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EECS2200 Electric Circuits

Chapter 6
|

‘ RLC Circuit
Natural and Step Responses

| Objectives

‘ Determine the response form of the circuit
Natural response parallel RLC circuits
Natural response series RLC circuits
Step response of parallel and series RLC
circuits
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EECS2200 Electric Circuits

‘ Natural Response of Parallel
RLC Circuits

| Steps in Solving RLC Circuits

‘ The first step is to write either KVL or KCL for the
circuit.

Take the derivative to remove any integration
Solve the resulting differential equation




| Natural Response of Parallel RLC Circuits

The problem — given initial energy stored in the
inductor and/or capacitor, find v(t) for t = 0.

L v Ly
C;: V(l L 1() R v

-1

Copyright © 2008 Pearson Prentce Mal, Inc

| Activity 1

It is convenient to calculate v(t) for this circuit
because:

A.
B.

C.

The voltage must be continuous for all time.

The voltage is the same for all three
components.

Once we have the voltage, it is pretty easy to
calculate the branch current.

All of the above.
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| Natural Response of Parallel RLC Circuits

‘ KCL: c )

V(1)
_f v(x)dx + 1+R =0

Differentiate both sides to remove the integral:
d*v(t) 1 dv(t)

Cdt _() dt

Divide both sides by C to place in standard form:

2
dvgr)+ 1 w(t)+ 1 dv(t)=
dt LC RC dt

| Natural Response of Parallel RLC Circuits

The problem — given initial 4
energy stored in the LA
inductor and/or capacitor, ™
find v(t) for t > 0.
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Describing equation: >
dt LC RC dt

This equation is
v'Second order
v'Homogeneous
v'Ordinary differential equation
v'With constant coefficients
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| Natural Response of Parallel RLC Circuits

. . v(t) 1 av(®)
Descrlbm equation: — =
Ehs dt’ LC v+ RC dt

The circuit has two initial conditions that must be satisfied,
so the solution for v(t) must have two constants. Use

v(t)=Ae" +Ae™ V,; Substitute:
(s;Ae™ +s.A,e™ )+ R—(slA " +s5,Ae™)+ L—(A " +Ae™)=0
= [s2 +(I/RC)s, + (1/LC)]Ae™ +[s2 +(I/RC)s, +(I/LC)]A,e™ =0

For solution, either A;=0 and A,=0 or the quadratic part is 0.
The quadratic part is called Characteristic equation:

s> +(1/RC)s +(1/LC)=0

| Natural Response of Parallel RLC Circuits

| The two solutions to the characteristic equation

s, and s, can be calculated using the quadratic
formula:

s +( ! )s (L)=O;
RS LC
=- =—a¢«/a2—w2
2 2RC \/2RC !

where o =—— (the neper frequency in rad/s
2RC ( p q y )

1

w, = c (the resonant radian frequency in rad/s)

and
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| Parallel RLC Circuits

2

| 1 1\ 1 s oL 1y _ L
M7 R T (2RC) “LC © 2rc V\2RC) LC
S, =—at /az—a)(f 8, = &0y = W)\ E7 -1

L 1 .. [
a = Cra S, a)o—ﬁ rada/s 0 \/R 5 R\ C

Neper frequency Resonant Damping ratio

radian frequency

|So|ution to Parallel RLC Circuits

| N Syt
v(t)=Ae" +Ae”

The solution of the differential equation depends
on the values of s; and s, A;andA,.

s, and s, can be found from the characteristic
equation, consider three cases
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| Case 1 - Overdamping

| o> m,, ¢>1-> 2realroots

1

S1,2 Sip =

“2rc \\2rC) LC

[ 2 2 _ [£2
S, =—ax o -w, S, ==w, £wy\§ -1

“orc \\2rc) TIc

a= ! rad/s, a)0=; rad/s a)O=L , L
2RC VLC JLC 2R\ C
_ Slt S2t
v(it)=Ae" +Ase
| Case 2: Underdamping
| o< w,, C<1 -> a pair of complex roots
1 1\ 1 oL vy o
Sl2 =T o e (_2 c) “Ic " 2rc \\2RC) LC
P /az_wg s, ==&, = w, E -1
1 1 ool e 1L
a=2RC rad/s, @, = e rad/s i R\ e

: [ 2

v(t) = Be™™ cos(w,t)+ B,e™™ sin(w,t)
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Case 3: Critical Damping

