
8–4 CHAPTER 8. Natural and Step Responses of RLC Circuits

AP 8.8 vc(t) = vf + e−αt[B ′

1 cos ωdt + B ′

2 sin ωdt], vf = 100 V

vc(0
+) = 50 V;

dvc(0
+)

dt
= 0; therefore 50 = 100 + B ′

1

B ′

1 = −50 V; 0 = −αB ′

1 + ωdB
′

2

Therefore B ′

2 =
α

ωd
B ′

1 =
(

8000

6000

)

(−50) = −66.67 V

Therefore vc(t) = 100 − e−8000t[50 cos 6000t + 66.67 sin 6000t] V, t ≥ 0

Problems

P 8.1 [a] iR(0) =
25

125
= 200 mA

iL(0) = −300 mA

iC(0) = −iL(0) − iR(0) = 300 − 200 = 100 mA

[b] α =
1

2RC
=

1

2(125)(5 × 10−6)
= 800

ωo =

√

1

LC
=

√

1

(200 × 10−3)(8 × 10−6)
= 1000

α2 < ω2
0 The response is underdamped

ωd =
√

ω2
0 − α2 =

√
10002 − 8002 = 600

v = B1e
−800t cos 600t + B2e

−800t sin 600t

v(0) = B1 = 25

dv

dt
(0) = −αB1 + ωdB2 =

1

C
iC(0)

So, − 800(25) + 600B2 =
1

5 × 10−6
(0.1) = 20,000

·. . B2 =
20,000 + 800(25)

600
= 66.67

v = 25e−800t cos 600t + 66.67e−800t sin 600t V, t ≥ 0
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Problems 8–5

[c] iC = C
dv

dt

= 5 × 10−6[20,000e−800t cos 600t − 68,333.33e−800t sin 600t]

= 100e−800t cos 600t − 341.67e−800t sin 600t mA

iR =
v

R
= 200e−800t cos 600t + 533.36e−800t sin 600t mA

iL = −iC − iR = −300e−800t cos 600t − 191.7e−800t sin 600t mA, t ≥ 0

P 8.2
1

2RC
=

1

2(100)(5 × 10−6)
= 1000

ω0 =

√

1

LC
=

√

1

(200 × 10−3)(5 × 10−6)
= 1000

α2 = ω2
0 So the response is critically damped

v(t) = D1te
−1000t + D2e

−1000t

v(0+) = 25 V = D2

dv(0+)

dt
= D1 − αD2 =

1

C

(

−I0 −
V0

R

)

So, D1 − 1000(25) =
1

5 × 10−6

(

0.3 − 25

100

)

·. . D1 = 35,000

v(t) = 35,000e−1000t + 25e−1000t V, t ≥ 0

P 8.3 α =
1

2RC
=

1

2(80)(5 × 10−6)
= 1250

ω0 =

√

1

LC
=

√

1

(200 × 10−3)(5 × 10−6)
= 1000

α2 > ω2
0 So the response is overdamped

s1,2 = −1250 ±
√

12502 − 10002 = −500,−2000

v(t) = A1e
−500t + A2e

−2000t
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8–6 CHAPTER 8. Natural and Step Responses of RLC Circuits

v(0) = A1 + A2 = 25

dv

dt
(0) = −500A1 − 2000A2 =

1

C

(

−I0 −
V0

R

)

=
1

5 × 10−6

(

0.3 − 25

80

)

