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Abstract—A new timing channel, known as the delay selector
channel (DSC), is proposed as an abstract model for applications
with timing noise. In this model, channel inputs are delayed by
a random amount, and delayed transmissions are summed at
the output. Molecular communication is discussed as a principal
application of the DSC, since the channel mimics the propagation
and reception of molecules under Brownian motion. In this paper,
the DSC is described in detail, and a closed-form lower bound
is given on capacity.

I. INTRODUCTION
Random delay and timing noise are found in a number of

practical communication systems, such as magnetic recording,
mobile wireless, and queue-timing channels. These timing
channels introduce memory into communication, since the
receiver is required to rearrange its observations in time to
form the right sequence. Memory is found in the abstract
channel models have been proposed to model timing noise,
such as the trapdoor channel [1], the insertion-deletion channel
[2], and the binary jitter channel [3].
This paper is motivated by recent studies of molecular com-

munication, in which message-bearing particles use Brownian
motion to propagate from transmitter to receiver [4]–[7]. When
a molecular communication system is viewed in terms of the
Brownian motion of individual message-bearing molecules,
as in [5], the result is also a timing channel: messages are
encoded in the release times of molecules, and distortion is
introduced in the random propagation times of each molecule
from transmitter to receiver. There are many distributions that
may be used to model the random propagation time: for
example, for Brownian motion with positive drift, the inverse
Gaussian distribution may be used [8]; for Brownian motion
in a confined channel, the distribution may be found using
Monte Carlo methods [9].
In this paper, we are interested in the case of indistinguish-

ablemolecules. This case has a complicated memory structure,
since the channel may permute the order of the molecules, and
the receiver may not observe the order in which they were
transmitted. As a result, no closed-form capacity results are
available, and exact calculations of mutual information may
be intractable [10]. Addressing this problem, in this paper we
propose a new abstract discrete-time channel model, called the
delay selector channel (DSC), which mimics the features of
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the molecular communication problem: at each time instant,
the channel input – either 0 or 1 (representing no molecule
or a single molecule, respectively) – is delayed by a random
amount, and the delayed inputs are summed at the channel
output. This channel model can be used with any discrete
distribution of propagation time. Our main contribution, aside
from the definition of the DSC, is a simple and closed-form
lower bound on the capacity, presented in Theorem 1 at the
end of the paper.

II. CHANNEL MODEL

The general form of the DSC is illustrated in Figure 1.
The DSC is a discrete-time channel with vectors of inputs
xn

1 ! Xn, switch states sn
1 ! Sn, and outputs yn

1 ! Yn, for
sets of allowed inputs X , states S, and outputs Y . At each
time i, the input xi is delayed by si time units, arriving at
the receiver at time i + si. The channel output yi is given
by the sum of all channel inputs that arrive at time i. The
delays si are i.i.d., with distribution given by a probability
mass function (PMF) fS(s); further, to simplify the notation,
we use qi = fS(i) = Pr(s = i). There is no other source
of noise or distortion in the channel. The example in Figure
2 depicts the operation of a 2-DSC with binary inputs and
possible delays of 0, 1, and 2.
Throughout this paper, we assume X ! {0, 1}, and S !

{0, 1, . . . , m}. Considering the maximum delay m, we refer
to the channel as an m-DSC. Since yi is the sum of delayed
arrivals at time i, with m as the maximum delay, we have Y !
{0, 1, . . . , m + 1}. These assumptions are consistent with our
molecular communication application, e.g. xi = 1 represents
the release of a molecule and xi = 0 represents no release,
while si represents the propagation time. Further, the use of a
maximum delay m is practical in channels with strong drift.
For the distribution of xi, we use is an i.i.d. Bernoulli process
with success rate px; this simplifies the analysis, although it
is not necessarily capacity-achieving.
Let ![k] represent the Kronecker delta function. At time t

we can represent the m-DSC outputs yi as follows:

yt =
m

!

i=0

![st!i " i]xt!i. (1)

Note that yt can be defined for 1 # t # n + m if we assume
the initial condition and post-use condition of the channel are
both all-zero, i.e., xt = 0 for t < 1 and t > n.
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Fig. 1. Schematic view of the delay selector channel. Here, ![k] is the
Kronecker delta function, and each box represents convolution by the function
inside the box; i.e., ![k!i] represents a delay of i time units. All nonselected
boxes at time i receive a zero input.