Sy

§i

a =

o=w,, ¢=1-> 2 equal roots

L Ly L o Ly
2 2RCT (2 C) LC - 2rCc \\2RC) LC

2 2 _ 2
L=—ax.a -w, 5, ==8w, £wy\§ -1
L

1 1 1 1
rad/s, w,=— radls @, =— , - |=
C " JLC =TIc S arVC

Sl =S1 =-Qa

w(t) = Dyte™ + Dye™™

Solution to Parallel RLC Circuits

v(t)=Ae" +Ae™ Overdamped

v(t)=Be “cosw,t+B,e“sinw,t  Underdamped

v(t)=Dte ™ + D,e™™ Critically damped
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Determine the Coefficients

We can calculate them from the initial conditions

Keep in mind voltage across a capacitor and
current in an inductor can not change
instantaneously

Ve(07) =v.(0) =v.(07)
iL (O_) = iL (0) = iL (O+)

Activity 2

Given v(0*)=12V and i (0*)=30mA,
Find v(t) for t>=0.

L L 4 .
I + I IR '

ey =y
02 uF=<Vo 50 mH ;l Iy 20003 "
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| Solution

Step 1: determine the solution form.
Given R=200Q,C=0.2uF, L=50mH

a=—L - L _00125x10%rad /s
2RC 2x200x0.2x10
1 1 ]
w. = = =10"rad /s
" JLC J50x107x02x10°
a>w, overdamped

51, =—a £ Ja’ —w; =-125x10* £/1.5625-1x10*
s, ==12500 + 7500 = -5000rad / s
s, ==12500 -7500 = -20000rad / s

. -5000¢ -20000¢
Sv(t)=Age +Ae Vv

; |

' |

| SOIUtion 02 uF=Vy Snml'li'l,. 200 Q

\'
.

| Step 2, find A, and A,
Given v(0")=12V, i,(0")=30 mA
and V(t) — Ale—S,OOOt +Aze—20,0001

p(07)=12= A, +A, (1)

KCL: i.(0") = =i,(0%)—i,(0"), als0 i-(0")=C dvc(lo )
t
O R A
C =——2-4,(0
dr R 107
dv(0) _ Vy i, (0%) 12 30x10~°

dt CR  C  02x10°x200 02x10™
=-03%x10°-0.15x10° =-0.45x10°V / s
(0"
dt

=-450,000 =-50004, — 20,0004, 2)

S

15-10-04
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| Solution

‘ Solve for equations (1) and (2),
A,=-14V and A,=26V
() ==14e7 £267YV, 120
| Solution
‘ Plot v(t) from O to o(e) (V)
250ms 12
10 B
\l
8H
\
\
"
4} \‘
" \{l) i(l)‘l l;(] Z;Kl :;() ~Fns)
=1 \
4 \\\ ./‘
T
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| Activity 3

Given V=0V, [,=-12.25mA,
Find v(t) for t>=0.

4
[ l + i i [‘Rl
0.125 uF < Vo 8H3|ly 20kQ3

| Solution

| Step 1: determine the solution form.
Given R=20kQ,C=0.125uF, L=8H
1 1

o= =
2RC 2x20x10°x0.125x107°
1 1

a): =
* JLC 8x0.125%x10°°

a<w, underdamped

=200rad /s

=10’rad /s

w, =0 - =\10° = 4x10* =979.80rad / s
s, =—a+ jo, =-200+ j979.80rad / s

s, =—a— jw,=-200-j979.80rad / s

v(t) = B,e”"" c0s(979.80¢t) + B,e "' sin(979.801)

15-10-04
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| Solution

| Step 2, find B, and B,
Given vy=v(0")=0V, ixz=0-> i(0")=-1,=12.25mA
and y(¢) = B.e™" c0s(979.801) + B,e ™" sin(979.80¢)

v(0") = B, = 0 (D
KCL: ic(07) = =i, (0") =, (07), als0 i (0) = C dvg:w
dv(0") _i,(0%) _12.25x107 _ ooy
dt C  0.125x10°°
B, - dv(0") w, = 93000 _ 100V ()
dt 979.80
| Solution

| Solve for equations (1) and (2),
B,=0V and B,=100V

v(t)=100¢™ sin(979.80)V  t=0

13



| Solution

‘ Plot v(t) from 0 to 11ms

v (V) W) = 100e2%" §in(979.87)
80 -
60 -
40
20
oL 111/1\1\11,(,“5)
1 23\45 ¢7 8 9 H

Copy"oht 0 211 Parmon Lacaton e pubranng 31 Fremsce Hat

| Activity 4

In Activity 4, what is the value of R that results in a
critically damped voltage response?

