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2.1 Geometric Primitives & Transformations
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I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

I 3D to 2D projections

Il Lens Distortions
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2D point (e.g., a pixel coordinate in an image):
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In homogeneous coordinates

B = (X, W ! P?

P°=R°! (0,0,0) is called the projective space.

Vectors that differ only by a scale considered equivalent:
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2D POIntS Lurserert
2D point (e.g., a pixel coordinate in an image):
.()(’ y)
X =(x,y)! R? or X = );

In homogeneous coordinates
B = (X, W ! P?
P°=R°! (0,0,0) is called the projective space.

Vectors that differ only by a scale considered equivalent:

sk=X!s"R
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Augmented Vectors

A homogenous vector can be converted back tolamogeneousgector by dividing by
the last element:

¥ = (X, W) = w(X,y,1) = wew

\ \

Homogeneous vector Augmented vector
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2D lines can also be represented using homogeneous coordinates I = ( a, b, ¢).

EECS 4422/5323 Computer Vision 4 J. Elder



2D LlneS suivensine

~

2D lines can also be represented using homogeneous coordinates I = ( a, b, ¢).

The correspondinfine equations

walF= ax+ by+ c=0.
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2D lines can also be represented using homogeneous coordinates I = ( a, b, ¢).

The correspondinfine equations

walF= ax+ by+ c=0.

We can normalize the line equation vector so that (7x, 0y, d) = (i, d) with #n# = 1.
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2D LlneS suivensine

2D lines can also be represented using homogeneous coordinates [ = (a,b,c).

The correspondinfine equations

walF= ax+ by+ c=0.

We can normalize the line equation vector so that (7x, 0y, d) = (i, d) with #n# = 1.

Then:
@ is the unit normal perpendicular to the line
|d | isthe distance of the line from the origin
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2D LlneS suivensine

2D lines can also be represented using homogeneous coordinates [ = (a,b,c).

The correspondinfine equations
walF= ax+ by+ c=0.

We can normalize the line equation vector so that (7x, 0y, d) = (i, d) with #n# = 1.

Then:
@ is the unit normal perpendicular to the line
|d | isthe distance of the line from the origin

0 = (dy,0y) = (cos!,sin!) N n
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Intersections of 2D Lines

When using homogeneous coordinates, we can compute the intersection of two lines as
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Intersections of 2D Lines

When using homogeneous coordinates, we can compute the intersection of two lines as

X':I:_l! I:_z

Similarly, the line joining two points can be written as

F=%, ! %, X,
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3D Points

Straightforward extension from 2D:
Inhomogeneousx = (x,y,z)" R3
Homogeneous:tess (X, ¥, z, W) " P?3
Augmented: ®e&tdrx, y, z, 1)

X = WQP

EECS 4422/5323 Computer Vision 0
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3D Planes suivensirt

3D planes can also be represented as homogeneous coordnatés, b, c, g
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3D planes can also be represented as homogeneous coordnatés, b, c, g

with a corresponding plane equation

wam = ax+ by+ cz+ d=0
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3D Planes suivensirt

3D planes can also be represented as homogeneous coordnatés, b, c, g

with a corresponding plane equation

wam = ax+ by+ cz+ d=0

We can also normalize the plane equatiomas (@y, By, 0,,d) = (0,d) with"0" =1.

n 1S the normal vector perpendicular to the plal

|d| is the distance of the plane from the origin
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A 3D line can be represented using two poméndq that lie on the line.
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A 3D line can be represented using two poméndq that lie on the line.

Any pointr that also lies on the line can then be represented as

r=(1!!/)p+!q
If we restrictO# \ # 1, we get thdine segmenfoining p andd.
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3D LlneS TErATETEE

A 3D line can be represented using two poméndq that lie on the line.

Any pointr that also lies on the line can then be represented as

r=(1!!/)p+!q
If we restrictO# \ # 1, we get thdine segmenfoining p andd.

If we use homogeneous coordinates, we can write the line as

= up+!gq.
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3D LlneS VRS

A 3D line can be represented using two poméndq that lie on the line.

Any pointr that also lies on the line can then be represented as

r=(1!!/)p+!q
If we restrictO# \ # 1, we get thdine segmenfoining p andd.

If we use homogeneous coordinates, we can write the line as

= up+!gq.