Fig. 2. An example of inserting a sequence of binary numbers into a 2-DSC.

We observe that the function ![sk " i] for i = (0, 1, ..., K)
at an arbitrary time k plays a very important role in the output
equations (1); further, note that ![sk " i] is a random variable,
because sk is a random variable. The following properties of
this expression are useful:
1) ![sk " i] = 0 for any i < 0 and any i > m, since

sk ! {0, 1, . . . , m}.
2)

"j
i=0 ![sn " i] ! {0, 1}, and is equal to 1 if j = m,

since only one of them+1 paths is selected at any time.
3) Pr(![sk " i] = 1) = Pr(sk = i) = qi. Further, recalling
that ![sk " i] ! {0, 1}, we have E[![sk " i]] = qi.

4) For any two integers j and k, if j $= k, then ![sj "
i] is independent of ![sk " i] (because sj and sk are
independent).

III. INFORMATION RATE LOWER BOUND

In this section, we derive our main result, which is a closed-
form bound on the mutual information (and therefore the
capacity) of the DSC. Our general approach is to form a
synthetic channel output with the same distribution as Y , and
manipulate the properties of that channel output to produce a
bound on I(X ; Y ).
In this section, the notation I(X ; Y ) and H(X |Y ) refer to

the mutual information and conditional entropy of (possibly
vector) random variables X and Y , respectively; while the
notation I(X ; Y ) = limn"#

1
nI(X ; Y ) and H(X |Y ) =

limn"#

1
n
H(X |Y ) refer to the respective information and

entropy rates.

A. The ! channel

We introduce this section by considering the cumulative
sums of channel outputs yj , from j = 1 to t + m (it will

shortly become clear why we choose these indices). We can
write

t+m
!

j=1

yj =
t+m
!

j=1

m
!

i=0

![sj!i " i]xj!i (2)

=
t+m
!

j=1

#
!

i=!#

![sj!i " i]xj!i (3)

=
t+m
!

j=1

#
!

u=!#

![su " j + u]xu (4)

=
n

!

u=1

xu

t+m
!

j=1

![su " j + u] (5)

=
n

!

u=1

xu

t+m!u
!

j=1!u

![su " j] (6)

=
n

!

u=1

xu

t+m!u
!

j=0

![su " j], (7)

where (3) follows from property 1 above; (4) follows from
the change of variables u = j " i; (5) follows from changing
the order of summation, and noting that xu = 0 for u $!
{1, 2, . . . , n}; (6) follows by replacing j " u with j; and (7)
follows since 1 " u # 0 for all u ! {1, 2, . . . , n}, and from
property 1 above. Now, from (7), consider the inner summation
"t+m!u

j=0 ![su " j]. There are two important special cases.
First, if u # t, then t + m " u % m, so

t+m!u
!

j=0

![su " j] =
m

!

j=0

![su " j] (8)

= 1, (9)

from properties 3 and 4 above. Second, u > t + m, i.e. t +
m " u < 0, so

t+m!u
!

j=0

![su " j] = 0, (10)

since there are no terms remaining in the sum. Thus, we can
rewrite (7) as

t+m
!

j=1

yj =
t

!

u=1

xu +
t+m
!

u=t+1

xu

t+m!u
!

j=0

![su " j]. (11)

In other words,
"t+m

j=1 yj includes
"t

u=1 xu, the sum of all
channel inputs up to time t. This makes sense, as the maximum
channel delay ism, so all these inputs would arrive before time
t + m.
Let

!t =
t+m
!

j=1

yj "
t!1
!

u=1

xu. (12)

and let

"u,t = xu

t+m!u
!

j=0

![su " j] (13)



for t+1 # u # t+m. Then combined with (11), (12) becomes

!t = xt +
t+m
!

u=t+1

"u,t (14)

= xt +
m

!

i=1

"t+i,t. (15)

Two important properties of "u,t are pointed out here:
1) Using properties 2 and 3 above, "t+i,t takes on values
only from {0, 1} with

Pr("t+i,t = 1) = px

m!i
!

j=0

qj . (16)

2) Using property 4 above, "u,t and "v,t are inde-
pendent for u $= v. Thus, the random variables
xt, "t+1,t, "t+2,t, ..., "t+m,t are mutually independent.

