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| Adders

| Ripple-Carry Adder
Carry-Bypass Adder
Carry-Select Adder
Carry-Lookahead Adder




| Full-Adder
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|The Binary Adder
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| Generate, Propagate, and Delete

| Define 3 new variable which ONLY depend on A, B

Generate (G) = AB
Propagate (P)=A @B
Delete =A B
C (G,P) = G+ PC.
o 14

S(G,P) = P®C;

Can also derive expressions for S and C, based on D and P

Note that we will be sometimes using an alternate definition for
Propagate (P)=A + B

|The Ripple-Carry Adder
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Worst case delay linear with the number of bits
ty = O(N)

tadder = (N'l)tcarry + tsum

Goal: Make the fastest possible carry path circuit




| Activity 1

| Derive the values of A, and B, (k=0, ..., N-1)
so that the worst case delay is obtained for
the ripple-carry adder.

|Comp|imentary Static CMOS Full Adder

C,=AB+BC,+AC,S=ABC,+C (A+B+C))
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| Inversion Property
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|Minimize Critical Path by Reducing Inverting Stages

Even cell Odd cell
Ay By A, B; A, B, A; Bj
b . b .
C|,O CO,O ) C0,1 C0,2 Co 3
—>{ FA p—>9 FA > FA p—>q9 FA —
{ { y f
So S, S, S3

Exploit Inversion Property




| A Better Structure: The Mirror Adder

| CG(G, Py =G+ Pci Generate (G) = AB
Propagate (P)=A ®B
S P) = PO Ci Delete :fg
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| Full Adder Implementation
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Standard CMOS Multiplexer-based

S=A®B®C,
C,=AB+C,(A®B)




| Full-Adder
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Multiplexer

Idea: If (PO and P1 and P2 and P3 =1)
then Cy3 = Cg, else “kill” or “generate”.




| Carry-Bypass Adder

Bit 0-3 Bit 4-7 Bit 8-11 Bit 12-15
—_—
Carry || Carry Carry Carry
| propagation propagation propagation propagation
M bits

tadder = t:setup + Mtcarry + (N/M'l)tbypass + (M'l)tcarry + t:sum

|Carry Ripple vs. Carry-Bypass

ripple adder

bypass adder
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| Carry-Select Adder
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| Linear Carry Select
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|Square Root Carry Select
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|Adder Delays - Comparison
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| Carry-Lookahead Adders

| Carry-Lookahead Adder — CLA

Adder trees
Radix of a tree

Logic manipulation
Conventional vs. Ling
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| LookAhead - Basic Idea

| Ao Bo A1 By An-1) Bng
| | |

Cok = F(Ak Bk Cok-1) = Gk +PkCo k-1

| Generate, Propagate, and Delete

| Define 3 new variable which ONLY depend on A, B

Generate (G) = AB
Propagate (P)=A ®B
Delete =A B
CO(G,P) =G+ PCi
S(G,P) = P® Ci

Can also derive expressions for S and C, based on D and P

Note that we will be sometimes using an alternate definition for
Propagate (P)=A + B
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| Lookahead Adder

| Lookahead Equations
Position i: C=0+PC
Position i+1: Cy =0, + PisC
=0 + P (9 + PCy)
=0is T PG + B PGy
Carry exists if:
Generated in stage i+1

Generated in stage i and propagated through i+1
Propagated through both i and i+1

| Block Lookahead

|- Example for 4™ bit carry:

t+4 g|+3 + p|+3g|+2 + p|+3 p|+Zg|+1 + p|+3 p|+2 p|+1g|
* Pir3Pi2 Pisa PiCiy

» Block generate and block propagate:

| i+3 g|+3 + p|+3g|+2 + p|+3 p|+29|+l + p|+3 p|+2 p|+1g|

| i+3 p|+3 p|+2 p|+1 pl
=G, ., +P

i,i+3 i, |+3




| Look-Ahead: Topology

| Expanding Lookahead equations:
Cok = Gkt Pr(Gro1*Pi-1Co k-2)
All the way:
Cok = Gk +Pu(Gy-1+Py_1(... *P1(Go *+PoCi 0)))

An example:

C0,3 = g3 + p3g2 + p3 p291 + p3 p2 plgo + p3 p2 pl pOCi,O

|Logarithmic Look-Ahead Adder
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| Carry Lookahead Trees

Co,o = Go + I:)oCi,o

Co,l = Gl + PlGO + P1P0Ci,0 = (Gl + PlGO)+ (P1P0)Ci,0 = Gl,O + I:’1,oci,o
Co,z = Gz + P2G1 + Pz PlGO + Pz I:)1P0Ci,o = G2,1 + P2,1Co,o

Co,3 = Gs + P3Gz + P3 PG, + P3F)2 PlGo + P3P2 P1P0Ci,0 = Gg,z + P3,2Co,1

Can continue building the tree hierarchically.

| Tree Adders

| PG =P,.-P m: more significant bit
GG =0, * P,-0, I: less significant bit

Start from the input P, G and continue up the tree.
dot operation:

(91 p):(gm’ pm).(gI' pl)
=(9n + Pn-G1s Pr-Py)

Kogge, Stone, Trans on Comp. 1973




| Activity 2

| Show that C, 5 of a 4-bit ripple-carry adder
can be expressed as a function of 2 group
carries, i.e.

Co3=(G32, P3,).(G1 ¢, P1g) -(Ci0,0)

| Tree Adders: Radix 2

|D -- creation of P and G signal @ -- dot operation <> -- sum generation

16-bit radix-2 Kogge-Stone tree:
1. Building block of order 2
2. requires 49 dot operations
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| Tree Adders: Radix 4

16-bit radix-4 Kogge-Stone Tree:

1. Build block of order 4

2. Two stages of carry logic

3. Complex circuit for group of 4 dot operation

|Ling Adder

| Variation of CLA

Conventional Ling’ s equations
p,=2a @b t=a +b

g =a-hb g, =23 -b

G =0+p-G, Hi=0+t,-H
S;=p &G, , S =4, ®H +git, H;

Ling, IBM J. Res. Dev., 5, 1981
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|Ling Adder

| Conventional radix-4
G,=0,+t,0, +t;t,9, +t,t,t,9,
Ling radix-4
H,=0,+t,0, +t,t,0, +t,t,t, 0,
=0,+0,+t,0,+t,t,9,

Reduces the stack height (or width)
Reduces input loading

| Ling versus CLA
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R. Zlatanovici and B. Nikolic, ESSCIRC 2003
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| Multipliers

|The Binary Multiplication

| M~+N-1 K
Z=-X:Y= y Z2
k-0

M-1 i N-1 .
s X2'| v v;2

i-0 -0
M-1
>
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with

M-1 i
X= v X2
i=0

N-1 )
Y=y v2
j=0
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| The Binary Multiplication

101010 Multiplicand: N bits

X 1011 Multiplier: M bits

101010 .
AND operation
101010 |

000O0O0O O [ Partial products
+ 1 01010

111001110 Result: N+M bits

| Shift-and-Add Multiplier

Standard adder and shift-in the
multiplicand

Shift the result as well and add
N cycles

Parallel adders and more hardware
(adders) instead.
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|The Array Multiplier
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|The MxN Array Multiplier— Critical Path
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Critical Path 1 & 2

tmult ~ I:( M _1) + ( N — 2):|tcarry + ( N _1) tsum + tand
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| Carry-Save Multiplier

Vector Merging Adder

tmult ~ (N _1)t

+lerge T 1

and

| Multiplier Floorplan

Yo —»

Y1 —>

D HA Multiplier Cell
I:I FA Multiplier Cell
. Vector Merging Cell

X and Y signals are broadcasted
through the complete array.
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| Multipliers

| Partial product generation
Partial product accumulation

Final summation

| Wallace-Tree Multiplier
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| Wallace-Tree Multiplier

Partial products
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| Wallace-Tree Multiplier
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| Multipliers —Summary

» Optimization Goals Different Vs Binary Adder
* Once Again: Identify Critical Path

» Other possible techniques

- Logarithmic versus Linear (Wallace Tree Mult)

- Data encoding (Booth)
- Pipelining

FIRST GLIMPSE AT SYSTEM LEVEL OPTIMIZATION
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