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Abstract

There has been much recent interest in analyzing the performance of LDPC
codes in channels with memory. Density evolution (DE) may be used to analyze
estimation-decoding algorithms employing the Sum-Product Algorithm for LDPC
codes in Gilbert-Elliott (GE) channels. In this paper, we provide theoretical results
which mitigate the complexity of characterizing the 4-dimensional GE parameter
space using DE. For each point in the parameter space which is shown by DE to
converge to Pe → 0, we show that a region of convergence is induced, within which
all points also converge to Pe → 0. Conversely, for points found not to converge,
we show that a region of non-convergence is induced. Using these results, the
GE parameter space is partitioned into a region of convergence, a region of non-
convergence, and an uncertain region, which guides the selection of new points to
test using DE.

1 Introduction

Low-Density Parity Check (LDPC) codes are a class of codes in which the parity check
matrix is very sparse – with a constant number of ones in each row and column in
the case of a regular LDPC code [1]. LDPC codes have recently generated a great
deal of interest as a result of their excellent error-correction performance. Factor graph
representations of the LDPC decoder were given in [2]; belief propagation over the graph
is empirically known to give the best results in decoding these codes, even though this
algorithm is suboptimal due to the loopy nature of the graph. Experiments in memoryless
channels have demonstrated the effectiveness of LDPC codes; indeed, irregular LDPC
codes are among the best known block codes in the sense that they very closely approach
the Shannon limit [3]. Thanks to work done on Density Evolution (DE), performance
thresholds on LDPC codes have been evaluated, providing bounds on codes of this class
with a given construction in the limit of long block length [4].

There is increasing interest in the literature concerning the use of LDPC codes in
channels with memory. For example, a joint estimation-decoding scheme was proposed for
the Gilbert-Elliott (GE) channel for Turbo codes in [5] and LDPC codes in [6], the latter
work showing empirically that joint estimation-decoding strategies could result in reliable
communication at rates above the capacity of the equivalent memoryless channel (though



below capacity of the channel with memory). DE was used to analyze an estimation-
decoding scheme for LDPC codes in an intersymbol interference channel in [7], and to
compare the performance of LDPC codes and other Turbo-like codes in partial response
channels in [8]. All these works show that the performance of the LDPC code continues
to be excellent, and that taking channel memory into account leads to improvements
in performance. In this paper, we analyze the GE channel for two reasons: firstly, it
is one of the simplest simplest non-trivial data-independent channels with memory, and
secondly, it is a coarse approximation for more practical and complicated channels with
memory, such as fading channels.

The DE algorithm is ultimately a decision function, taking channel parameters as
inputs, and determining whether or not the decoder achieves probability of error Pe → 0
for these parameter values. As such the DE technique can only be used to probe individual
points within the space of channel parameters. Efficient characterization of this space
requires knowledge of the implications of each convergent point in every dimension of the
channel parameter space. In an n-dimensional parameter space for an arbitrary channel
with memory, for which the decoder achieves Pe → 0 for one particular point in the
parameter space, this point should ideally induce an n-dimensional region of convergence
within the parameter space within which every set of channel parameters also achieves
Pe → 0. For instance, in a memoryless channel having a single parameter, if the channel
is monotonic, then an interval of parameter values is induced by each point for which
Pe → 0 is achieved [4], resulting in a threshold. Conversely, if the DE algorithm returns
a result that some point has Pe > 0, this point should induce a region of non-convergence
in which every point has Pe > 0. In this way, the parameter space is partitioned into a
region of convergence, a region of non-convergence, and an uncertain region. The size
and shape of the uncertain region then guides the selection of new points to test using
the DE algorithm.

Although a DE algorithm is not presented in this work, the conditions for DE analysis
can be shown to apply to GE-LDPC decoders, and such an algorithm can be straight-
forwardly derived. These results will be presented in forthcoming work. In this paper,
we concern ourselves with the characterization of the GE parameter space that arises
from DE analysis. The system model is presented in section 2. Our main results are
presented in section 3, in which we introduce the side information lemma as a technique
for analysis, and obtain several theorems which give the regions induced by each DE
result. A concluding discussion follows in section 4.