= −2500

Solving, A1 = 31.67, A2 = −6.67

v(t) = 31.67e−500t − 6.67e−2000t V, t ≥ 0

P 8.4 [a] α =
1

2RC
=

1012

(4000)(10)
= 25,000

ω2
o =

1

LC
=

1012

(250)(10)
= 4 × 108

s1,2 = −25,000 ±
√

625 × 106 − 400 × 106 = −25,000 ± 15,000

s1 = −10,000 rad/s

s2 = −40,000 rad/s

[b] overdamped

[c] ωd =
√

ω2
o − α2

·. . α2 = ω2
o − ω2

d = 4 × 108 − 144 × 106 = 256 × 106

α = 16 × 103 = 16,000

1

2RC
= 16,000; ·. . R =

109

(32,000)(10)
= 3125 Ω

[d] s1 = −16,000 + j12,000 rad/s; s2 = −16,000 − j12,000 rad/s

[e] α = 4 × 104 =
1

2RC
; ·. . R =

1

2C(4 × 104)
= 2500 Ω

P 8.5 [a] −α +
√

α2 − ω2
o = −1000

−α −
√

α2 − ω2
o = −4000

Adding the above equations, − 2α = −5000

α = 2500 rad/s

−2500 ±
√

25002 − ω2
0 = −1000 so

√

25002 − ω2
0 = 1500

·. . −ω2
0 = 15002 − 25002 thus ω0 = 2000

ω2
0 =

1

LC
=

1

(0.01)C
= 20002 so C =

1

(0.01)20002
= 25 µF

α =
1

2RC
=

1

2R(25 × 10−6)
= 2500 so R =

1

2(25 × 10−6)(2500)
= 8 Ω
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8–6 CHAPTER 8. Natural and Step Responses of RLC Circuits

v(0) = A1 + A2 = 25

dv

dt
(0) = −500A1 − 2000A2 =

1

C

(

−I0 −
V0

R

)

=
1

5 × 10−6

(

0.3 − 25

80

)

= −2500

Solving, A1 = 31.67, A2 = −6.67

v(t) = 31.67e−500t − 6.67e−2000t V, t ≥ 0

P 8.4 [a] α =
1

2RC
=

1012

(4000)(10)
= 25,000

ω2
o =

1

LC
=

1012

(250)(10)
= 4 × 108

s1,2 = −25,000 ±
√

625 × 106 − 400 × 106 = −25,000 ± 15,000

s1 = −10,000 rad/s

s2 = −40,000 rad/s

[b] overdamped

[c] ωd =
√

ω2
o − α2

·. . α2 = ω2
o − ω2

d = 4 × 108 − 144 × 106 = 256 × 106

α = 16 × 103 = 16,000

1

2RC
= 16,000; ·. . R =

109

(32,000)(10)
= 3125 Ω

[d] s1 = −16,000 + j12,000 rad/s; s2 = −16,000 − j12,000 rad/s

[e] α = 4 × 104 =
1

2RC
; ·. . R =

1

2C(4 × 104)
= 2500 Ω

P 8.5 [a] −α +
√

α2 − ω2
o = −1000

−α −
√

α2 − ω2
o = −4000

Adding the above equations, − 2α = −5000

α = 2500 rad/s

−2500 ±
√

25002 − ω2
0 = −1000 so

√

25002 − ω2
0 = 1500

·. . −ω2
0 = 15002 − 25002 thus ω0 = 2000

ω2
0 =

1

LC
=

1

(0.01)C
= 20002 so C =

1

(0.01)20002
= 25 µF

α =
1

2RC
=

1

2R(25 × 10−6)
= 2500 so R =

1

2(25 × 10−6)(2500)
= 8 Ω
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Problems 8–7

[b] iR =
v(t)

R
= 5e−1000t − 11.25e−4000t A, t ≥ 0+

iC = C
dv(t)

dt
= 9e−4000t − e−1000t A, t ≥ 0+

iL = −(iR + iC) = 2.25e−4000t − 4e−1000t A, t ≥ 0

P 8.6 [a] α = 400; ωd = 300

ωd =
√

ω2
o − α2

·. . ω2
o = ω2

d + α2 = 9 × 104 + 16 × 104 = 25 × 104

1

LC
= 25 × 104

L =
1

(25 × 104)(250 × 10−6)
= 16 mH

[b] α =
1

2RC

·. . R =
1

2αC
=

1

(800)(250 × 10−6)
= 5 Ω

[c] Vo = v(0) = 120 V

[d] Io = iL(0) = −iR(0) − iC(0)

iR(0) =
120

5
= 24 A

iC(0) = C
dv

dt
(0) = 250 × 10−6[−400(120) + 300(80)] = −6 A

·. . Io = −24 + 6 = −18 A

[e] iC(t) = 250 × 10−6 dv(t)

dt
= e−400t(−17 sin 300t − 6 cos 300t) A

iR(t) =
v(t)

