
2005 Conference on Information Sciences and Systems, The Johns Hopkins University, March 16–18, 2005

Convergence of Iterative Decoding in Channels with Memory
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In [1], the authors give a criterion based on the Bhat-
tacharyya parameter to show the convergence of symbol er-
ror rate in an iterative estimation-decoding system containing
LDPC codes, known as the weak sense iterative decoding limit.
This result has implications not only for iterative decoding,
but for the convergence of the density evolution procedure,
and our main result extends it to channels with memory. We
consider estimation-decoding schemes that are defined on fac-
tor graphs, using the sum-product algorithm (SPA).

A channel with memory is any channel where there is some
dependence in either the noise process or the channel output
from channel use to channel use. If the channel inputs are
the symbols from an error-correcting code, channel state es-
timation can be performed jointly with decoding to improve
performance. A common way to combine these tasks is to use
factor graphs and the SPA [2]. See [3] for an example of an
estimation-decoding scheme in the Gilbert-Elliott channel.

We now review the result from [1]. Let ψZ,0(z) (resp.,
ψZ,1(z)) represent the probability density function (PDF) of a
particular extrinsic message in sum-product decoding, assum-
ing the underlying symbol is 0 (resp., 1). The Bhattacharyya
parameter (BP) corresponding to this pair of densities is given

by B =
∫∞
−∞

√
ψZ,0(z)ψZ,1(z)dz. It is easy to show that B

is an upper bound on the probability of symbol error for an
optimal decision using the densities ψZ,0(z) and ψZ,1(z). A
similar expression is used for the channel message, though we
use the symbol A. That is, A =

∫∞
−∞

√
ψC,0(c)ψC,1(c)dc .

For decoding in memoryless channel, B will change with
the number of iterations, so we will write B(`) to represent
its value at the `th iteration. For a regular LDPC code in a
memoryless channel with variable degree J and check degree
K, where J ≥ 3, there exists a bound on B(`) given by

B(`) < A
(
(K − 1)B(`−1)

)J−1
. (1)

As a result, let Bbr represent a breakout value of the BP, where

Bbr = A−
1

J−2 (K−1)−
J−1
J−2 . Suppose there exists a finite num-

ber of iterations `′ such that B(`′) < Bbr. Then for any num-
ber of iterations ` > `′, in [1, Thm. 5], it is shown that

Pb <

(
B(`′)

Bbr

)(J−1)`−`′

. (2)

In other words, as long as the BP reaches the breakout
value, the probability of symbol error will go to zero double-
exponentially.

We now state our main result, which extends the results
from [1] to channels with memory. Note that in a channel
with memory, the value of A will likely change from iteration
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to iteration, so similarly to B(`), we will write A(`) to repre-
sent its value at the `th iteration. Although our discussion
is based on regular LDPC codes, it can be generalized to an
irregular LDPC code as long as the minimum variable degree
is 3 (following the arguments in [1]).

Our result depends on two conditions which commonly ap-
ply to local neighborhoods in an asymptotically large LDPC
estimation-decoding factor graph: the independence assump-
tion, that is, any message in the graph is calculated from in-
dependent input messages; and optimal detection, in which
the message at the apex of a local neighborhood is the exact
a posteriori probability for its associated symbol, conditioned
on all the observations in the local neighborhood. The re-
sult we give depends only on these assumptions, and is thus
general enough to apply to any channel with memory that
satisfies them, including Markov-modulated channels, block
fading channels with bounded block size, and partial response
channels with bounded response length, as long as the SPA is
used for estimation and decoding.

We begin with a simple observation. Suppose we have a
channel with memory in which channel estimation is con-
ducted up to iteration `∗, after which channel estimation
stops. After that point, the channel messages c remain con-
stant, and so do the densities ψC,0(c) and ψC,1(c). Thus, after
iteration `∗, the channel acts like a memoryless channel from
the decoder’s perspective, and furthermore, A(`∗) = A(`∗+k)

for any integer k > 0. If it so happens that B(`∗) ≤
(A(`∗))−

1
J−2 (K − 1)−

J−1
J−2 , then we can apply the result for

memoryless channels to argue that (2) holds.
However, this is not a robust result, since we have to check

the condition on B(`∗) for each `∗, and we don’t necessarily
want to stop the estimation process. We have the following
more useful result:

Proposition 1 For any channel with memory in which the
SPA is used for estimation-decoding, if there exists some num-

ber of iterations `∗ so that B(`∗) ≤ (A(`∗))−
1

J−2 (K − 1)−
J−1
J−2 ,

then (2) is true for all ` > `∗, whether or not the estimation
procedure continues.

The proof is omitted, though it relies on the side information
lemma from [3].
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