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CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )
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Semantics of CTL

s |= a iff a ∈ `(s)
s |= f1 ∧ f2 iff s |= f1 and s |= f2

s |= ¬f iff not(s |= f )
s |= ∃©f iff ∃p ∈ Paths(s) : p[1] |= f

s |= ∃(f1 U f2) iff ∃p ∈ Paths(s) :
∃i ≥ 0 : p[i] |= f2 and ∀0 ≤ j < i : p[j] |= f1

s |= ∀©f iff ∀p ∈ Paths(s) : p[1] |= f
s |= ∀(f1 U f2) iff ∀p ∈ Paths(s) :

∃i ≥ 0 : p[i] |= f2 and ∀0 ≤ j < i : p[j] |= f1

www.eecs.yorku.ca/course/4315/ EECS 4315 3 / 16

www.eecs.yorku.ca/course/4315/


Semantics of CTL

The satisfaction set Sat(f ) is defined by

Sat(f ) = { s ∈ S | s |= f }.
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Model checking CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )

Question
What is Sat(a)?

Answer
Sat(a) = { s ∈ S | a ∈ `(s) }
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Model checking CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )

Question
What is Sat(f1 ∧ f2)?

Answer
Sat(f1 ∧ f2) = Sat(f1) ∩ Sat(f2)
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Model checking CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )

Question
What is Sat(¬f )?

Answer
Sat(¬f ) = S \ Sat(f )
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Model checking CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )

Question
What is Sat(∃©f )?

Answer
Sat(∃©f ) = { s ∈ S | Post(s) ∩ Sat(f ) 6= ∅ } where
Post(s) = { s′ ∈ S | s → s′ }.
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Model checking CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )

Question
What is Sat(∃(f1 U f2))?
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Model checking CTL

s ∈ Sat(∃(f1 U f2))
iff s |= ∃(f1 U f2)
iff s |= f2 ∨ (s |= f1 ∧ ∃s → t : t |= ∃(f1 U f2))
iff s ∈ Sat(f2) ∨ (s ∈ Sat(f1) ∧ ∃t ∈ Post(s) : t ∈ Sat(∃(f1 U f2))
iff s ∈ Sat(f2) ∪ { s ∈ Sat(f1) | Post(s) ∩ Sat(∃(f1 U f2)) 6= ∅}

Proposition

Sat(∃(f1 U f2)) is the smallest subset T of S such that

T = Sat(f2) ∪ { s ∈ Sat(f1) | Post(s) ∩ T 6= ∅}.
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Model Checking CTL

Sat(f ):
switch (f ):

a : return { s ∈ S | a ∈ `(s) }
f1 ∧ f2 : return Sat(f1) ∩ Sat(f2)
¬f : return S \ Sat(f )
∃©f : return { s ∈ S | Post(s) ∩ Sat(f ) 6= ∅ }

∃(f1 U f2) : T := ∅
while T 6= F (T )

T := F (T )
return T

. . .
where F (T ) = Sat(f2) ∪ { s ∈ Sat(f1) | Post(s) ∩ T 6= ∅}.
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Model Checking CTL

Sat(f ):
switch (f ):

. . .
∃(f1 U f2) : E := Sat(f2)

T := E
while E 6= ∅

let t ∈ E
E := E \ {t}
for all s ∈ Pre(t)

if s ∈ Sat(f ) \ T
E := E ∪ {s}
T := T ∪ {s}

return T
. . .

where Pre(t) = { s ∈ S | s → t }.
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Model checking CTL

Definition
The formulas are defined by

f ::= a | f ∧ f | ¬f | ∃©f | ∃(f U f ) | ∀©f | ∀(f U f )

Question
What is Sat(∀©f )?

Answer
Sat(∀©f ) = { s ∈ S | Post(s) ⊆ Sat(f ) }.
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Model checking CTL

s ∈ Sat(∀(f1 U f2))
iff s |= ∀(f1 U f2)
iff s |= f2 ∨ (s |= f1 ∧ ∀s → t : t |= ∀(f1 U f2))
iff s ∈ Sat(f2) ∨ (s ∈ Sat(f1) ∧ ∀t ∈ Post(s) : t ∈ Sat(∀(f1 U f2))
iff s ∈ Sat(f2) ∪ { s ∈ Sat(f1) | Post(s) ⊆ Sat(∀(f1 U f2))}

Proposition

Sat(∀(f1 U f2)) is the smallest subset T of S such that

T = Sat(f2) ∪ { s ∈ Sat(f1) | Post(s) ⊆ T}.

Question
Does such a smallest subset exist?
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Size of a CTL formula

|a| = 1
|f1 ∧ f2| = 1 + |f1|+ |f2|
|¬f | = 1 + |f |
|∃©f | = 1 + |f |
|∀©f | = 1 + |f |

|∃©(f1 U f2)| = 1 + |f1|+ |f2|
|∀©(f1 U f2)| = 1 + |f1|+ |f2|
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Time Complexity of CTL Model Checking

By improving the model checking algorithm (see, for example
the textbook of Baier and Katoen for details), we obtain

Theorem
For a transition system TS, with N states and K transitions, and
a CTL formula f , the model checking problem TS |= f can be
decided in time O((N + K ) · |f |).

Theorem
For a transition system TS, with N states and K transitions, and
a LTL formula g, the model checking problem TS |= g can be
decided in time O((N + K ) · 2|g|).

Theorem
If P 6= NP then there exist LTL formulas gn whose size is a
polynomial in n, for which equivalent CTL formulas exist, but
not of size polynomial in n.
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