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| Adders

‘ Ripple-Carry Adder
Carry-Bypass Adder
Carry-Select Adder
Carry-Lookahead Adder




| Full-Adder
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| The Binary Adder
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‘ Generate, Propagate, and Delete

| Define 3 new variable which ONLY depend on A, B

Generate (G) = AB
Propagate (P) =A ® B
Delete=A B
CO{G,P} = (r+ PCi
S(G,.P)=FP® Ci

Can also derive expressions for S and C, based on D and P

Note that we will be sometimes using an alternate definition for
Propagate (P) =A + B

|The Ripple-Carry Adder

‘ A B A, B A, B, A; B,
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Worst case delay linear with the number of bits
t; = O(N)

tadder = (N'1)tcarry + tsum

Goal: Make the fastest possible carry path circuit




lCompIimentary Static CMOS Full Adder

VDD

28 Transistors

| Inversion Property

E{_JI,I:‘,CE) = s:ﬁ,ﬂ,c‘.}

CA,B,C=C (A,B,C)




‘Minimize Critical Path by Reducing Inverting Stages

Even cell Odd cell
A, By A, B, A, B, A Bs
Vo oy b b
Cio Coo Co,1 Coz2 Cos3
Y { } {
S S, S, S,

Exploit Inversion Property

‘ A Better Structure: The Mirror Adder

Vob
Voo Voo p-2
A_al . Kill A-4 &
"0"-Propagate . E A _4 c. ﬁ |5-Ci§
"1"-Propagate ; A-l Generate LI |_ -
S S

24 transistors




| Notes on the Mirror Adder

| The NMOS and PMOS chains are completely symmetrical.

A maximum of two series transistors can be observed in
the carry-generation circuitry.

When laying out the cell, the most critical issue is the
minimization of the capacitance at node C,. The reduction
of the diffusion capacitances is particularly important.

The capacitance at node C, is composed of four diffusion
capacitances, two internal gate capacitances, and six gate
capacitances in the connecting adder cell .

The transistors connected to C, are placed closest to the
output.

Only the transistors in the carry stage have to be
optimized for optimal speed.

Full Adder Implementation

) ab
)
e T “'—L]J_I c,.

':II'I
T.J \ g

a b

-1

Standard CMOS Multiplexer-based




| Transmission Gate Full Adder
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| Manchester Carry Chain

| Static Dynamic
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| Manchester Carry Chain

Implement P with pass-transistors
Implement G with pull-up, delete with pull-down
Use dynamic logic to reduce the complexity and speed

R e
IR P
Cio Goo_|5 G1o—|5 G, 6
oy . | |
I|:|T_ I|:|=_ ||:|=_ 1 1
[ O A
| Carry-Bypass Adder
| Py G Py G P, G, Py G, Also called
G v 3 o ¥ . y 3 . y 3 .., Carry-Skip

Idea: If (PO and P1 and P2 and P3 = 1)
then Co3 = Co, else “kill” or “generate”.




| Carry-Bypass Adder

Bit 0-3 Bit 4-7 Bit 8-11 Bit 12-15
-Set t, -S t -S t -S 1
up l setup etup tbypass etup etup
e
Carry || Carry Carry Carry
| propagation propagation propagation propagation
M bits

tadder = tsetup + Mtcarry + (N/M'1 )tbypass + (M'1 )tcarry +t

sum

| Carry-Bypass Adder

e

AND AND

Critical path, delay  A=2(&-1p+=(N/&-2)




|Carry Ripple vs. Carry-Bypass

4.8 N

| Carry-Bypass Adder

‘ Yariable Group Length

T it
I %z *a g LT3 Xg LT
n=64 AzmT=24

X =Xy = 4 L= yp=T, == I, x, =x = 11

=0+ -.I','IC'}?"-T+£‘3

Oklobdzija, Bames, Anith'85
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| Carry-Bypass Adder
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| Carry-Select Adder

‘ Setup

e JU

"0" ——{ "0" Carry Propagation

L
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Carry Vector

Sum Generation
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| cSA

: Critical Path

Bit 0-3 Bit 4-7 Bit 8—11 Bit 12-15
Setup | | Setup | | Setup | | Setup |
[ | Jd i
0 0-Carry | 0—>| 0-Carry | 0—>| 0-Carry | 0—>| 0-Carry |
<L
1 1-Carry | 1—>| 1-Carr | 1—>| 1- Carry | 1—>| 1-Carry |
4 4 4
c Multiplexer |—>| Multlplexer |—>| Multlplexer |—>| Multiplexer |—>C
1,0 0,7 0,11 0,15
{4 4 4 J
|Sum Generation| |Sum Generation| |Sum Generation| |Sum Generation|
So-3 Siz Sg_11 Si2-15

l Linear Carry Select

‘ Bit 0-3 Bit 4-7 Bit 8-11 Bit 12-15
Setup Setup Setup Setup
wgw "0" Carry "0" Carry "0" Carry "0" Carry

/]

