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Abstract—In fractional cooperation, each available relay node
selects a small fraction of the source’s transmission to be relayed.
In previous work, it was assumed that every node relayed the
same number of source symbols, and large diversity order gains
were observed. In this paper, a theoretical basis is developed
for irregular fractional cooperation, in which each node relays a
different number of symbols. A general expression of the system
diversity order is derived. A bound is introduced on the system
performance of fractional cooperation, known as the erasure
channel bound. Distributions of diversity order using this bound
are given when the fraction relayed by each user is random.

I. I NTRODUCTION

Wireless networks are affected by multipath fading, in
which random reflections of the transmitted signal interfere
at the receiver, possibly resulting in a loss of signal strength.
However, since the interference is random, and can be either
constructive or destructive, some nodes in the network might
have strong signals. It is well known that the network can
exploit this diversity by using the stronger nodes as relays
[1]. Cooperative communication generalizes this method by
pairing each node with one or more partners, which act
together to mitigate fading [2].

There has been much recent work to develop and analyze
practical cooperative schemes. Diversity order and outage
analysis of cooperation has been notably given in [3], [4].
Meanwhile, practical cooperative schemes generally incorpo-
rate error-control coding to improve their performance. Three
examples, which are of particular relevance to this paper, are:
decode-and-forward (DF), in which the source transmits a
codeword from an error-correcting code, and the codeword is
decoded by the relay before forwarding [1], [5]; demodulate-
and-forward (DemF), in which hard decisions are made on
the received signal at each relay to extract noisy versions of
the transmitted symbols, which are then forwarded [6], [7];
and partial decode-and-forward (PDF), a scheme particularly
applicable to the decoding of iterative codes, where a few
iterations of decoding are executed, perhaps short of successful
decoding to a valid codeword [8]. These methods, especially
DF, have been used in a wide variety of cooperative scenarios,
such as using rateless codes [9], Slepian-Wolf techniques [10],
and novel layered code constructions [11], [12].

Fractional cooperation (FC) [13] has been proposed as a
method for achieving energy-efficient cooperative diversity in
distributed networks with low-complexity hardware. An FC
system consists of a source node, a destination node, and

several relaying nodes; each relaying node devotes a fraction of
its resources to relaying, by selecting a fractionǫ, 0 < ǫ < 1,
of symbols at random from the source’s original transmission.
In the original development of FC, it was assumed that every
user’s value ofǫ was the same (in this paper, we will refer to
this method asregular FC). Large diversity order gains were
shown to be possible, regardless of the value ofǫ.

In this paper, we generalize FC to the case where each relay
uses a potentially different value ofǫ, a case we refer to as
irregular FC. Our main contributions in this paper are twofold.
First, we define anoutage setas a set of relay nodes in the
wireless network that always cause an outage if all nodes in
the set simultaneously encounter a deep fade, and we show
that the diversity order of irregular FC is governed by the
size of the smallest outage set. Second, we introduce an upper
bound, known as theerasure channel bound, on the size of
outage sets. If the nodes are allowed to select their fractions
ǫ at random, we use this bound to give distributions on the
sizes of the outage sets, and therefore on the diversity order.

The remainder of this paper is organized as follows. In
Section II, we give a model for cooperative wireless communi-
cation, and introduce fractional cooperation. In Section III, we
give our first main result, obtaining the diversity order of an
irregular FC system. In Section IV, we give our second main
result, introducing anerasure channel boundon the diversity
order of fractional cooperation systems, and obtaining the
distribution of this bound ifǫ is random at each node.

II. SYSTEM MODEL

A. Cooperative wireless network: Model and assumptions

Our models and notation are similar to those found in [13].
Consider a wireless network consisting of a single data source
(S), a single data sink or destination (D), and k > 0 relays
(R). Let I = {1, 2, . . . , k} represent an index set for the
relays; the individual relay nodes will be referred to asR, i for
i ∈ I. There are three types of radio link in this system: the
source-to-destination linkSD, the source-to-relay linksSR, i
(for i ∈ I), and the relay-to-destination linksRD, i (for i ∈ I).
The system, along with its nodes and links, is depicted in
Figure 1. Throughout this paper, we assume that all nodes
use half-duplex transmission (which is a practical assumption
for low-cost devices [14]); we assume that each radio link
forms an orthogonal channel (i.e., there is no multiple-access
interference); and we assume that the fading amplitudes on
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Fig. 1. Depiction of system model (figure from [13]).

each link are quasi-static and independent Rayleigh-distributed
random variables.