A special case of this is when the second point is at infinity, i.e., ¢ = (CTX , Jy, d,,0) = (&,0).
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3D LlneS VRS

A 3D line can be represented using two poméndq that lie on the line.

Any pointr that also lies on the line can then be represented as

r=(1!!/)p+!q
If we restrictO# \ # 1, we get thdine segmenfoining p andd.

If we use homogeneous coordinates, we can write the line as

= up+!gq.

A special case of this is when the second point is at infinity, i.e., ¢ = (CTX , Jy, d,,0) = (&,0).

where @ isthe direction of the line.
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3D L|neS TErATETEE

A 3D line can be represented using two poméndq that lie on the line.

Any pointr that also lies on the line can then be represented as

r=(1!!/)p+!q
If we restrictO# \ # 1, we get thdine segmenfoining p andd.

If we use homogeneous coordinates, we can write the line as

= up+!q.
A special case of this is when the second point is at infinity, i.e., ¢ = (CTX , Jy, d,, 0) = (&,0).
where ®is the direction of the line

Then:
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3D Lines

A 3D line can be represented using two poméndq that lie on the line.

Any pointr that also lies on the line can then be represented as
r=(1!!/)p+!q
If we restrictO# \ # 1, we get thdine segmenfoining p andd.

If we use homogeneous coordinates, we can write the line as

= up+!gq.

P
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A special case of this is when the second point is at infinity, i.e., ¢ = (CTX , Jy, d,,0) = (&,0).

where @ isthe direction of the line.

Then:
r=p+!@&
EECS 4422/5323 Computer Vision 11

J. Elder



UNIVERSITE

Outline = #5s

I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

I 3D to 2D projections

Il Lens Distortions
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2D Translation

A R
y / similarity projectiv
translation

_r
—y
Euclidean -
¥/A:e -
X
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2D Translation

2D translations can be written 8$= x + t or

x= | t w

.
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'\e

¥/ x>
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2D Translation

2D translations can be written 8$= x + t or

x= | t w

wherel isthe ! 2) identity matrix

.
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'\e

¥/ )(>
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2D Translation

2D translations can be wrlitten AS = X + t or
X'= | t w
wherel isthe ! 2) identity matrix

or

e
translation
oy Z{:::::;Z
Yy
Euclidean Ar'\e

¥/ )(>
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2D Translation

2D translations can be written 8$= x + t or

x= | t w

wherel isthe ! 2) identity matrix

.
yA / Sm Q projectiv
translation
> g
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2D Translation

2D translations can be wrlitten AS = X + t or
.

x= | t w

wherel isthe ! 2) identity matrix

Note: Whenever an augmented vector appears on both sides, it can be replaced

full homogenous vector.
Ry
y‘ /Smo projectiv
translation Q
_—y g
¥y
Euclidean Ar'\e -

~_ X
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Euclidean Transformation (2D Rotation + =+

X'= Rx + tor | "

X= R t w»
where # $
R = cps! " sin!
sin! cos!
is an orthonormal rotation matrix witRR ' = | and|R| = 1.

e
translation
oy g
Yy
Euclidean Ar'le

¥/ )(>
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Euclidean Transformation (2D Rotation + =+

X'= Rx + tor | "

X= R t w»
where # $
R = cgs! " sin!
sin! cos!
is an orthonormal rotation matrix witRR ' = | and|R| = 1.

Preserves Euclidean distances

y‘ /Sm projectiv
translation
oy g
—y
Euclidean Ar'le

¥/ )(>
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translation
oy g
—y
Euclidean Ar'] s

~_ x’
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X = SRx +t

s
translation
oy g
—y
Euclidean Ar'] s

~_ x’
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Similarity Transformation =0

X = SRx +t

I \ %

! " a . b tX

s
translation
oy g
—y
Euclidean Ar'] s

~ X

J. Elder
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Similarity Transformation =0

%' = sRx +t

I \ %

! " a . b tX

Preserves angles

s
translation
oy g
—y
Euclidean Ar'] s

~ X

J. Elder
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Afbne Transformation

RS = Aw, whereA is an arbitrary2! 3 matrix
I
w'= G0 Qo1 Qo2
dijp 11 a2

Ry
yA / Sm Q projectiv
translation
/v g
—y
Euclidean Ar'le

¥/ )(>
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Afbne Transformation

RS = Aw, whereA is an arbitrary2! 3 matrix
I
w'= G0 Qo1 Qo2
dijp 11 a2

Preserves parallelism

Sy
yA / Sm Q projectiv
translation
/v g
—y
Euclidean Ar'le

¥/ )(>
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Projective Transformation (Homography) =

R
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'le

~_ X
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yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'le
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Projective Transformation (Homography) =

' = Hx

whereH is an arbitrary3! 3 matrix.