Consider a channel equivalent to (15) as a memoryless
channel, with signal xt and “noise” equal to

"m
i=1 "t+i,t. Our

approach is to define such memoryless channel, and use it to
bound the capacity of the true channel:
Definition 1: Let x be a Bernoulli distributed random vari-

able with Pr(x = 1) = px, and let #i i ! {1, 2, . . . , m},
be independent Bernoulli distributed random variables with
Pr(#i = 1) = Pr("t+i,t = 1) = px

"m!i
j=0 qj for i !

{1, 2, . . . , m}. Then the ! channel has inputs x and outputs
! = x + #1 + #2 + ... + #m, (17)

Note that the terms #i have the same distributions as "t+i,t,
and the ! from (17) has the same marginal distribution as
!t from (15). However, in this synthetic channel, successive
outputs of ! are assumed to be i.i.d.. If we let # =

"m
i=1 #i,

the channel can be represented compactly as ! = x + #.
Since x and # are independent, we say that the ! channel
comprises channel input x and channel noise #.
Our next goal in this section is to prove that the !

channel corresponding to a m-DSC (with the same channel
input and switch states distribution) forms a lower bound on
the information rate. We first prove the following inequality
between H(X |Y ) of the m-DSC and the conditional entropy
H(X |!) of the corresponding ! channel:
Lemma 1:

H(X |Y ) # H(X |!). (18)
Proof:

H(X |Y )

= lim
n"#

1

n

n
!

i=1

H(xi|x1, ..., xi!1, y1, ..., yn) (19)

= lim
n"#

1

n

n!m
!

i=1

H(xi|x1, ..., xi!1, y1, ..., yn) (20)

= lim
n"#

H(xn!m|x1, ..., xn!m!1, y1, ..., yn) (21)

# lim
n"#

H(xn!m|x1, ..., xn!m!1, !1, ..., !n!m)(22)

= lim
n"#

1

n
H(x1, ..., xn|!1, ..., !n) (23)

# H(X |!) (24)

Equation (20) follows since m is finite and H(x|...) is
bounded, and inequality (22) follows since !j (j !
{1, 2, ..., n " m}) is a function of the random variables
x1, x2, ..., xj!1, y1, y2, ..., yj+m, i.e., !j =

"j+m
i=1 yj "

"j!1

i=1 xi. The inequality (24) follows since conditioning never
increases entropy.
Let I(X ; Y ) be the information rate of an m-DSC, and

I(X ; !) be the mutual information of the corresponding !
channel, then we have the following corollary of Lemma 1:
Corollary 1: (the ! lower bound)

I(X ; Y ) % I(X ; !). (25)

Proof:

I(X ; Y ) = H(X) "H(X |Y )

% H(X) " H(X |!)

= I(X ; !),

(26)

where the inequality follows from Lemma 1.

B. The Poisson-Binomial Lower Bound

Although I(X ; !) can be computed numerically, it cannot
be calculated in closed form. It is hence important for us to
develop another lower bound which we refer as“the Poisson-
Binomial Lower Bound” or ILPB . To best illustrate our
proposed method, we start by introducing a new memoryless
channel: the Poisson-Binomial (PB) channel.
Definition 2: (Poisson-Binomial Channel) The discrete

memoryless channel:

b = x + z1 + z2 + ... + zN , (27)

where x is a Bernoulli R.V. with success rate px = Pr{x = 1},
and z1, z2, ..., zN are a sequence of independent Bernoulli
R.V.s with success rates pzi

= Pr{zi = 1} for i =
(0, 1, ..., N). Letting z =

"N
i=1 zi, the channel can also be

expressed as:
b = x + z. (28)

We now show that the information rate of PB channel can
be lower bounded by an explicit formula. Let $Z represent
the mean of noise z, where $Z = E[z] =

"N
i=1 pzi

. Then we
derive the following lemma:
Lemma 2: (Lower bound of PB channel)

