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Abstract— Factor graphs, and message-passing over these
graphs using the Sum-Product Algorithm (SPA), are an im-
portant method for unifying the tasks of channel estima-
tion and decoding. In this paper, we use a variant of the
Expectation-Maximization (EM) Algorithm that is formu-
lated as a modification to the sum-product algorithm (SPA)
over factor graphs. We firstly advance the theory of this
factor graph EM Algorithm, showing that it has attractive
complexity and graph-theoretic properties in the case of a
factor graph with cycles. Subsequently, we apply this al-
gorithm to the problem of state estimation in block inter-
ference channels. Simulation results are given, confirming
that EM-based estimation-decoding improves significantly
on conventional methods, in spite of low complexity.

I. Introduction

Factor graphs are a powerful method for visualizing com-
plicated probabilistic systems, while the Sum-Product Al-
gorithm (SPA) is an efficient way to calculate marginal den-
sities by passing messages over the factor graph [1]. The
SPA is used to perform inference over the factor graph,
by marginalizing over any random variables in the model
that are unobserved, or hidden. Many applications have
been found for factor graphs and the SPA, including LDPC
decoding, representation of complicated channels [2], and
joint channel estimation and decoding [3].

Although the SPA is useful and efficient when the hid-
den variables have alphabets that are discrete and small,
many practically interesting problems in channel estima-
tion require hidden variables with continuous alphabets.
This poses problems for message passing, in that the mes-
sages are calculated and passed as functions of the hidden
variables, and it is generally not possible to exactly express
these functions for continuous variables. One approach is to
approximate the variables using quantization or a Gaussian
assumption. An alternative is to pass a message consisting
of a single estimate as a working value of that variable. In
recent work, Loeliger [4] noticed that gradient-based pa-
rameter estimation algorithms can be expressed on factor
graphs, and proposed a modified SPA to take advantage of
this observation.

Another useful algorithm for communication theorists is
the EM Algorithm [5], which can be used to estimate pa-
rameters in probabilistic systems with hidden variables.
The intent of the EM algorithm is to iteratively calcu-
late maximum likelihood (ML) parameter estimates, and
the estimates produced by the algorithm have the attrac-
tive property of increasing monotonically in likelihood with
each iteration.

Integration of inference algorithms and the EM Algo-

rithm has been explored in recent work. In [6], a Kalman
smoother and maximum a posteriori probability detector
were combined using the EM Algorithm; Kalman smooth-
ing is a special case of the sum-product algorithm. In [7],
this idea was advanced to include soft input, soft output
(SISO) demodulation, which can also be expressed using
the sum-product algorithm. At the same time, [8] noted
that the SPA could be adapted to calculate one step of the
Baum-Welch algorithm, which is a special case of the EM
Algorithm.

In this paper, we use the channel model of block fad-
ing, originally introduced in [9], which is a useful model
to describe such systems as orthogonal frequency division
multiplexing (OFDM) and frequency-hopped spread spec-
trum (FHSS). We show that the FGEM algorithm is par-
ticularly appropriate for block fading channels, since it is
a low-complexity method for dealing with continuous vari-
ables. Furthermore, factor graphs for block fading tend
to have many variable nodes with high degree, which may
introduce short cycles in the factor graph describing the
estimation-decoding system. We also show that the FGEM
algorithm has the interesting property of breaking cycles
in the factor graph, which solves the short-cycle problem
with low complexity. Subsequently, we give a practical ap-
plication of the FGEM, which is to perform estimation-
decoding for a low-density parity-check code in a channel
with Rayleigh block fading. Simulation results will be pre-
sented that confirm our algorithm’s good performance in
this application.

II. Channel model

A block fading channel is a channel in which the channel
statistics are fixed over constant-sized blocks, each con-
taining h > 1 channel uses. For a frame of u blocks, there
exist vectors x ∈ {−1, 1}uh of channel inputs, y ∈ Yuh of
channel outputs, and s ∈ Sh of blockwise channel states,
where Y and S are the sets of possible channel outputs and
channel states, respectively. The elements of x and y are
indexed both by block and position within the block; e.g.,
xij represents the ith channel input in the jth block.

In this paper, we assume that the channel noise is
additive Gaussian, and that the channel states s repre-
sent fading amplitudes, where each si is an independent
Rayleigh distributed random variable. Thus, using the
above notation, the channel outputs may be described as
yij = sixij +nij . The conditional probability density func-
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Fig. 1. An example factor graph for an LDPC code in a block fading
channel.

tion (PDF) of the channel outputs is then given by
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where K is constant with respect to y, s, and x. The
channel inputs x are assumed to be selected from a given
LDPC code. Thus, the channel model (1) together with
this LDPC code may be represented by a factor graph such
as in Fig. 1.

III. The Factor Graph EM Algorithm

In principle, estimation-decoding for the factor graph in
Fig. 1 may be accomplished using the sum-product algo-
rithm (SPA) [1]. However, in our case, there are two is-
sues with the SPA that warrant a search for alternatives.
Firstly, the variables si are continuous. Since message-
passing in the SPA is accomplished by passing functions
of the destination variable, there would be some messages
that are functions of the continuous si. A quantized repre-
sentation of such a message would require high complexity.
Furthermore, from Fig. 1, the variable nodes representing
the channel states si have degree h, which will lead to short
cycles in the factor graph if h is large and u is small.

