coulddealwith suchboundarysystems.

Most algorithmsusedin RSDA are NP-hard,andtherefore,good heuristicsare neededo
approximateptimalsolutions aswell assoftwarewhichimplementgheprocedureswWe will
ende&ourto list RSDA resource$n generalandcurrentsoftwaredevelopmentn particular
at

www. et hodos. co. uk/ noni nv/ resources. htni
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