2 System Model and Notation

The GE channel is a binary-input, binary-output channel defined by y = x ⊕ z, where
x ∈ {0, 1}n is the channel input, z ∈ {0, 1}n is a noise sequence, y ∈ {0, 1}n is the
channel output, and ⊕ represents componentwise modulo-2 addition. The noise z arises
from a two-state hidden Markov process with state sequence s ∈ {B,G}n, such that
Pr(zi = 1 | si) = ηsi , where we define ηG < ηB ≤ 1/2. The state transition probabilities
are given by b := Pr(si+1 = B | si = G) and g := Pr(si+1 = G | si = B), resulting in
marginal steady-state probabilities of Pr(si = B) = b/(b+g) and Pr(si = G) = g/(b+g),
and an average inversion probability (i.e., Pr(zi = 1)) of (bηB + gηG)/(b + g). We refer
to the set G of valid GE parameters as the set of all 4-tuples (b, g, ηB, ηG) such that
0 ≤ ηG < ηB ≤ 0.5 and 0 < {b, g} ≤ 0.5.

It is well known that a joint LDPC decoder and Markov chain channel estimator
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can be combined on the same factor graph, with a decoding algorithm specified by the
SPA [2]. The directed local neighborhood N (`)

~e of depth ` for an edge e connecting a
parity check node h and a symbol variable node x is defined as the graph containing all
nodes and edges along all paths of length ` originating at variable x such that e is not
the first edge traversed by any such path – we will say that e is the apex of the local
neighborhood. We require that the directed local neighborhood of an edge be cycle free
to some fixed depth ` with Pr → 1 as the block length n → ∞, which preserves the
independence of messages passed within the graph. It is known that the LDPC subgraph
satisfies the cycle free property for the ensemble of LDPC factor graphs in which the
probability is uniform that an edge incident to a given parity check node is also incident
to a specified symbol variable, and vice versa. The GE-LDPC graph can be shown to
satisfy the property as well. In the sequel we shall assume that all local neighborhoods
are cycle free to depth `.

For a given cycle free local neighborhood N `
~e , let ye be the set of all channel observa-

tions contained within the channel factor nodes of the local neighborhood. Furthermore,
let Pe[`] represent the probability of symbol error for the symbol attached to the apex
edge e in the factor graph decoder represented by the cycle free local neighborhood N `

~e

(that is, for a sufficiently long code, Pe[`] is the probability of symbol error after the `th
iteration of GE-LDPC decoding). Furthermore, let the statement Pe[`]→ 0 signify that
lim`→∞ Pe[`] = 0, and let the statement Pe[`] 6→ 0 signify that lim`→∞ Pe[`] > 0.

3 Analysis of GE-LDPC Decoding

In this section we present the main contribution of our work: characterization of a 3-
dimensional convergence region induced by convergent points in the GE parameter space.
(Since the GE parameter space is 4-dimensional, ideally we would like a 4-dimensional
characterization; a result for the remaining dimension is a subject of active research.)

3.1 Side Information

Analysis of decoders using DE depends only on the structure of the local neighborhood,
N `
~e . Obviously, N `

~e is a factor graph, since it is a subgraph of the factor graph representing
the overall decoder. Furthermore, using the subset ye of observations associated with this
subgraph, if e connects a symbol variable node to a parity check node, it is straightforward
to show that the SPA over the factor graph N `

~e calculates Pr(x | ye), where x is the
symbol attached to edge e, and therefore implements the optimal (maximum a posteriori)
detector for x, so long as N `

~e is cycle free (which in the sequel we assume to be true).
Our approach shall be to take two GE channels, c and c∗, with different parameters,

and show that the local neighborhood for c can be constructed from the local neighbor-
hood for c∗ and some side information, h. Since the cycle free local neighborhood N `

~e

represents the optimal decoder up to depth ` for the symbol x, the deletion of h cannot
improve the probability of error, so if Pe(c

∗)→ 0, then Pe(c)→ 0 as well. We formalize
the consequences of deleting side information with the following straightforward lemma:

Lemma 1 (Side Information) For some observations z ∈ Ωz on x ∈ {0, 1}, define
D(z) : Ωz → {0, 1} as the optimal detector function which minimizes Pe. Let h ∈ Ωh and
y ∈ Ωy be two observations on x ∈ {0, 1}, let D(h, y) : Ωh×Ωy → {0, 1} be the minimum
Pe detector for the observation (h, y), and let D(y) : Ωy → {0, 1} be the minimum Pe
detector for the observation y. Then Pe(D(h, y)) ≤ Pe(D(y)).
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Proof: Define D̂(h, y) = D(y) for all h and y, such that D̂(h, y) is trivially a
function of h. Since D(h, y) is the detector which minimizes Pe as a function of h and y,
then obviously Pe(D(h, y)) ≤ Pe(D̂(h, y)), which proves the lemma.
The Side Information Lemma is a generalization of a technique used in the proof of
Theorem 1 in [4], which proved monotonicity for physically degraded channels.