To address both of these problems, we turn to the
EM Algorithm [5], which is used to iteratively calculate
maximum-likelihood (ML) estimates of parameters. Let y
represent observed random variables, and let h represent
hidden random variables.1 Furthermore, let fy,h(y,h; θ)
represent the joint PDF of y and h, parameterized by θ.
The EM Algorithm uses a two-step iterative process, which
proceeds as follows. Given an estimate θ̄ of θ, in the first
step, we calculate

Q(θ; θ̄) := E
[
log fY,H(y,h; θ)|y, θ = θ̄

]
=

∫
h

fH(h | y; θ = θ̄) [log fY,H(y,h; θ)] dh.(2)

This step is called the expectation step or E-step. In the
second step, we calculate a new estimate θ̄+ of θ, as follows:

θ̄+ = arg maxθ Q(θ; θ̄). (3)

1In the EM Algorithm literature, y is commonly called the incom-
plete data, and {y,h} are jointly called the complete data.

This step is called the maximization step or M-step. Sub-
sequently, we set θ̄ := θ̄+, and return to the E-step, re-
peating these two steps until a stable estimate is obtained.
The estimates θ̄ have the attractive property of increasing
monotonically in likelihood for each iteration of the EM
Algorithm.

Message-passing using the SPA can be adapted so as to
calculate the EM Algorithm, resulting in a factor graph EM
algorithm. To obtain such an algorithm, some of the unob-
served random variables in the model are first designated
parameters. The overall factor graph is then divided into
two subgraphs: one containing all hidden random variables
and their attached factors (called the E-step factor graph),
and one containing the parameters and their attached fac-
tors (called the M-step factor graph). From (2), the expec-
tation in the E-step can be carried out by a slightly mod-
ified SPA calculated over the E-step factor graph, while it
is straightforward to show that the maximization in the M-
step can be obtained using the SPA over the M-step factor
graph, using the max-sum semiring – usual multiplication
is replaced with addition, and usual addition is replaced
with the max(·) operator [8]. It is straightforward to show
the following result, which we present without proof:

Proposition 1: If the E-step and M-step factor graphs
are both cycle-free, there exist message-passing schedules
so that the SPA, with the modifications described above,
exactly implements the EM algorithm.
This result is interesting since the initial factor graph may
contain cycles, and yet the EM algorithm may be ex-
actly implemented, preserving the property of monotonic
increase in likelihood.

In our case, we designate the amplitudes s as the parame-
ters, which leaves the symbols x as the hidden data. The E-
step and M-step factor graphs are illustrated in Fig. 2. Un-
fortunately, the E-step factor graph contains cycles (which
is unavoidable due to the LDPC code), so this is an approx-
imate EM algorithm. From the perspective of the E-step,
it is easy to show that

Q(s; s̄) = J − 1
2σ2

 u∑
i=1

h∑
j=1

s2
i − 2yijsiE[xij | y, s = s̄]

 ,

where J is constant with respect to s. To simplify the
notation, we let x̃ij = E[xij | y, s = s̄]. Now, x̃ij is easily
obtained from the result of the SPA performed over the
E-step factor graph. Letting Lxij represent the final log-
likelihood ratio at the end of E-step SPA calculations,

x̃ij = tanh(Lxij /2),

which amounts to a soft decision on xij . In the M-step,
taking into account the Rayleigh prior on si, it is easy to
show that Q(s; s̄) is maximized by setting
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Fig. 2. An example factor graph for an LDPC code in a block fading
channel.

for every i ∈ {1, 2, · · · , u}. As h →∞, it is easy to see that
this expression approaches s̄+

i =
∑h

j=1 yij x̃ij/h.
This algorithm solves the two issues we gave at the be-

ginning of the section. Firstly, we are no longer required to
pass a function of continuous variables, since in the E-step
we require only s̄i within each block, and in the M-step we
require only x̃ij from each symbol, both of which are scalar.
Secondly, we have addressed the problem of short cycles,
since the formulation of the factor graph EM algorithm
“breaks” the cycles introduced by the variables s.

IV. Results

This algorithm was applied to a Rayleigh block fad-
ing channel with a (3,6)-regular rate-1/2 LDPC code. In
Fig. 3, experimental results are given for an LDPC code
with h = 10 and u = 264, while in Fig. 4, results are given
for an LDPC code with h = 24 and u = 110. In both cases,
the total codeword size is uh = 2640. The results for the
factor graph EM algorithm are compared with a one-stage
detector which estimates the amplitude based on the re-
ceived energy, and a detector which assumes memoryless
Rayleigh fading, as in [10]. In both cases, significant gains
are observed using the factor graph EM algorithm.
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Fig. 3. Experimental result for h = 10, u = 264.
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Fig. 4. Experimental result for h = 24, u = 110.
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