R
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'le

~_ X
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Projective Transformation (Homography) =

x'= Hx»
whereH is an arbitrary3! 3 matrix.

Hl is homogenous:

Two Hl matrices that differ only by a scale factor are equivalent.

.
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'\e

~_ X
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Projective Transformation (Homography) =

x'= Hx»
whereH is an arbitrary3! 3 matrix.

Hl is homogenous:

Two Hl matrices that differ only by a scale factor are equivalent.

. hooX + hory + ho2

. = hioX + h11y + hio
hooX + ho1y + hoo

hooX + ho1y + hoo

andy' =

.
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'\e

~_ X
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Projective Transformation (Homography) =

x'= Hx»
whereH is an arbitrary3! 3 matrix.

Hl is homogenous:

Two Hl matrices that differ only by a scale factor are equivalent.

. hooX + hory + ho2

. = hioX + h11y + hio
hooX + ho1y + hoo

hooX + ho1y + hoo

andy' =

Preserves straight lines

.
yA / Sm Q projectiv
translation
> g
—y
Euclidean Ar'le

~_ X
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Summary of 2D Transformations

Nested set of groups
I Closed under composition
I Each transformation has an inverse that is a member of the same group

Transformation Matrix # DoF Preserves Icon
!
translation | ‘ t ; 2 orientation
! " 1
rigid (Euclidean) R |t - 3 lengths a |
' 1] |
' I 1]
similarity sR | t - 4 angles .
I :
! -
afbne A 6 parallelism #;#
|
! 213 ‘ o6
rojective H 8 straight lines
Pro] 31 3 J %

A e
y / Sm projectiv
translation

/
——y
Euclidean i
¥/A:e >
X
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CO'VeCtOrS suiversive
I

We now know how to transform points.
How do we transform lines?
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How do we transform lines?
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CO'VeCtOrS suiversive
I

We now know how to transform points.
How do we transform lines?

Féx =0

x' = Hx

Fax'=F Hx=(H F)Tx=fax=0
Thus
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CO'VeCtOrS suiversive
I

We now know how to transform points.
How do we transform lines?

Fax =0
x' = Hx

| IT |

Fat' =F Hx=(H f)Tx=Fat=0
Thus

i R

"= H OF
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CO'VeCtOrS suiversive
I

We now know how to transform points.
How do we transform lines?

Fax =0

x' = Hx

I:'!éx!: F Hx=(H F)Tx=fax=0
Thus

l.e., the action of a projective transformation aoavectorsuch as a
2D line can be represented by the transposed inverse of the matrix.
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I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

I 3D to 2D projections

Il Lens Distortions
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3D Translation
3D translations can be written as = x + t or

a:’:{I t}:f;

where I is the (3 X 3) identity matrix
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Euclidean Transformation (3D Rotation + Translation)

' = Rx +t
a:’:[R t}i

where R is a 3 x 3 orthonormal rotation matrix with RR' = I and |R| = 1

Preserves Euclidean distances
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%' = sRx +t

.’B’Z[SR t}a‘:

Preserves angles
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Afbne Transformation

xs = AW, whereA is an arbitrary3! 4 matrix

A

dpo do1 dp2 Aops

!
T = 8;70 djp A;n a2 a3 (P
dpp dpp dp2 Ap3

Preserves parallelism
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Projective Transformation (Homography) =

' = Hx

where H is an arbitrary4! 4 homogeneous mati

Preserves straight lines
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Summary of 3D Transformations

UNIVERSITE
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Transformation Matrix # DoF Preserves lcon
translation | ‘t 3 3 orientation
| 4
- . || "
rigid (Euclidean) R |t 3 6 lengths no)
| 4 -
) | 11
similarity SR | t 3 7  angles o
| 4 :
! 11 -
afbne A 12 parallelism #;#
3l 4
| " 080
projective H 15 straight lines ‘$$
4! 4
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I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

I 3D to 2D projections

Il Lens Distortions
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3D Rotations: Axis/Angle Representation *+
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3D Rotations: Axis/Angle Representation *+