5
= e−400t(24 cos 300t + 16 sin 300t) A

iL(t) = −iR(t) − iC(t)

= e−400t(−18 cos 300t + sin 300t) A, t ≥ 0

Check:

L
diL
dt

= 16 × 10−3e−400t[7500 cos 300t + 5000 sin 300t]

v(t) = e−400t[120 cos 300t + 80 sin 300t] V
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8–10 CHAPTER 8. Natural and Step Responses of RLC Circuits

[b]

Example 8.4: vmax
∼= 74.1 V at 1.4 ms

Example 8.5: vmax
∼= 36.1 V at 1.0 ms

Problem 8.17: vmax
∼= 30.9 at 0.92 ms

P 8.11 t < 0 : Vo = 100 V, Io = 5 A

t > 0:

α =
1

2RC
=

1

2(50)(25 × 10−6)
= 400 rad/s

ωo =

√

1

LC
=

√

1

(160 × 10−3)(25 × 10−6)
= 500

α2 < ω2
0 Response is underdamped

ωd =
√

5002 − 4002 = 300
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Problems 8–11

·. . vo = B1e
−400t cos 300t + B2e

−400t sin 300t

vo(0) = B1 = 100

dvo

dt
(0) = −αB1 + ωdB2 =

1

C

(

−I0 −
V0

R

)

·. . −(400)(100) + 300B2 =
1

25 × 10−6

(

−5 − 100

50

)

so B2 = −800

·. . vo = 100e−400t cos 300t − 800e−400t sin 300t V, t ≥ 0

P 8.12 ωo =

√

1

LC
=

√

1

(160 × 10−3)(25 × 10−6)
= 500

α =
1

2RC
=

1

2(40)(25 × 10−6)
= 500

α2 = ω2
0 Response is critically damped

vo(t) = D1te
−500t = D2e

−500t

vo(0) = D2 = 100 V

dvo

dt
(0) = D1 − αD2 =

1

C

(

−I0 −
V0

R

)

·. . D1 − 500(100) =
1

25 × 10−6

(

−5 − 100

40

)

so D1 = −250,000

vo(t) = −250,000te−500t + 100e−500t V, t ≥ 0

P 8.13 ωo =

√

1

LC
=

√

1

(160 × 10−3)(25 × 10−6)
= 500

α =
1

2RC
=

1

2(32)(25 × 10−6)
= 625

·. . α2 > ω2
o (overdamped)

s1,2 = −625 ±
√

6252 − 5002 = −250,−1000

vo(t) = A1e
−250t + A2e

−1000t
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8–20 CHAPTER 8. Natural and Step Responses of RLC Circuits

P 8.25 [a] v = L

(

diL
dt

)

= 40e−32,000t sin 24,000t V, t ≥ 0

[b] iC(t) = I − iR − iL = 24 × 10−3 − v

625
− iL

= [24e−32,000t cos 24,000t − 32e−32,000t sin 24,000t] mA, t ≥ 0+

P 8.26 v = L

(

diL
dt

)