Node S transmits a sequencexS (generally, in this paper
we will assume thatxS is a codeword of an error-correcting
code). NodeD observes

ySD = aSDxS + nSD (1)

from the source, wherenSD is a vector of zero-mean, unit-
variance white Gaussian noise, and whereaSD is a Rayleigh-
distributed random variable. Thus, the signal-to-noise ratio
(SNR) on this link is given byγSD := a2

SD. In this paper, we
parametrize the Rayleigh distribution by its second moment,
so the distribution ofaSD is parametrized bȳγSD := E[a2

SD]
(i.e., the average SNR). Similarly, the relays observe

ySR,i = aSR,ixS + nSR,i (2)

for each i ∈ I. As for the SD link, nSR,i is a vec-
tor of zero-mean, unit-variance white Gaussian noise,aSR,i

is a Rayleigh-distributed random variable parametrized by
γ̄SR,i := E[a2

SR,i], and γSR,i := a2
SR,i is the instantaneous

SNR on theith SR link.
The relay performs processing on its received signalySR,i.

and transmits a signalxR,i. TheD node observes

yRD,i = aRD,ixR,i + nRD,i (3)

from the relay links for eachi ∈ I. Again, nRD,i is a
vector of zero-mean, unit-variance white Gaussian noise, and
aRD,i is a Rayleigh-distributed random variable parametrized
by γ̄RD,i := E[a2

RD,i], andγRD,i := a2
RD,i is the instantaneous

SNR on theith RD link.

Define the vectors

γSR = [γSR,1, γSR,2, . . . , γSR,k], (4)

γRD = [γRD,1, γRD,2, . . . , γRD,k], (5)

γ̄SR = [γ̄SR,1, γ̄SR,2, . . . , γ̄SR,k], and (6)

γ̄RD = [γ̄RD,1, γ̄RD,2, . . . , γ̄RD,k]. (7)

From the system description, the instantaneous SNRs are
given by the triple(γSD,γSR,γRD), and the system is fully
parametrized by the triple(γ̄SD, γ̄SR, γ̄RD), noting thatγSD

and γ̄SD are scalars.

B. Fractional cooperation

As we mentioned in the introduction, there are several
common forms of relay processing of which the most useful
in this paper are DF, PDF, and DemF, since these methods
provide bits which can be randomly selected and forwarded,
as we explain below. We do not consider amplify-and-forward,
since in practice it would be awkward to use with FC.
However, if desired, our analysis can be straightforwardly
extended to include that case.

In the context of our cooperation model, FC manipulates
the relay’s transmitted sequencexR,i. Whichever form of relay
processing is in use, letx′

R,i represent the usual form of this
function at theith relay. To define FC for eachi ∈ I, let ǫi rep-
resent the corresponding node’scooperation fraction; an FC
system is then parametrized by the vectorǫ = [ǫ1, ǫ2, . . . , ǫk].
An FC system then operates in the following manner:

1) At each nodei ∈ I, obtainx′
R,i.

2) At each nodei ∈ I, obtain acooperation sequencebi ∈
{0, 1}ni in one of the following two ways:

• (Deterministic) Arbitrarily assign ǫini of the el-
ements ofbi to 1, and the remainder to 0 (for
convenience, we assume thatǫini is an integer).

• (Bernoulli) Assign each elementbi,j of bi to
the outcome of a Bernoulli random variable, with
Pr(bi,j = 1) = ǫi.

3) Form the vectorxR,i from x′
R,i by selecting all elements

x′R,i,j wherebi,j = 1, and rejecting all elements where
bi,j = 0.

Let n represent the length ofxS, and letℓi represent the length
of xR,i. Then

ℓi =
n

∑

j=1

bi,j . (8)

In the deterministic case,ℓi = ǫin, and in the Bernoulli
case, theexpected valueof ℓi is E[ℓi] = ǫin. Furthermore,
let B = [b1,b2, . . . ,bk] represent the collection of all
cooperation sequences.