3.2 BSC Concatenation

Our first result arises from the observation that a GE channel concatenated with a BSC
results in a different GE channel. Consider a GE channel with parameters {b, g, ηB, ηG},
whose output is passed through a BSC with parameter ε. Clearly, since the BSC is
independent of the channel state sequence, the state transition probabilities are un-
changed, so from the above the output is a GE channel with different inversion probabil-
ities. It is straightforward to show that a GE channel with parameters (b, g, η∗B, η

∗
G)

can be generated by concatenating a GE channel with parameters (b, g, ηB, ηG) and
a BSC with inversion probability ε ≥ 0, so long as ηB ≤ η∗B, ηG ≤ η∗G, and ηG =
ηB(1 − 2η∗G)/(1 − 2η∗B) + (η∗G − η∗B)/(1 − 2η∗B) Side information consisting of the BSC
noise sequence allows the original channel to be restored. Furthermore, note that the line
ηG = ηB(1− 2η∗G)/(1− 2η∗B) + (η∗G − η∗B)/(1− 2η∗B) passes through (ηB = 0.5, ηG = 0.5)
for any (η∗B, η

∗
G). These observations leads directly to the following theorem:

Theorem 1 (BSC Concatenation) Let (b, g, η∗B, η
∗
G) ∈ G be a point in the GE pa-

rameter space for which Pe[`] → 0. Obtain a line passing through both (b, g, η∗B, η
∗
G)

and (b, g, 0.5, 0.5). Then all points (b, g, ηB, ηG) along a segment of this line such that
0 ≤ ηG ≤ η∗G and 0 ≤ ηB ≤ η∗B converge to Pe[`]→ 0.

Proof: If there exist pairs (ηB, ηG) and (η∗B, η
∗
G) such that 0 ≤ ηB ≤ η∗B, 0 ≤ ηG ≤ η∗G,

and lying along the given line, then there exists a BSC with parameter ε ≥ 0 such
that a GE channel with inversion probabilities (ηB, ηG) concatenated with that BSC
has inversion probabilities (η∗B, η

∗
G). Let zBSC be the noise sequence of this BSC. Then

with knowledge of zBSC we can immediately recover the output of the channel with
inversion probabilities (ηB, ηG) from the output of channel with inversion probabili-
ties (η∗B, η

∗
G). Furthermore, we can construct any local neighborhood for the channel

Pe[`](b, g, ηB, ηG) from the local neighborhood for the channel Pe[`](b, g, η
∗
B, η

∗
G) and the

side information zBSC. From the Side Information Lemma, this is sufficient to show that
Pe[`](b, g, ηB, ηG) ≤ Pe[`](b, g, η

∗
B, η

∗
G).

Equivalently, one may say that Pe[`](b, g, ηB, ηG) ≤ Pe[`](b, g, η
∗
B, η

∗
G) because the channel

(b, g, η∗B, η
∗
G) is physically degraded with respect to (b, g, ηB, ηG).

The converse of the theorem may be stated briefly as follows: if Pe[`] 6→ 0 for some
point (b, g, η∗B, η

∗
G), then any point (b, g, ηB, ηG) cannot have better Pe[`] if that point

was formed by concatenating (b, g, η∗B, η
∗
G) with a BSC. This observation leads to the

following:
Corollary: Let (b, g, η∗B, η

∗
G) be a point for which Pe[`] 6→ 0. Then Pe[`] 6→ 0 for all

points (b, g, ηB, ηG) along the line segment between (b, g, η∗B, η
∗
G) and (b, g, 0.5, 0.5).

These results give a simple one-dimensional characterization of both the region of
convergence and non-convergence, in that each DE result induces a line where either
Pe[`]→ 0 or Pe[`] 6→ 0 for all points along the line.
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3.3 State Scrambling

Our second result implies that for constant η̄, increasing the difference between ηB and
ηG leads to a decrease in Pe[`]. We introduce a proof technique called state scrambling,
defined as follows. Let r ∈ {0, 1}n be a random scrambling sequence with independently
distributed elements, where Pr(rk = 1) = ψ. A channel state sequence s generated
with state transition probabilities (b, g) is joined by a scrambled state sequence s′, with
independently distributed elements, where Pr(s′k) = Pr(sk). That is, s′ is a state sequence
where the states are independent but the marginal state probabilities are the same as
in the GE case. The resulting channel state sequence ŝ is generated from r, s, and s′

through the relation

ŝk =

{
sk, rk = 0
s′k, rk = 1

which results in a channel whose noise sequence probabilities are equivalent to a GE
channel, as follows.