= 960,000te−40,000t V, t ≥ 0

P 8.27 ωo =

√

1

LC
=

√

1

(25 × 10−3)(62.5 × 10−6)
= 800 rad/s

α =
1

2RC
=

1

2(12.5)(62.5 × 10−6)
= 640 rad/s ·. . underdamped

ωd =
√

8002 − 6402 = 480

If = 2 A

iL = 2 + B ′

1e
−640t cos 480t + B ′

2e
−640t sin 480t

iL(0) = 2 + B ′

1 = 1 so B ′

1 = −1

diL
dt

(0) = −αB ′

1 + ωdB
′

2 =
V0

L

·. . −640(−1) + 480B ′

2 =
50

25 × 10−3
so B ′

2 = 2.83

iL(t) = 2 − e−640t cos 480t + 2.83e−640t sin 480t A, t ≥ 0

P 8.28 α =
1

2RC
=

1

2(8)(62.5 × 10−6)
= 1000 rad/s

ωo =

√

1

LC
=

√

1

(25 × 10−3)(62.5 × 10−6)
= 800 rad/s

Overdamped: s1,2 = −1000 ±
√

10002 − 8002 = −400,−1600 rad/s

If = 2 A

iL = 2 + A′

1e
−400t + A′

2e
−1600t
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8–22 CHAPTER 8. Natural and Step Responses of RLC Circuits

s1,2 = −100 ±
√

1002 − 802 = −40,−160 rad/s

vo(∞) = 0 = Vf ; A′

1 + A′

2 = v(0) = 0

vo = A′

1e
−40t + A′

2e
−160t

iC(0+) = −0.25 + 0.25 + 0 = 0

·. .
dvo

dt
= 0 = −40A′

1 − 160A′

2

Solving, A′

1 = 0; A′

2 = 0

·. . vo = 0 for t ≥ 0

Note: vo(0) = 0; vo(∞) = 0;
dvo(0)

dt
= 0

Hence, the 0.25 A current circulates between the current source and the ideal
inductor in the equivalent circuit. In the original circuit, the 4 V source
sustains a current of 0.25 A in the inductor. This is an example of a circuit
going directly into steady state when the switch is closed. There is no
transient period, or interval.

P 8.31 α =
1

2RC
=

1

2(20)(31.25 × 10−6)
= 800 rad/s

ωo =

√

1

LC
=

√

1

(50 × 10−3)(31.25 × 10−6)
= 800 rad/s

α2 = ω2
0 Critically damped

V0 = vC(0) = 60 V; I0 = io(0) = 0; If = io(∞) =
60

20
= 3 A

io = 3 + D′

1te
−800t + D′

2e
−800t

io(0) = 3 + D′

2 = 0 so D′

2 = −3

dio
dt

(0) = D′

1 − αD′

2 =
V0

L
so D′

1 − 800(−3) =
60

50 × 10−3

Solving, D′

1 = −1200

io(t) = 3 − 1200te−800t − 3e−800t A, t ≥ 0
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Problems 8–27

[e] wL = 0 J

wR = 70.3125 mJ (absorbed)

wC = 70.3125 mJ (delivered)

wS = 0 mJ
∑

wdel = wabs = 70.3125 mJ.

P 8.37 t < 0 : iL(0−) =
36

300
= 0.12 A; vC(0−) = 0 V

The circuit reduces to:

iL(∞) = 0.1 A

ωo =

√

1

LC
=

√

1

(20 × 10−3)(500 × 10−9)
= 10,000 rad/s

α =
1

2RC
=

1

(100)(500 × 10−9)
= 10,000 rad/s

Critically damped:

iL = 0.1 + D′

1te
−10,000t + D′

2e
−10,000

iL(0) = 0.1 + D′

2 = 0.12 so D′

2 = 0.02

diL
dt

(0) = D′

1 − αD′

2 =
V0

L
so D′

1 − (10,000)(0.02) = 0

Solving, D′

1 = 200

iL(t) = 0.1 + 200te−10,000t + 0.02e−10,000t A, t ≥ 0
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Problems 8–29