Recalling our terminology from the introduction, FC is
regular if ǫ1 = ǫ2 = . . . = ǫk = ǫ, and irregular otherwise.
From each individual node’s perspective, FC represents a
partial forwarding of the original transmitted sequencexS,
which requires more than one relay to be used – intuitively, to
recover the original signal using regular FC, at least1/ǫ relays



must be employed (although each node is only investing anǫ
share of its resources).

III. O UTAGE PROBABILITY ANALYSIS OF IRREGULAR

FRACTIONAL COOPERATION

A. Outage sets and diversity order

In this section we present our main result concerning the
probability of outage and diversity order of irregular FC. These
results apply to both the deterministic and Bernoulli versions
of FC. We make the following assumptions in obtaining these
results:

• The instantaneous SNR of every link is statistically
independent of the other links;

• The system frame error rate is monotonically decreasing
as the SNR on any link increases (although we do not
assume that processing is optimal); and

• Every link has the same average SNRγ̄ (this assumption
is made for convenience, and can be relaxed).

An outageoccurs if the system’s frame error rate for packets
from theS node to theD node rises above some critical, small
value. The probability of outage,Pout, is often stated in terms
of diversity order. A system has diversity orderd if

Pout = Θ(γ̄−d), (9)

using theΘ(·) notation for the asymptotic order of a function.
Define an outage setwith respect toγSD and the set

of cooperation sequencesB, written O(γSD,B), as follows:
givenγSD, then there existsη > 0 such that, if eitherγSR,i < η
or γRD,i < η for all i ∈ O(γSD,B), then a outage occurs,
regardless of the SNR on any other link. (Roughly speaking,
one may say that if all the relay links in an outage set have
failed, then an outage always occurs for that value ofγSD.)
It is clear that the converse is also true: if an outage occurs,
then it must be true that, for some outage setO(γSD,B), either
γSR,i < η or γRD,i < η for all i ∈ O(γSD,B). It is possible
for O(γSD,B) = ∅; this corresponds to the situation where an
outage always occurs at that value ofγSD, regardless of the
SNR on any relay link.

Let S(γSD,B) represent the set of all outage sets, and let

ω(γSD,B) = min
O(γSD,B)∈S(γSD,B)

|O(γSD,B)| (10)

represent the cardinality of the smallest outage set in
S(γSD,B). Then we have the following.

Theorem 1:The diversity orderd of an irregular FC system
is given by

d = 1 + lim
γSD→0

ω(γSD,B). (11)

Proof: For a giveni ∈ I, the probability thatγSR,i < η
or γRD,i < η is given by

Pr(γSR,i < η ∪ γRD,i < η)

= 1 − Pr(γSR,i ≥ η ∩ γRD,i ≥ η) (12)

= 1 −

(∫ ∞

η

f(γSR,i)

) (∫ ∞

η

f(γRD,i)

)

(13)

= 1 − e−2η/γ̄ , (14)

where (14) follows from the Rayleigh distribution, and the fact
that all links have average SNR̄γ, by assumption.

Let the eventΩ(O(γSD,B)) correspond to the event that,
for O(γSD,B) ∈ S(γSD,B), eitherγSR,i < η or γRD,i < η
for all i ∈ O(γSD,B). In other words, if the outage set
O(γSD,B) is satisfying its conditions for causing an outage,
then Ω(O(γSD,B)) occurs. Furthermore, letR(γSD,B) ⊆
S(γSD,B) represent the set of allO(γSD,B) ∈ S(γSD,B)
such thatΩ(O(γSD,B)) occurs. By the definition of an outage
set, an outage occurs if and only ifR(γSD,B) 6= ∅. For the
given value ofγSD, the probability of an outage is then

Pout(γSD,B)

= Pr(R(γSD,B) 6= ∅) (15)

=
∑

O(γSD,B)∈S(γSD,B)

Pr(Ω(O(γSD,B)))

+ψ(γSD,B), (16)

where, since more than one outage set can occur simultane-
ously (e.g., they can be subsets of each other),ψ(γSD,B)
represents the sum of cross terms. Using (14), the probability
of the eventΩ(O(γSD,B)) for an outage setO(γSD,B) is
given by

Pr(Ω(O(γSD,B)))

=
∏

i∈O(γSD,B)

Pr(γSR,i < η ∪ γRD,i < η) (17)

= (1 − e−2η/γ̄)|O(γSD,B)| (18)

= Θ(γ̄−|O(γSD,B)|). (19)

If O(γSD,B) = ∅, then we assume that the product in
(17) is equal to 1, which is consistent with the subsequent
expressions.