"1" Carry ‘ "1'" Carry 4,| "1" Carry ‘ _ "1'" Carry
niw niw

.
g, Lol , Lol , ToL

4>( Multiplexer F»‘ Multiplexer ’—-I Multiplexer F»‘ Multiplexer |—>
Cio

1L 1L 4 1
Sum Generation

Sum Generation Sum Generation Sum Generation

So-3 Sy Sg.11 S12as (10)

tadd’ = tsemp * [J%r] Learry + M tmux +tmm
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ISquare Root Carry Select

| Bit 0-1 Bit 2-4 Bit 5-8 Bit 9-13 Bit 14-19

Setup ‘ Setup Setup Setup
(7]

"0_“>| 0 Carry‘ “.0_”( 0" Carry ‘ ”0_"_,( 0" Carry | ”0",( 0" Carry ‘
L2 2N

of 1 4 ] 4L ] L

o "1" Carry o "1" Carry N "1" Carry g "1" Carry
616 @ &) (©) )
71 @ 3) (6) ) AL JL

_,| Multipl I | Multipl } | Multiplexer lf_.I Multiplexer ’;
Cio

Sum GeneratiTn ‘ Sum Generationr ‘ Sum Generation Sum Generation ‘ Sum
So-1 Sr4 Ss-g So.13 Sta-19
r = f +P JENE )
add ~ “setup carry S Y " sum

|Adder Delays

Comparison
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N
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| Carry-Lookahead Adders

| Carry-Lookahead Adder — CLA

Adder trees
Radix of a tree
Minimum depth trees
Sparse trees

Logic manipulation

Conventional vs. Ling
Stack height limiting

| LookAhead - Basic Idea

| Ao, By Ay, By AN-1> Byt

.

Cox = fMAYBp Co 1) = G +PCo k1
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| Generate and Propagate

Define 3 new variable which ONLY depend on A, B

Generate (G) = AB
Propagate (P) =A ® B
Delete=A B
CO{G,P} = (r+ PCi
S(G,.P)=FP® Ci

Can also derive expressions for S and C, based on D and P

Note that we will be sometimes using an alternate definition for
Propagate (P) =A + B

| Lookahead Adder

Lookahead Equations
Position i: € =8+ P,
Position i+1:  ¢,,, = g,,, + P:./C;

=gin*+Di(g +pciy)
=it Pin& + PinPiCit)

Carry exists if:

Generated in stage i+1
Generated in stage / and propagated through i+1
Propagated through both iand j+1
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| Block Lookahead

I' Example for 4t bit carry:

Crrs =83 T Pis38is2 t Pis3Pis28in1 t Pis3Pis2 Pin&i
+ Pi3PiaPini PiCiy

» Block generate and block propagate:

Gi,i+3 =83t D382 T Piv3Pi28in1 t Piv3Pi2Pini &,
Pi,i+3 = Piv3Pi2Pin Pi

Civa = G',i+3 + ])i,i+3ci—1

1

| Look-Ahead: Topology

Mirror implementation

Expanding Lookahead equations:

Cox = G+ P (G 1 +P 1 Cpy o)

All the way:

Cok = G +P (G +P_ (- +Py(Gy +PoC )

Po { H
3 | H
P, | H

Py— H
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|Logarithmic Look-Ahead Adder

-
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| Carry Lookahead Trees

Co.0 = Go t PoCi,o
Co 1 = Gt P1Got P1PC 0
Cor = Gy +P,G, +P,P G+ P2P1P0Ci, 0
= (G, + P,G)) + (P,P)(Gy + PyC; ) = G,y + Py Cy

Can continue building the tree hierarchically.
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|Tree Adders

| PG =D,.-P m: more significant bit

GG =g +PD,.8g I: less significant bit

Start from the input P, G and continue up the tree.

(g,p)=(g, P, *(g,p)
=(g + P& Pn-P;)

Kogge, Stone, Trans on Comp. 1973

| Tree Adders: Radix 2

7
S O O

0O O 0 O 0O O
5 =~ 3 53 3 % O3 O O3 03 3 0T O3 3
@ o4 4 d @ d dddd g g g g
5 0+ & A X B ®» & B B ...
< £ £ ¥« £ &£ £ g £ < & & ¥ & 3

L =2 2 = =2

16-bit radix-2 Kogge-Stone tree
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| Tree Adders: Radix 4