I(X ; B) % px log
$Z + 1

$Z + px
. (29)

Proof: In the PB channel b = x+z, x is a Bernoulli R.V.
with success rate px. z (z =

"N
i=1 zi) is a Poisson-Binomial

R.V. taking on values in the set {0, 1, ..., N}, and with mean
$Z . Here we notice that b is also a Poisson-Binomial R.V.
taking on values from set {0, 1, ..., N + 1} and with mean
$B=$Z + px.
Now, we introduce a new variable t = 0, 1, 2, ..., and let

fZ(t) and fB(t) be the PMFs of z and b respectively (indexed
with respect to t). Further, let "Z(t) and "B(t) be the PMFs



of Poisson distributions with mean $Z and $B respectively.
For example, for "B(t),

"B(t) =
$t

B

t!
e!!B , (30)

and similarly for "Z(t), replacing $B with $Z . The Kullback-
Leibler distance [11] between fB(t) and "B(t) can be written

D(fB ||"B)

=
N+1
!

t=0

fB(t) log

#

fB(t)
!t

B

t! e!!B

$

= $B " $B log $B + EB[log t!] " H(B),

(31)

where EB[·] =
"

t fB(t)(·) is the expected value with respect
to distribution fB(t). Similarly, we also have,

D(Z||"Z) = $Z " $Z log $Z + EZ [log t!] " H(Z). (32)

Subsequently, the information rate of the P.B. channel can be
written as:

I(X ; B)

= H(B) " H(B|X) (33)
= H(B) " H(Z) (34)
= D(Z||"Z) " D(B||"B) + EB[log t!] " EZ [log t!]

+$B " $B log $B " $Z + $Z log $Z . (35)

Studying the terms in Equation (35) individually, we further
notice that

D(Z||"Z) " D(B||"B)

% D(Z||"Z) " D(Z||"B) (36)

=
!

t

Z(t) log
"B(t)

"Z(t)
(37)

= $Z " $B + $Z log
$B

$Z
, (38)

where the inequality of (36) follows from the fact that the
KL-distance between a Poisson-Binomial distribution ‘Q’ and
a Poisson Distribution ‘"’ with mean $ is minimal only if
$ = E[Q]. This property is proved in [12]. Further,

EB [log t!] " EZ [log t!]

=
N+1
!

t=0

fB(t) log t! "
N

!

t=0

fZ(t) log t! (39)

= px(
N+1
!

t=0

fZ(t " 1) log t! "
N+1
!

t=0

fZ(t) log t!) (40)

= px

N
!

t=0

fZ(t) log (t + 1) (41)

% px log ($Z + 1), (42)

in which (40) follows from the fact that
fB(t)

= Pr(X = 0)fZ(t) + Pr(X = 1)fZ(t " 1)

= fZ(t) + px(fZ(t " 1) " fZ(t)),

(43)

and (42) follows from Jensen’s inequality. Substituting the
results of (38) and (42) into Equation (35), we obtain

I(X ; B)

% $Z log
$B

$Z
+ px log ($Z + 1) " $B log $B + $Z log $Z

= px log
$Z + 1

$Z + px
. (44)

The following lemma ties our results back to the ! channel,
and therefore the m-DSC.
Lemma 3: E[#] = px%", where %" =

"m
i=1

"m!i
j=0 qj , and

where # is the ! channel noise term.
Proof: Recall that # =

"m
i=1 #i, so E[#] =

"m
i=1 E[#i].

Using the properties of "u,t, and noting that #i has the same
distribution as "t+i,t, from (16) we haveE[#i] = px

"m!i
j=0 qj ;

thus, E[#] = px

"m
i=1

"m!i
j=0 qj .

Finally, our main result follows.
Theorem 1:

C % I(X ; Y ) % I(X ; !) % px log
px%" + 1

px(%" + 1)
, (45)

where C represents capacity.
Proof: The inequality C % I(X ; Y ) follows from the

definition of capacity. The remainder of the theorem follows
immediately from Lemmas 1-3 and Corollary 1.
Thus, from Theorem 1, we have a closed-form lower bound
on capacity as a function of only two parameters: px and %".
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