To show the diversity order, we need the polynomial order
of Pout(γSD,B), which is given by

Pout(γSD,B)

= Θ (Pr(R(γSD,B) 6= ∅)) . (20)

SincePr(R(γSD,B) 6= ∅) is given as a sum in (16), the poly-
nomial order of this expression is the maximum polynomial
order of each term in the sum. By the rules of probability,
the order-determining term inψ(γSD,B) is smaller than or
equal in order to the order-determining term in the sum, so
(20) becomes

Θ (Pr(R(γSD,B) 6= ∅)) =

Θ





∑

O(γSD,B)∈S(γSD,B)

Pr(O(γSD,B))



 . (21)

The terms in the sum are of the form of (19). Thus, the terms
in the sum are dominated by the highest order polynomial, so

Θ (Pr(R(γSD,B) 6= ∅)) = Θ(γ̄−ω(γSD,B)). (22)

To finish off the proof, by the properties of limits, and by the
fact thatω(γSD,B) is an integer, there must existγ∗SD > 0



such thatω(γ∗SD) = limγSD→0 ω(γSD,B). Since we assume
that frame error performance is monotonically decreasing with
increasing SNR,limγSD→0 ω(γSD,B) is the smallest value of
ω that occurs with nonzero probability. Thus an outage occurs
if γSD < γ∗SD and the smallest outage set occurs, sod =
1 + limγSD→0 ω(γSD,B), completing the proof.
Note that the dependence ofω(γSD,B) on the set of cooper-
ation sequencesB implies thatω(γSD,B) is independent of
the particular way (deterministic or Bernoulli) in whichB is
selected. Furthermore, we previously stated that it is possible
for an empty set to be an outage set, so in that case, clearly
limγSD→0 ω(γSD,B) = 0. In this case, Theorem 1 states that
the system diversity order must be 1, because this corresponds
to the case where an outage occurs whenever theSD link is at
zero SNR (i.e., theSD link must maintain a certain minimum
SNR, which is the definition of diversity order 1).

IV. B OUNDS ON OUTAGE SET SIZES

A. Main Result

In this section, we present our second main result, providing
an upper bound on the size of outage sets. Since it may occur
that each node’s availability for FC is random, depending on
factors such as its location and available energy reserves,we
use this bound to provide an analysis of the sizes of outage sets
when the values ofǫi are selected randomly. For the purposes
of this section, we assume thatxS is a codeword of an error-
correcting code which is capable of correcting a fraction of
erasurespE .

Given our definition of cooperation sequences in Section
II-B, let

∨

i∈I

bi,j (23)

represent the logical OR of thejth element of all cooperation
sequences in the setI. SinceI is the index set, a result of 1
indicates that thejth symbol is selected by FC (ifI is replaced
by any of its subsets, we obtain whether thejth symbol is
selected by that subset). The following theorem establishes a
bound on diversity order for any FC system.

Theorem 2:SupposexS is an n-bit codeword of a code
which can correct at most a fraction of erasurespE . LetH ⊆ I
be a subset of the available relays. If

n
∑

j=1

∨

i∈H

bi,j < n(1 − pE), (24)

then the complementary subsetH̃ is an outage set asγSD → 0.
Proof: Regardless of the method of fractional cooperation

in use (deterministic or Bernoulli), recall that the outagesets
are dependent onB, so bi,j is deterministic for everyi, j.
SupposeγSD → 0 while the SNR on every link inH is
infinite; then bits relayed byH are error-free. The number
of bits relayed is