I =10
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Amount of rotation
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3D Rotations: Axis/Angle Representation *+

Amount of rotation AXxis of rotation
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3D Rotations: Axis/Angle Representation *+

Amount of rotation AXxis of rotation

Let u be the result of rotating vector v about axis @ by the angle ! .
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First, project the vector v onto the axis :
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3D Rotations: Axis/Angle Representation *+

Amount of rotation AXxis of rotation

Let u be the result of rotating vector v about axis @ by the angle ! .
First, project the vector v onto the axis :

v, = n(h&v) = (AR v
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3D Rotations: Axis/Angle Representation *+

Amount of rotation AXxis of rotation

Let u be the result of rotating vector v about axis @ by the angle ! .
First, project the vector v onto the axis :
v, = n(h&v) = (AR v

Next, compute the perpendicular residual:
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3D Rotations: Axis/Angle Representation *+

Amount of rotation AXxis of rotation

Let u be the result of rotating vector v about axis @ by the angle ! .
First, project the vector v onto the axis :

v, = n(h&v) = (AR v

Next, compute the perpendicular residual:

v- =v! v, =(1! po")v
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3D Rotations: Axis/Angle Representation *+
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3D Rotations: Axis/Angle Representation *+

We can rotate this vector by 90' using the cross product,

ve =nA! v=[A]v,

EECS 4422/5323 Computer Vision P9 J. Elder



3D Rotations: Axis/Angle Representation *+

We can rotate this vector by 90' using the cross product,

ve =nA! v=[A]v,

where[0]- Is the matrix form of the cross product operator with the velter (&, Oy, 0,),
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3D Rotations: Axis/Angle Representation *+

We can rotate this vector by 90' using the cross product,

ve =nA! v=[A]v,

where[0]- Is the matrix form of the cross product operator with the velter (&, Oy, 0,),

! $

n O " ﬂz ny 0

B =# o6, 0 "oy &
" i')y 0y 0
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3D Rotations: Axis/Angle Representation *+

We can rotate this vector by 90' using the cross product,

ve =nA! v=[A]v,

where[0]- Is the matrix form of the cross product operator with the velter (&, Oy, 0,),

' $

" O " ﬂz Dy 0

] =# B, 0 "by &
! Dy ﬁx O

Note that rotating this vector by anott@® is equivalent to taking the cross product ag

Ve =B ve =[B]PV=" vy,

and hence

Vg= V" Vg = V+ve =(I +[B]?)v.
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3D Rotations: Axis/Angle Representation *+
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3D Rotations: Axis/Angle Representation *+

We can now compute the in-plane component of the rotated vacisr

Uy =cos!vy +sin!v. =(sin I[B]- " cos![B]?)v.
Putting all these terms together, we obtain the bnal rotated vector as

Uu=ug +vg=(l +sin![B] +(1 " cos!)[B]?)v.
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3D Rotations: Axis/Angle Representation *+

We can now compute the in-plane component of the rotated vecsr
Uy =cos!vy +sin!v. =(sin I[B]- " cos![B]?)v.

Putting all these terms together, we obtain the bnal rotated vector as
Uu=ug +vg=(l +sin![B] +(1 " cos!)[B]?)v.

We can therefore write the rotation matrix corresponding to a rotatidndrpund an axi$
as
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3D Rotations: Axis/Angle Representation *+

We can now compute the in-plane component of the rotated vecsr
Uy =cos!vy +sin!v. =(sin I[B]- " cos![B]?)v.

Putting all these terms together, we obtain the bnal rotated vector as
Uu=ug +vg=(l +sin![B] +(1 " cos!)[B]?)v.

We can therefore write the rotation matrix corresponding to a rotatidndrpund an axi$

as
R(G,!)=1 +sin![B]- +(1 " cos!)[B]?
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3D Rotations: Axis/Angle Representation *+

We can now compute the in-plane component of the rotated vecsr
Uy =cos!vy +sin!v. =(sin I[B]- " cos![B]?)v.

Putting all these terms together, we obtain the bnal rotated vector as
Uu=ug +vg=(l +sin![B] +(1 " cos!)[B]?)v.