Find v(t) for t>=0.

L 2 L

% l + i i 1',\,i T

0125 uF=<Vo 8H 11(, 20k0 S :
} . .

15-10-04
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| Solution

| Step 1: determine the solution form.
Given C=0.125uF, L=8H

1 1 .
S, = = =10"rad /s
" JLC  J8x0.125x10°
.'.a=w0=103=L=>R= . ! — = 4kQ
2RC 2x10°x0.125x 10"

. —-at —-at
()= Dyte™ + D,e™

| Solution

| Step 2, find D, and D,
Given vi=v(0%)=0V, dv(0*)/d=98000V/s
and v(¢1)= Djte™ + D,e™™

v(0*)=D, =0 (1)

DO _p ety D

dt -a

dv(0%)
di

~ov() =98000te ™V =0

- D, = 98000V (2)

15



Solution
v(V) ~1000
v(t) =98000te™ "'V
40
32 |
24
16
8
L1 1 1 1 L ¢ (ms)
O 1 2 3 4 5 6
3 Cases
v (V) v (V)
‘ Overdamped: Underdamped:
i t Longer to settle 80 - oscillates
l(hx 60 [~
‘ 40
* 20
6l ol L\ 1 1| W T I 1(ms)
R 1 2 3\4 5 ¢ 7 8 9 ~H
at\ =20
oL 'g -40 -
()L l‘i ) 4 : "-v t(pes) T
I VRN, A 40 Critically damped:
i \ 2 Fastest to settle without oscillation
4[ //
~— 24
6
T - - 16
8
0 r(ms)
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EECS2200 Electric Circuits

Natural Response of Series
RLC Circuits

| Series and Parallel RLC Circuits

» The difference(s) between the analysis of series
RLC circuit and the parallel RLC circuit is/are:

A. The variable we calculate.
B. The describing differential equation.

C. The equations for satisfying the initial conditions

15-10-04
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| Natural Response of Series RLC Circuits

The problem — given initial
energy stored in the inductor
and/or capacitor, find i(t) for t =
0.

di(t) 1 p. .
+— |ix)dx+V, +Ri(t)=0
; C{() ) +Ri(t)

KVL: L

Differentiate both sides to remove the integral:

d*i(t) 1 di(1)

L +—i(t)+R——==0
1 C() dt

Divide both sides by L to place in standard form:
2. .

d l(zl‘) +§ di(t) +L

dt L d LC

i(t)=0

| Activity 5

‘ The describing differential equation for the series
RLC circuit is

d%(t) Rdi(t) 1
——+— +
> L & LC

i(£)=0

Therefore, the characteristic equation is
A.s?+ (1/RC)s+1/LC=0

B.s2+ (R/L)s +1/LC=0
C.s2+ (1/LC)s + 1/RC =0

15-10-04
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| Natural Response of Series RLC Circuits

‘ The two solutions to the characteristic equation
can be calculated using the quadratic formula:

s> +(R/L)s+(1/LC)=0
S = —ax.a’ —a)g

a= % (the neper frequency in rad/s)

W, = /% (the resonant radian frequency in rad/s)

Natural Response of Series RLC Circuits

The solution are in the same form as in the
parallel RLC circuits:

i(t)y=Ae" +Ae™ Overdamped
i(t)=Be “cosw,t+B,e“sinw,t  Underdamped
i(t)=Dpte™™ + De™™ Critically damped

15-10-04
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|Activity 6

‘ The capacitor is charged to 100 V and att = 0,

the switch closes. Find i(t) fort = 0.

)< 100 mH
\ L YN N N
-+ : ,,_..\\‘
100 V<01 uF o, ) 3560 Q
.

| Solution
‘ a=£=ﬂ=2800rad/s

2L 2(0.1)

1 1
w, = \/— = |———— =10,000rad/s
LC  \(0.1)(0.1x)

a’ <@’ so this is the underdamped case!

