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Laplace Transform: Definition
o jer
Analysis equation: X(1) =5 _[X (s)e*'ds
(Inverse Laplace transform) otJj®
Synthesis equation: X(s)= jx(t)e_” dr
(Laplace transform) —o0
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Laplace vs. CTFT

« CTFT i1s a special case of Laplace
transform.

 Laplace transform is CTFT of a
modulated signal.
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Laplace Transform: example

x,(t) = exp(-atu(t), a ~ R*.

»

0

Solution: (

I for Re{s} > —a
X(s)={ 6+
|undefined for Re{s}< —a.
|
Im{s}
—> Re{s}
—a 0
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Laplace Transform:

x()=—e u(-f)

x(r) = —exp(—at)u(—t), a ~ R*.

example

Solution:
‘ for Re{s}<—a
(s+a)
luudetmed for Re{s}>—a.
Im{s}
Z 0 » Re{s}
~a
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Laplace Spectrum
x(1) = et u(r).
Solution:
x(1) = e u(r); X(s)= 1
s+3
‘\(s)‘ < X(s)=—tan™ @
J(o‘+%) +° c+3
15-04-01 il 3 1 o 1 3 4 6
Re{s}= o
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Unilateral Laplace Transform

 Laplace transform of causal signals
simplifies into unilateral Laplace

transform.

X(s)= L{\(f)} = /.\'(t)e_”dr.
0-
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Laplace Transform Pairs (I)

Laplace Transform

e}

Region of Convergence

x(7) X(s) = I-Y(f) o~ dr (ROC)
1. x(¢) = 3(¢) _11 Entire s-plane
2.x(f) = u@) % Re{s} >0
3.x() = u(®) - u(t - a) Ls(l_e-ﬂs) Re{s} > 0
4.x(t) = e u(r) nis Re{s} > -a
5.x(0)=tu(r) SL Re{s} >0
_nl Re{s} >0

6. x(t) = 1" u(r)
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Laplace Transform Pairs (II)

1 fsl >
7.x(0)=te " u(f) (a+s) Refs} > —a
n _—at n! Re{.s-} = —a
8.x()=1 e u(t) (ats)™
s Re{s} >0
9. x(f) = cos(wof) u(t) o2t 52
D)
. o) Re{s} >0
10. x(f) = sm(ef) u(r) et
09+ §
K fel >
11. x(f) = exp(—at) cos(oof) u(t) (a+{:-;i<o§ Reis} a
12. x() = g ol Re{s} > —a
2. x(t) = exp(—at) sin(oo) u(f) (@rs) el
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Inverse Laplace Transform

 Cauchy theorem: contour integration
 For rational functions
— Partial fraction expansion

— Table look-up
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Properties of Laplace Transform (I)

Properties in the
time domain

CTFT:

©

X(jo)= l‘x(r)e”'“"dr

—-®

Laplace Transform

w

X(s)= j.\'(r)e’“ dt

-

Linearity: Y, (0) Y,(0) a; X, (s)+a,X,(s)
a, X, (0)+a, X, (¢
a,x,(1) + a,x, (1) e e ROC :at least R, N R,
Time Scaling: 1y(e) %X(i)
x(at) il with ROC : aR
Time Shifting: e X (@) e X (5)
x(1=1) with ROC : R
Frequency / s-domain Shifting: Y( ) X(s—s9)
ot XY(o-0 .
x(H)e’®" or x(t)e” 0 with ROC: R+ Re{s,}
Time Diffe’remiatiou: joX (o) sX(s)—x (0_ )
dx/dt with ROC : R
X(s)
X (o) 5

Time Integration: J x(r)dr

—o

+ X (0)3(w)

Jjo

s
with ROC :R [1Re{s} >0,
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Properties of Laplace Transform (II)

Frequency / s-domain

Differentiation: (—)x() - jdX / do dX / ds
Duality: .
7 "
X(0) 21 x(o) Not applicable
Time Convolution: ; i X, ()X, (s)
AX A -X 2 i) =
x, (1) % x, (1) 1(@)X5 (@) ROC includes R, MR,

Frequency / s-domain
Convolution: x, (¢)x, (1)

L X (0)* X, (o)

2~

X1 (s) * Xy (s)
ROC includes R; (1R,

Parsevals Relationship:

j () dr =% I

©

X(n))|2 do

-

Not applicable

Initial value:

©

lim sX (s)

b L [ X(0)do e
x(07) if it exists 2’ provided s = = is included
* in the ROC of sX(s).
. ) lim sX ()
Final value: Not applicable 50

x(o0) if it exists

provided s = 0 is included
in the ROC of sX{s).
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Properties of ROC (I)

1. The ROC consists of 2D strips parallel to the j-axis.

2. For aright sided function, the ROC takes the form Re{s} > ¢0 consisting of
the RHS of the s-plane.

3. For a left sided function, the ROC takes the form Re{s} < 60 consisting of
the LHS of the s-plane.

4.  For a finite duration function, the ROC consists of the entire s-plane except
for the possible deletion of the point s = 0.

5. For a double sided function, the ROC takes the form 61 <Re{s} < o2 and is
a strip within the s-plane.
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Properties of ROC (II)

6.  The ROC of a rational transfer function does not contain any pole.

7.  The ROC R for a right sided function with the rational transfer function H(s) is
given by R: Re{s} > Re{pr}, where pr is the location of the rightmost pole.

8. The ROC R for a left sided function with the rational transfer function H(s) is
given by R: Re{s} > Re{pl} where pl is the leftmost pole.

9. For a stable and causal LTIC system, all poles of the transfer function should
lie in the left half s-plane.
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Im{s}
double poles at 5 =0.
(s+4)(s5+5) \
S)=— R
H,(8) =36 8 6 4 = T A6 s 7
Im{s}
x [
N (s >
H,(9)= a5 8 6 4 -2 0] 2 468 .
L3
Im{s}
I + Jj3n
H,(s)=—1 p
3 410 8 6 4 t OV % A k8
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Applications of Laplace transform
* Solving Differential Equations
 Laplace analysis of LTIC systems
_ System function (transfer function)

— Zeros and poles

15-04-01
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Transfer Function of LTIC Systems

 Transfer function of LTIC is defined as
Laplace transform of impulse response.

Cascaded Configuration:

X(s) —|  H(s)

Laplace Analysis of LTIC systems (I)

W)

Hy(s)

— Y(5)

X(s)—

H(s)=H,(s)H,(s)
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> V()

h(1) = hy () % hy (1) 2> H(s) = H, (s)H, (5)
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Laplace Analysis of LTIC systems (II)

Parallel Configuration:

X(s) —»

Hs)

%(s)

Y(s)

\ 4

Hys)

L (s)

X(s)—>

H(s)=H,(s)+H,(s) —— Y(5)

15-04-01 h(t) = hy (£) + hy (1) <> H(s) = H,(s) + H, (s) 19

Laplace Analysis of LTIC systems (I1I)
Feedback Configuration:
X(s) —— SN > Y(s)
Wi(s)
H(s) ¢
_ H,(s) _
y X(S)—’H(S)_1+H1(S)H2(S) > Y(s) )
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