We can therefore write the rotation matrix corresponding to a rotatidndrpund an axi$

as
R(3,!)=1 +sin![B]- +(1 " cos!)[B]° (Rodriquez® formula)
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3D Rotations: Axis/Angle Representation *+

R(0,!)=1 +sin![B]: +(1 " cos!)[B]* (RodriquezO formula)

For small rotations:
n 1 "’ "Z "y 0
R(ID)# I +sin![p] # 1 +[!d]- =# ", 1 Xé
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Unit Quaternions SR

q=(xY,z,w) with &g&=1

g and ¢ represent the same rotation.

Quaternions can be derived from the axis/angle representation through the -

g=(v,w)=(sin Eb,cosé),

whered and! are the rotation axis and ang

RodriguezO formula now becomes (see textbook):

R(H,!)

| +sin![B], +(1" cos!)[B]?
= | +2w|v] ‘|‘2[V]|2
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UNIVERSITE

Quaternion Algebra  EE

g=(v,w)=(sin éﬁ,cosé)

Composition (multiplication):d, = qg0; = (Vo # V1 + WV + W1V, WoW1 " Vo avy)

R(dz) = R(qg)R(ay)

Inverse: flip the sign of or w (but not both).
l.e., ifg= (v, w), theng?! = (-v, w) = (v, -w).
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Outline = #5s

I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

3D to 2D projections

Il Lens Distortions
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Orthographic (Parallel) Projection
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Orthographic (Parallel) Projection

I Reasonable approximation to perspective projection when % depth _ 5 3 2)
variation within field of view is small. ﬁj <o
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Orthographic (Parallel) Projection
I Reasonable approximation to perspective projection when % depth o)
variation within field of view is small. ﬁj i
/f | (x,y’z/)f
I This is often the case for telephoto lenses (long viewing distances, / 49Wwe
small field of view) AN
cabes
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Orthographic (Parallel) Projection
I Reasonable approximation to perspective projection when % depth &)
variation within field of view is small. ﬁj S
) / | (x,y’z/{
I This Is often the case for telephoto lenses (long viewing distances, / o'l
small field of view) R W N
cabcs

I Given camera-aligned world coordinate frame, simply drop the z
component!

EECS 4422/5323 Computer Vision B5 J. Elder



UNIVERSITE

Orthographic (Parallel) Projection =+~

' Reasonable approximation to perspective projection when % depth = |
variation within field of view is small. ﬁj 0

& \i = /,f
“\\// (x,y’z/)
/

= /

| This is often the case for telephoto lenses (long viewing distances, ™./ S
small field of view) ’/ /
I Given camera-aligned world coordinate frame, simply drop the z <ab,cr

component!

I In iInhomogeneous (Euclidean) coordinates:
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UNIVERSITE

Orthographic (Parallel) Projection =+~

' Reasonable approximation to perspective projection when % depth = |
variation within field of view is small. ﬁj 0

& \i = /,f
“\\// (x,y’z/)
/

= /

| This is often the case for telephoto lenses (long viewing distances, ™./ S
small field of view) ’/ /
I Given camera-aligned world coordinate frame, simply drop the z <ab,cr

component!

I In iInhomogeneous (Euclidean) coordinates:
X =[122[0]p
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UNIVERSITE

Orthographic (Parallel) Projection =+~

' Reasonable approximation to perspective projection when % depth = |
variation within field of view is small. ﬁj 0

b
f

‘\\\\ / - /.n’
“ (53
/

| This is often the case for telephoto lenses (long viewing distances, ™./ 1N
small field of view) !// /
I Given camera-aligned world coordinate frame, simply drop the z <ab,cr

component!

I In iInhomogeneous (Euclidean) coordinates:
X =[122[0]p
wherep is the 3D point and is the projected 2D image point
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Orthographic (Parallel) Projection

' Reasonable approximation to perspective projection when % depth = |
variation within field of view is small. ﬁj 0

Vs

\\\ / = /r
/ (x,y,z/)
! e

| This is often the case for telephoto lenses (long viewing distances, ™./ S
small field of view) [ YO

/ . N, 3
s s
: \
< .
\\ ‘\
S S
\\
N ~
X \
<
3

I Given camera-aligned world coordinate frame, simply drop the z @b,
component!

I In iInhomogeneous (Euclidean) coordinates:
X =[122[0]p
wherep is the 3D point and is the projected 2D image point

I In practice, we also need to scale the x and y coordinates from metres to pixels:
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Orthographic (Parallel) Projection

' Reasonable approximation to perspective projection when % depth = |
variation within field of view is small. ﬁj 0

b
f

\\\ / = /r
/ (x,y,z/)
! e

| This is often the case for telephoto lenses (long viewing distances, ™./ S
small field of view) [ YO

/ . N, -
s s
: \
< .
\\ ‘\
S S
\\
N ~
X \
< \
3

I Given camera-aligned world coordinate frame, simply drop the z @b,
component!