w, =& -a’ =9600rad/s

i(t) = B,e" c0s9600¢ + B,e*"" sin 9600t A, t = 0

100 VA=0.1 uF

100 mH

560 €

20



15-10-04

|So|ution

| i(t) = B,e”*" c0s9600¢ + B,e>**" sin 9600z A, t = 0
Now we must use the coefficientsinthe equation to satisfy
theinitialconditionsinthe circuit :

i(t)| _, inthe equation=i(7)| _, inthe circuit

di(t)| . . di(t)| . o
L inthe equatlon=L) inthe circuit
t=0 t=0
)(h 100 mH
' L L
HI)\'T!H uF z 560 )

| Solution

| i(t) = Be™*" c0s9600t + B,e*"" sin9600¢ A, ¢ = 0

Equation: i(0) = B, (same as the parallel case!)
Circuit: i(0)=1,=0
= B =0

)( 100 mH
. YV

I(”\'/JT\”J#" ' 560 ()

v © 08 P

i e

21
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| Solution

di(0")
dt
o) _y, = _1000A/s

dt dt L 100x10°
_, di0")
dt
S (1) =0.104e7* sin 9600t A, =0

=-aB, +w,B, (same as the parallel case!)

Equation:

Circuit: L

B,=0 = w,B, =9600B, =1000 = B, =0.104

> 100 mH
s, e AR

100 VA=0.1 uF 0 ' 560 €

EECS2200 Electric Circuits

Step Response of RLC Circuits

22



| Step Response of RLC Circuit

/\ﬂ SN , * ’ b
| 1 R L l_ _L
O ¢ @ T o %
: T -
V, +Ve+vy =V i +ic+ip=1
L—l+vc+iR=V zL+Cﬂ+1=I
dt
_c%e var %
dt dt
2 2. °
Lcd—vf+vC+Rcdﬁ= e A
dt dt dt R dt
dzvc+£di+ ve 1 dziL+Lal iy I
> L dt LC LC dt  RCdt LC LC

| Step Response of RLC Circuits

| A topic for a course in Math.

Generally speaking, the solution of a second-
order DE with a constant driving force equals the
forced response plus the a response function
identical to the natural response.

i {function of the same form}
i=1,+

as natural response

function of the same form
v=V,+
/" )as natural response

l; or V; is the non-zero final value.

15-10-04

23



EECS2200 Electric Circuits

‘ Step Response for Parallel
RLC Circuits

I Step Response of a Parallel RLC Circuit

i, (t)=1,+Ae" +Ae™ Overdamped
i,t)=1,+Be “cosw,t+B,e*sinw,t  Underdamped

i,(t)=1,+Dte™ +D,e™” Critically damped

15-10-04
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| Step Response of RLC Circuit

‘ As t — o:

o a

The only component whose final value is NOT
zero is the inductor, whose final current is the

current supplied by the source.

| Activity 7

i(t) fort = 0.

There is no initial energy stored in this circuit; find
o
» -

t=0 25nliL i(t)y
24mA CD 25MHZ 40002 v
i :

15-10-04
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Solution

The problem — there is no initial energy stored in
this circuit; find i(t) for t 2 0.

To begin, find the initial conditions and the final
value. The initial conditions for this problem are
both zero; the final value is found by analyzing
the circuit as t — .

Solution

The problem —there is no initial energy stored in this circuit; find
i(t) for t 2 0.

t — oo

15-10-04
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| Solution

‘ Next, calculate the values of o and w, and
determine the form of the response:

1 1
o= =
2RC  2(400)(25n)

w, =J1I/LC = /1/(25m)(25n) = 40,000 rad/s
Overdamped

= 50,000 rad/s

24mA

| Solution

‘ Since the response form is overdamped, calculate
the values of s, and s,:

S, =—a=,a’ - @) =-50,000= \/50,0002 —40,000°
=-50,000 = 30,000rad/s
s, ==20,000rad/s and s, =-80,000rad/s
= i, () =0.024+ 4" + 4, At=0

15-10-04
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| Solution

‘ i,(1)=0.024 + 47" + 4™ At=0

Next, set the values of i(0) and di(0)/dt from the

equation equal to the values of i(0) and di(0)/dt
from the circuit.

From the equation: i,(0)=0.024+ 4, + 4,
From the circuit : i,(0)=1,=0

di, (0)
dt

From the equation: =-20,0004, - 80,0004,

From the circuit : di, (0) = v,(0) = )
dt L L

=0

| Solution

Solve: 0024+A,+4A,=0
and -20,0004, -80,0004, =0
A, =-32 mA; A, =8 mA

= i, (1)=24-32e""" +8 " mA, =0

o
t=10 25!751_ )y |
24mA T 26mHZ 40042 v

15-10-04
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| Activity 8

‘ If the resistor value is changed to 625Q, find i(t) for
t=0.