60 + vL(0+) − 30 = 0; ·. . vL(0+) = −30 V

di(0+)

dt
=

−30

2
= −15 A/s

·. .
di(0+)

dt
= 1500B2 − 2000B1 = −15

·. . 1500B2 = 2000(7.5 × 10−3) − 15; ·. . B2 = 0 A

·. . i = 7.5e−2000t cos 1500t mA, t ≥ 0

P 8.40 From Prob. 8.39 we know vc will be of the form

vc = B3e
−2000t cos 1500t + B4e

−2000t sin 1500t

From Prob. 8.39 we have

vc(0) = −30 V = B3

and

dvc(0)

dt
=

iC(0)

C
=

7.5 × 10−3

80 × 10−9
= 93.75 × 103

dvc(0)

dt
= 1500B4 − 2000B3 = 93,750

·. . 1500B4 = 2000(−30) + 93,750; B4 = 22.5 V

vc(t) = −30e−2000t cos 1500t + 22.5e−2000t sin 1500t V t ≥ 0

P 8.41 [a] −α +
√

α2 − ω2
0 = −4000; −α −

√

α2 − ω2
0 = −16,000

·. . α = 10,000 rad/s, ω2
0 = 64 × 106

α =
R

2L
= 10,000; R = 20,000L

ω2
o =

1

LC
= 64 × 106; L =

109

64 × 106(31.25)
= 0.5 H

R = 10,000 Ω
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8–30 CHAPTER 8. Natural and Step Responses of RLC Circuits

[b] i(0) = 0

L
di(0)

dt
= vc(0);

1

2
(31.25) × 10−9v2

c (0) = 9 × 10−6

·. . v2
c (0) = 576; vc(0) = 24 V

di(0)

dt
=

24

0.5
= 48 A/s

[c] i(t) = A1e
−4000t + A2e

−16,000t

i(0) = A1 + A2 = 0

di(0)

dt
= −4000A1 − 16,000A2 = 48

Solving,

·. . A1 = 4 mA; A2 = −4 mA

i(t) = 4e−4000t − 4e−16,000t mA, t ≥ 0

[d]
di(t)

dt
= −16e−4000t + 64e−16,000t

di

dt
= 0 when 64e−16,000t = 16e−4000t

or e12,000t = 4

·. . t =
ln 4

12,000
= 115.52 µs

[e] imax = 4e−0.4621 − 4e−1.8484 = 1.89 mA

[f ] vL(t) = 0.5
di

dt
= [−8e−1000t + 32e−4000t] V, t ≥ 0+

P 8.42 [a] ω2
o =

1

LC
=

109

(125)(0.32)
= 25 × 106

α =
R

2L
= ωo = 5000 rad/s

·. . R = (5000)(2)L = 1250 Ω

[b] i(0) = iL(0) = 6 mA

vL(0) = 15 − (0.006)(1250) = 7.5 V

di

dt
(0) =

7.5

0.125
= 60 A/s
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8–32 CHAPTER 8. Natural and Step Responses of RLC Circuits

We can create a 32 Ω resistance by combining a 10 Ω resistor and a 22 Ω
resistor in series.

s1,2 = −16,000 ±
√

16,0002 − 20,0002 = −16,000 ± j12,000 rad/s

[b] Overdamped response:

α > ω0 so α > 20,000

Therefore we choose a smaller resistor value than the one used in
Problem 8.40. Choose R = 50 Ω, which can be created by combining two
100 Ω resistors in parallel:

α =
R

2L
= 25,000

s1,2 = −25,000 ±
√

25,0002 − 20,0002 = −25,000 ± 15,000

= −10,000 rad/s; and − 40,000 rad/s

P 8.45 [a] t < 0:

io =
100

50
= 2 A; vo = −4(100) = −400 V

t > 0:

α =
R

2L
=

500

2(0.4)
= 625 rad/s

ωo =

√

1

LC
=

√

1

(0.4)(10 × 10−6)
= 500 rad/s

α2 < ω2
o

·. . overdamped

s1,2 = −625 ±
√

6252 − 5002 = −250,−1000 rad/s

io = A1e
−250t + A2e

−1000t

io(0) = A1 + A2 = 2

dio
dt

(0) = −250A1 − 1000A2 =
1

L
(−V0 − RI0) = −1500

Solving, A1 =
2

3
; A2 =

4

3

·. . io(t) =
2

3
e−250t +

4

3
e−1000t A, t ≥ 0
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Problems 8–33

[b] vo(t) =
1

10 × 10−6

∫ t

0
io(x) dx − 400

= 105
(
∫ t

0

2

3
e−250x dx +

∫ t

0

4

3
e−1000x dx

)

− 400

= 105

(

(2/3)e−250x

−250

∣

∣

∣

∣

t

0
+

(4/3)e−1000x

−1000

∣

∣

∣

∣

t

0

)

− 400

= −266.67e−250t − 133.33e−1000t V, t ≥ 0

P 8.46 t < 0 : I0 = −75 mA; V0 = 0

t > 0 :

ω0 =

√

1

LC
=

√

1

(80 × 10−3)(200 × 10−6)
= 250

α =
R

2L
=

40

2(80 × 10−3)
= 250

Critically damped:

i = D1te
−250t + D2e

−250t

i(0) = D2 = I0 = −0.075

di

dt
(0) = D1 − αD2 =

1

L
(−V0 − RI0)

So D1 − (250)(−0.075) =
1

80 × 10−3
(0 − (40)(−0.075))

Solving, D1 = 18.75

·. . i(t) = 18,750te−250t − 75e−250t mA, t ≥ 0
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Problems 8–37

P 8.51 α =
R

2L
=

312.5

2(0.025)
= 625 rad/s

ωo =

√

1

LC
=

√

1

(250 × 10−3)(16 × 10−6)
= 500 rad/s

α2 > ω2
0 : overdamped

s1,2 = −625 ±
√

6252 − 5002 = −250,−1000 rad/s

vo = Vf + A′

1e
−250t + A′

2e
−1000t

vo(0) = 0 = Vf + A′

1 + A′

2

vo(∞) = (312.5)(08) = 25 V; ·. . A′

1 + A′

2 = −25 V

dvo

dt
(0) = 0 = −250A′

1 − 1000A′

2

Solving, A′

1 = −33.33 V; A′

2 = 8.33 V

vo(t) = 25 − 33.33e−250t + 8.33e−1000t V, t ≥ 0

P 8.52 t < 0:

io(0
−) =

20 + 28

160 + 480
= 75 mA

vo(0
−) = 20 − 480(0.075) = −16 V
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8–38 CHAPTER 8. Natural and Step Responses of RLC Circuits

t ≥ 0:

As t → ∞, Vf = 20 V.

Req = 960‖480 = 320 Ω

α =
Req

2L
=

320

2(0.5 × 10−3)
= 320,000 rad/s

ωo =

√

1

LC
=

√

1

(0.5 × 10−3)(12.5 × 10−9)
= 400,000 rad/s

α2 < ω2
0 : underdamped

ωd =
√

400,0002 − 320,0002 = 240,000 rad/s

vo = 20 + B ′

1e
−320,000t cos 240,000t + B ′

2e
−320,000t sin 240,000t

vo(0) = 20 + B ′

1 = −16 so B ′

1 = −36 V

dvo

dt
(0) = −αB ′

1 + ωdB
′

2 =
I0

C
so − 320,000(−36) + 240,000B ′

2 =
75 × 10−3

12.5 × 10−9

solving, B ′

2 = −23

·. . vo(t) = 20 − 36e−320,000t cos 240,000t − 23e−320,000t sin 240,000t V t ≥ 0

P 8.53 iC(0) = 0; vo(0) = 200 V

α =
R

2L
=

25

2(0.25)
= 50 rad/s

ωo =

√

1

LC
=

√

1

(250 × 10−3)(2.5 × 10−3)
= 40 rad/s
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