I In iInhomogeneous (Euclidean) coordinates:
X =[122[0]p
wherep is the 3D point and is the projected 2D image point

I In practice, we also need to scale the x and y coordinates from metres to pixels:

X =[sl 21 2|0] p.
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Perspective Projection
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Perspective Projection

I Points projected onto image plane by dividing them by their z component.
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Perspective Projection
I Points projected onto image plane by dividing them by their z component.
P
X[z -\(xo Yo 320 )
" 0/ N
w=P,(p)=# ylz é
| /H
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Perspective Projection
I Points projected onto image plane by dividing them by their z component.
P
X[z -\(xo Yo 320 )
" 0/ N
w=P,(p)=# ylz é
1 /f /
/ A
| In homogeneous coordinates: / AN
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Perspective Projection
I Points projected onto image plane by dividing them by their z component.
P
X[z -\(xo Yo 320 )
" 0/ N
w=P,(p)=# ylz é
1 /f /
I In homogeneous coordinates: / 11 R
(a,b,c)\%"
' N>
1 0 0O
nn 00
*x=#0 1 0 0&p
0 010
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Camera Intrinsics

% = K R‘t P, = PP,
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Camera Intrinsics
%= K R 't Py = PPy,

\

3D world point
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Camera Intrinsics
%= K R 't Py = PPy,

3D world point
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Camera Intrinsics

% = K R‘t P, = PP,

3D world point

Projection matrix
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Camera Intrinsics

xs= K R |t p,=Pp,

2D image projectiot \

3D world point
Projection matrix

Extrinsic (rotation + translation) matr
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Camera Intrinsics

R |t pW-PpW

e
2D image projectior / 3D World point

Intrinsic (calibration) matri Projection matrix

Extrinsic (rotation + translation) matr
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Camera Intrinsics

R |t pW-PpW

e
2D image projectior / 3D World point

Intrinsic (calibration) matri Projection matrix

Extrinsic (rotation + translation) matr

¢ P
S
. Tx Cx%
K=# 0 fy ¢
0O 0 1
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Camera Intrinsics

't Py = PPW

2D image projectior / 3D World point

Intrinsic (calibration) matri Projection matrix

Extrinsic (rotation + translation) matr

¢ P
S
. Tx Cx%
K=# 0 fy ¢
0O 0 1

fx andfy: encode focal length and pixel spacing,
which may be slightly different ir andy dimensions.
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Camera Intrinsics  #wEe

't Py = PPW

2D image projectior / 3D World point

Intrinsic (calibration) matri Projection matrix

Extrinsic (rotation + translation) matr

f

X SCX%
K=# 0 fy ¢

0O 0 1

fx andfy: encode focal length and pixel spacing,
which may be slightly different ir andy dimensions.

cx andcy. encode principal point (intersection of optic axis with sensor plane) - usually
very close to centre of image
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Camera Intrinsics

't Py = PPW

2D image projectior / 3D World point

Intrinsic (calibration) matri Projection matrix

Extrinsic (rotation + translation) matr

f
. Tx SCX%
K=# 0 fy ¢
0O 0 1

fx andfy: encode focal length and pixel spacing,
which may be slightly different ir andy dimensions.

cx andcy. encode principal point (intersection of optic axis with sensor plane) - usually
very close to centre of image

S. encodes possible skew between sensor axes (usually close to 0).
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Camera Intrinsics

xs= K R |t p,=Pp,

2D image projectiot \

3D world point
Intrinsic (calibration) matri Projection matrix

Extrinsic (rotation + translation) matr

W-1
P AYe
1:X S Cx 0 /,Xs 4
K=#0 f, ¢ & M/
0 0 1 _O// (CXéCY) :/ f >
:: Xe Z
fx andfy. encode focal length and pixel spacing, H-1 //
which may be slightly different irn andy dimensions. Yy,

cx andcy. encode principal point (intersection of optic axis with sensor plane) - usually
very close to centre of image

S. encodes possible skew between sensor axes (usually close to 0).
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Focal Lengths
I Focal length can be measured either in pixels or in mm.
| y
W !
/2 f Z