∑n
j=1

∨

i∈H bi,j . As the SNR on the links in
H̃ approaches zero, the channel becomes an erasure channel;
however, since the code in use can correct up tonpE erasures
(by assumption), and from (24), the number of errors is
greater thannpE , the result is a decoding failure. As a result,

regardless of the link SNRs inH, at least a nonzero SNR is
required inH̃ to avoid an outage, sõH is an outage set as
γSD → 0.
We have the following immediate corollary:

Corollary 3 (to Theorem 2):Let R ⊆ I represent the
largest cardinality subset satisfying (24). Then

lim
γSD→0

ω(γSD,B) ≤ |R̃|, (25)

and thus diversity orderd ≤ 1 + |R̃|.
We refer to this result as theerasure channel bound. Indeed,
this formulation of the fractional cooperation problem is
somewhat similar to awireless erasure network[15]. Since this
bound applies to any FC system, it is useful in analyzing the
family of such systems, without regard to the implementational
details.

Given the above definitions, letd∗ = 1 + |R̃| represent the
value of the erasure channel bound on diversity order, so that
d ≤ d∗.

B. Application to Bernoulli irregular FC

Given B, the erasure channel bound applies to both de-
terministic and Bernoulli fractional cooperation. However, if
Bernoulli irregular FC is used, thenB is a random variable;
thus, so are both the erasure boundd∗ and the true diversity
orderd. Given this fact, if the fractionsǫi are chosen randomly,
we can find distributions ond∗ in the limit as frame size
n→ ∞, which allows us to bound the distribution ofd.

In particular, supposeǫi is uniformly distributed on the
interval [0, 1], and supposeǫi and ǫj are independent for all
i 6= j. The probability of a symbolnot being selected byany
relay in fractional cooperation is given by

pN =
∏

i∈I

(1 − ǫi). (26)

If the ǫi are random variables, thenpN is a random variable.
Furthermore, sinceǫi is uniformly distributed over[0, 1], then
(1−ǫi) has the same distribution. Further, it is straightforward
to show that− log(1−ǫi) has the exponential distribution with
intensity 1. Rewriting (26), we have

− log pN =
∑

i∈I

− log(1 − ǫi), (27)

which is a sum over independent and identically distributed
exponential random variables. Thus, lettingu := − log pN ,
u has the Erlang distribution with shape parameter equal to
the number of relaysk [16]. This distribution has cumulative
distribution function

FU (u) = 1 − e−u
k−1
∑

j=0

uj

j!
. (28)

If, as we have assumed throughout this section, the source
codeword can correct up to a fractionpE of erasures, and
pN > pE , thenR = I, in which case the empty set is an
outage set, andd∗ = 1. Otherwise, ifpN ≤ pE , then it must
be true thatR ⊂ I, since the set of all relay nodes would
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violate (24), in which cased∗ > 1. Substituting into (28), we
have that

Pr(d∗ = 1) = Pr(pN > pE) (29)

= FU (− log pE) (30)

= 1 − pE

k−1
∑

j=0

(− log pE)j

j!
. (31)

We see that (31) gives a lower bound on the probability that the
diversity order is 1: sinced∗ ≥ d, and sinced ≥ 1, it must be
true thatPr(d = 1) ≥ Pr(d∗ = 1). A plot of Pr(d∗ = 1) with
the number of relays is given in Figure 2. Ask → ∞, the term
under the sum is the Taylor series expansion ofe− log pE , so
Pr(d∗ = 1) → 0 ask → ∞, although we see from the figure
that the values converge quickly to 0.

V. CONCLUSION AND FUTURE WORK

In this paper, we have established a theoretical basis for
irregular FC. Following the definition of an outage set, we have
established the diversity order of irregular FC systems, and we
have analyzed systems where the relaying fractions are ran-
domly selected. Our results pave the way for low-complexity,
energy-efficient communications in wireless networks.

Many avenues of future study are opened by this work,
especially in terms of implementation. For example, irregular
fractional cooperation may be driven by the depletion of a
node’s power resources – as its battery dies, it may devote less
and less resources to cooperation. A promising area of future
study would be to find a good protocol for energy-performance
tradeoff as batteries are depleted throughout the network.For
example, we could try to maximizeω for a minimum energy
expenditure.
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