‘ °
/(D | 25nF 325mH 3R v
T L J

| Solution

‘ "+ R =625Q,C = 25nF,
. 1
2RC  2(625)(25n)

w, =J1I/LC = /1/(25m)(25n) = 40,000 rad/s

a < w, = Underdamped

W, =J0? —a® =J(16-10.24)x10* = 24000rad/s

s, ==32000 + j24000rad / s

s, ==32000 - j24000rad / s

i, (1) =1, +B,e™™" cos(24000t) + B,e™™**" sin(24000¢)

=32,000 rad/s

15-10-04

29



| Solution

from the circuit.

i,(0)=0.024+B,=0

di, (0)
ilt =w,B,-aB, =0

B, =-24mA,B, =32mA

i, (t)=24-24e"" cos(240001)

—32¢7% 5in(24000¢)mA

t=0

Next, set the values of i(0) and di(0)/dt from the
equation equal to the values of i(0) and di(0)/dt

| Activity 9

fort= 0.

If the resistor value in is changed to 500Q, find i(t)

IR 4
25 mH

R

v

ICD\{\ %25%

15-10-04
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| Solution

‘ .+ R=500Q,C =25nF,
1 1
o= =
2RC  2(500)(25n)
@, =J1/LC =/1/(25m)(25n) = 40,000 rad/s
a = w, = Critically damped
s, =5, =—a =-40000rad / s

iL (t) = If +D1te_40000t +Dze—40000t

= 40,000 rad/s

| Solution

| Next, set the values of i(0) and di(0)/dt from the
equation equal to the values of i(0) and di(0)/dt
from the circuit.

,(0)=0.024+D,=0
di, (0)
dt
D, =-960000mA / s,D, = -24mA

i, (t) =24 -960000te**"" = 24" mA =0

=D -aD, =0

15-10-04
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| Plot Responses of 3 Cases

‘ The overdamped, underdamped, and critically
damped responses of Activities 7-9 are given
below:

Overdamped:

i, (1)=24-32e7"" +8 """ mA, =0
Underdamped:

i, (t)=24-24e7"" cos(240001)
—32¢75in(24000¢)mA, t=0
Critically damped:

i, (t) =24 -960000te ™" = 24" mA, t=0

| The current plots

i (mA)

Underdamped (R = 625 (1)

| Overdamped (R = 400 Q)
Critically damped (R = 500 2)

1
\
\
I

=
[TTTTTTTTTTT]

| Y I NI ) ) NN (Y3 /0 O | |
0 20 60 100 140 180

Chop © 3011 Pa P e L

Lt (us)
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EECS2200 Electric Circuits

‘ Step Response for Series
RLC Circuits

I Step Response of a Series RLC Circuit

v, =V, +Ae" +Ae” Overdamped
—-at —-at
v.=V,+Be " cosw,t+B,e " sinw,s  Underdamped

v, =V, +Dte™™ + D,e™ Critically damped

33



‘ Step Response for Series RLC Circuit

The problem — 9k ; b 800 SmH

find v{(t) fort > 0. S ,
' " 100 VQ
t TI;A'

Find the initial conditions by analyzing the circuit for t
<O0:

n 800 VO - 15k (8OV)
- /O 9k +15k
100 V =50V
1,=0A

‘Step Response for Series RLC Circuit

Find the final value of the capacitor voltage
by analyzing the circuit as t — «:

9k0 . b 800
15k0 V | lmv©

l !

15-10-04
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| Step Response for Series RLC Circuit

Use the circuit for ¢ 2 0 to find the values of a and wy:

a = R/2L =80/2(0.005) = 8000 rad/s
w, = J1/LC = J1/(0.005)(2 )
=10,000rad/s
a’<w; = underdamped
w, =&} - a* =+/10,000° — 8000’
= 6000rad/s 00 s i

—~2uF muv@

|

| Step Response for Series RLC Circuit

Write the equation for the response and solve for
the unknown coefficients:
v (t) =100 + B,e™ ™ cos6000¢ + B,e™**" sin 6000z V, ¢ = 0

ve(0) =V, +B =V, = 100+B =50
dchl(O) — B, + B, - I_Cg ~. —8000B, +6000B, =0
t

=  B,=-50V, B,=66.67V
ve(t) =100 = 50e7 cos 60007 + 66.67¢*"" sin 6000¢ V, ¢ = 0

s 80 SmH

15-10-04
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