_ (x,y1)
Optical centre \l(x,v,z

Sensor plane

! W
tan - = —

5= of or f =
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Focal Lengths
I Focal length can be measured either in pixels or in mm.
! 1]
W !
/2 f Z

: (x,y.1)
Optical centre \l(x,y,z;

Sensor plane

! W
tan - = —

>~ of or f =

I Example: Consider the FLIR BlackFly S BFS-PGE-122S6C-C paired with a 10mm

I Resolution: 4096 x 3000 pixels

I Sensor width: 1.10 = 27.94mm
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Outline = #5s

I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

I 3D to 2D projections

l  Lens Distortions
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Lens Distortions
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Lens Distortions

I In perspective projection, straight lines project to straight lines.
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Lens Distortions

I In perspective projection, straight lines project to straight lines.

I This 1s not true in real cameras, due to lens distortions.
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Lens Distortions

I In perspective projection, straight lines project to straight lines.
I This is not true in real cameras, due to lens distortions.

' Wide-angle lenses produce noticeable radial distortion
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UNIVERSITE

Lens Distortions e

I In perspective projection, straight lines project to straight lines.

I This Is not true in real cameras, due to lens distortions.
' Wide-angle lenses produce noticeable radial distortion

I Let (X, Yc) be image coordinates after perspective projection but before scaling by
focal length and shifting but he optical centre.
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UNIVERSITE

Lens Distortions e

I In perspective projection, straight lines project to straight lines.

I This Is not true in real cameras, due to lens distortions.
' Wide-angle lenses produce noticeable radial distortion

I Let (X, Yc) be image coordinates after perspective projection but before scaling by
focal length and shifting but he optical centre.

I Then without distortion, we should have
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UNIVERSITE

Lens Distortions e

I In perspective projection, straight lines project to straight lines.

I This Is not true in real cameras, due to lens distortions.
' Wide-angle lenses produce noticeable radial distortion

I Let (X, Yc) be image coordinates after perspective projection but before scaling by
focal length and shifting but he optical centre.

I Then without distortion, we should have

. = ry ap + ty
¢ r, ap + t,
Vo = ryap+ty

r,ap+t,
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Radial Distortion ThC

EECS 4422/5323 Computer Vision n1 J. Elder



Radial Distortion Hefio
Xe = ' ?‘p + Ix
I ap + tz
Iy ap + ty
Ye = r D+ 1,
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Radial Distortion = s

ry ap + ty
Xe = _
r,ap+t,
ryap + ty
Ye = Z
r,ap+t,

I In radial distortion, points are displaced radially by an amount
that increases with their distance from the image centre
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Radial Distortion = s

ry ap + ty
Xe = _
r,ap+t,
ryap + ty
Ye = Z
r,ap+t,

I In radial distortion, points are displaced radially by an amount
that increases with their distance from the image centre

' Barrel distortion: points are displaced away from the image
centre
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Radial Distortion = s

ry ap + ty
Xe = _
r,ap+t,
ryap + ty
Ye = Z
r,ap+t,

I In radial distortion, points are displaced radially by an amount
that increases with their distance from the image centre

' Barrel distortion: points are displaced away from the image
centre

' Pincushion distortion: points are displaced towards the image
centre

EECS 4422/5323 Computer Vision n1 J. Elder



Radial Distortion = s

ry ap + ty
Xe = .
r,ap+t,
ryap + ty
Ye = y
r,ap+t,

I In radial distortion, points are displaced radially by an amount
that increases with their distance from the image centre

' Barrel distortion: points are displaced away from the image
centre

' Pincushion distortion: points are displaced towards the image
centre

' Radial distortion can be modelled by a 4th-order perturbation «
these coordinates:
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Radial Distortion ThC

ry ap + ty
Xe = .
r,ap+t,
ryap + ty
Ye = y
r,ap+t,

I In radial distortion, points are displaced radially by an amount
that increases with their distance from the image centre

' Barrel distortion: points are displaced away from the image
centre

' Pincushion distortion: points are displaced towards the image
centre

' Radial distortion can be modelled by a 4th-order perturbation «
these coordinates:

;. = XC(1+ "1I’§ + "er:‘)

ﬁ: — yc(1+ ||1r§ + "ng),
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Outline = o

I Geometric primitives
I 2D transformations
I 3D transformations
I 3D rotations

I 3D to 2D projections

Il Lens Distortions
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