16-bit radix-4 Kogge-Stone Tree

| Tree Adders: Sparse Trees

16-bit radix-2 sparse tree with sparseness of 2
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| Tree Adders: Brent-Kung Tree

~~~~~~~~~~ < = =~ e = >

@ @ @ @ @ @ @ @ @ @ g g g g o o
................
£ £ £ ¢ £ £ g £ <% 2 & & 2 & o2
€ £ g g g L 2o oF o2oE

Brent-Kung Tree

| Tree Adders: Ladner-Fischer

20



| Full versus Sparse Trees

| Sparse trees have
less transistors,
wires — less power

Less input loading

Recovering missing

carries — ripple or
precompute
Complex

precomputer can get
into the critical path

=1000 1
2 900 — Radix-4 Kogge-Stone
E —Radix-4 2-Sparse
E BOO | —Radix-4 4-Sparse
‘= 700 -
g 500 -23.3%
= 500
S 400
'_ 1 L L L
300751 13 5 7
= Adder Delay

[FO4]

| Ling Adder
| Variation of CLA
Conventional
pi=a,®D,
g =a;"b,
Gi =& T D 'Gi-l
S;=p, &G,

Ling’ s equations

t,=a;+b,

g =a;"b

H =g+t ‘H,

S =t ®H+gt _H,_,

Ling, IBM J. Res. Dev., 5, 1981
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| Ling Adder

| Conventional radix-4
Gy =g, +1,8, + 11,8, + 11,18,
Ling radix-4
H,=g.+t,g, +t,1,g, +1,1,1,8,
=g,+g,+1,g +L1g,

Reduces the stack height (or width)
Reduces input loading

Ling versus CLA

g0 7
55 4 1

50 \
a5 —R2ling] _—
S a0 —RICLA

= ae
@ 35

£ 20 /{—muu:

15
10

Delay [FO4]

R. Zlatanovici and B. Nikolic, ESSCIRC 2003
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| Stack Height Limiting

‘ G4, = G, + P;Gyy, +P; P,y -Gy + PP PiyyGios

G4, = (G, + Gy, + Gy + PiGiy) - (G + P - P, 1)‘

A..n B”—‘EB ,__’é |q}
A= }‘Bkz
wﬂmj

A;
B :{«é Acar _{Sl_ B Park, VLSI Circ’00

o0
Clk © G=ap,
. tﬁ%
b, o—||:
cik —| IEL

Propagate Generate
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| Example: Domino Adder

Propagate Generate

| Example: Domino Sum
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CSE4210 Architecture & Hardware for DSP

‘ Multipliers

|The Binary Multiplication

‘ M+N-1 X

L-XxY- 3 Z.2
k-0

M-1

[ 3 X2
i-0

M-1

=2

i-0

N1
S sz]
i-0

N-1
>

J

Xinz“J]
0
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| The Binary Multiplication

1701010 Multiplicand: N bits

X 10 1 1 Multiplier: M bits

RN
o
RN
o

10
L — i
3 g AND operation

N
o
N
o
N

0 00O [ Partial products

+ 101010

o
o

17171001110 Result: N+M bits

| Shift-and-Add Multiplier

Standard adder and shift-in the
multiplicand

Shift the result as well and add
N cycles

Parallel adders and more hardware
(adders) instead.
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lThe Array Multiplier

X3 g X2 g X4 Xo
)gg ng xg lxog Y1 Zg
HA FA FA HA
ng ng x@ xog v, Yz,
FA [« FA |< FA HA
Y, Yz
)gg ng x1g xog 2
FA FA |< FA |< HA
Yz, Yz, Yz, Yz,

l The MxN Array Multiplier— Critical Path

|

!

I

!

FA |«

J’r_L

FA }4

!

¥

FA |

HA

—

—

HA FA FA i HA

l ;l,_L | !
FA FA FA [« S7Y I—
L S

Critical Path 1
Critical Path 2

Critical Path 1 & 2

Oppiage LM =1y N2yt (N-If o < N1,

L
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Carry-Save Multiplier

Vector Merging Adder

= l.-v I_]t

Lyuts carry HV -1t g g tm?rgr

Multiplier Floorplan

HA Multiplier Cell

FA Multiplier Cell

Vector Merging Cell

X and Y signals are broadcasted
through the complete array.

()
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| Multipliers

| Partial product generation
Partial product accumulation
Final summation

| Wallace-Tree Multiplier
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| Wallace-Tree Multiplier

Partial products

6 5 4

O O 0 oOow

o
(a)

Second stage

6 5 4
FA
(c

)
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o 0=
oo

3 2 10

o o o
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First stage

6 5 4 3
o o o o

) o
.
(b)

Final adder
3

(d)

o o0 oN

N

1 0 Bit position
o o

1

oo

| Wallace-Tree Multiplier

Fartial products

Final adder

Xa¥o
X1 Yo

X

XoVg

X3¥a Xa¥az  Xg¥q XqYa  Xg¥g Xq¥q
Xo¥a
[ra| [ra| [ra] [Fa]
> ____°_____ &2 _ ____& _ ____e___v_ __4d
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| Multipliers —Summary

+ Optimization Goals Different Vs Binary Adder
* Once Again: Identify Critical Path

* Other possible techniques

- Logarithmic versus Linear (Wallace Tree Mult)
- Data encoding (Booth)

- Pipelining

FIRST GLIMPSE AT SYSTEM LEVEL OPTIMIZATION

| Acknowledgement

| The materials are adopted from “Digital
Integrated Circuits: A Design Perspective”
by Jan M. Rabaey, Anantha
Chandrakasan, and Borivoje Nikolic, 2nd
Edition, 2003, Pearson.

31