Lemma 2 Suppose a state scrambler with Pr(rk = 1) = ψ is applied to a GE chan-
nel with parameters (b, g, ηB, ηG). Then for any noise sequence z, Pr(z) calculated with
respect to the scrambler is equal to Pr(z) calculated with respect to a GE channel with
parameters (b, g, ηB(1 − ψ) + η̄ψ, ηG(1 − ψ) + η̄ψ), where η̄ is the average inversion
probability.

Proof: The probability of a noise sequence z generated by the state scrambler is
given by Pr(z) =

∑
s Pr(z | s)Pr(s), where Pr(z | s) =

∏
i

∑
ri,s′i

Pr(zi |si, ri, s′i)Pr(ri)Pr(s′i),
and Pr(s) is unchanged from the regular GE case. The inner term Pr(zi | si, ri, s′i) arises
from the fact that if ri = 0, zi is dependent on si, while if ri = 1, zi is dependent on the
independently selected state s′i. Evaluating these expressions, the inner sum reduces to∏
i Pr0(zi | si), where Pr0(zi = 1 | si = G) = ηG(1 − ψ) + η̄ψ and Pr0(zi = 1 | si = B) =

ηB(1−ψ)+η̄ψ, which is equivalent to a GE channel with the given inversion probabilities.

The state scrambler may be thought of as partial interleaving, in which the sequence r
selects certain time instants to be interleaved (hence destroying the channel memory at
these instants), while leaving the remainder alone.

Combining the channel observations from the channel (b, g, η∗B, η
∗
G) with the appro-

priate side information, we may obtain observations whose factor graph is effectively
identical to the local neighborhood for the channel (b, g, ηB, ηG), if η∗B = ηB(1− ψ) + η̄ψ
and η∗G = ηG(1 − ψ) + η̄ψ. Intuitively, if the state scrambler is thought of as a partial
interleaver, the side information provides the decoder with the scrambling sequence and
the permutation used by the interleaver, which allows the operation to be inverted. Fur-
thermore, by setting ψ = 1, it is easy to show that the points satisfying this condition
pass through the point (b, g, η̄∗, η̄∗), where η̄∗ = (bη∗B + gη∗G)/(b+ g). These observations
lead to the following Theorem.

Theorem 2 (State Scrambling) Let (b, g, η∗B, η
∗
G) ∈ G be a point in the GE parameter

space where Pe[`]→ 0. Obtain a line passing through both (b, g, η∗B, η
∗
G) and (b, g, η̄∗, η̄∗).

Then Pe[`] → 0 for each point of valid GE parameters (b, g, ηB, ηG) along a segment of
this line where ηB − ηG > η∗B − η∗G.

Proof: (Sketch of proof.) Using the result in Lemma 2, for valid GE parameters
{b, g, ηB, ηG} along the line passing through both (b, g, η∗B, η

∗
G) and (b, g, η̄∗, η̄∗), and where
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ηB−ηG > η∗B−η∗G, then (b, g, η∗B, η
∗
G) may be generated from (b, g, ηB, ηG) applied to a state

scrambler. Let N̄ `
~e be a local neighborhood for the unscrambled channel (b, g, ηB, ηG),

let N `
~e be a local neighborhood for the scrambled channel (b, g, η∗B, η

∗
G), and let ye be

the set of observations in N `
~e . Suppose first that the scrambling sequence r is known

as side information to a local neighborhood N `
~e . Wherever ri = 0, the state is not

scrambled, and it can be shown that all channel factor nodes where ri = 0 reduce to
the channel factor node for the parameters (b, g, ηB, ηG). Wherever ri = 1, the state
is independent of the Markov chain, and it can be shown that all channel factor nodes
where ri = 1 factor into independent terms. Since the factor graph N `

~e is a tree, this
factoring disconnects the factor graph, and the detached nodes can be deleted. Thus,
knowing r, the resultant factor graph is a subgraph of N̄ `

~e . To complete this factor graph,
obtain some further side information ỹe using the “missing” nodes as its probabilistic
model. Then the set of observations ye ∪ r∪ ỹe has a factor graph identical to N̄ `

~e . From
the Side Information Lemma, deleting r ∪ ỹe cannot improve the probability of error, so
Pe[`](b, g, ηB, ηG) ≤ Pe[`](b, g, η

∗
B, η

∗
G).

Again, the converse of this result follows similarly to the BSC concatenation theorem:
Corollary: Let (b, g, η∗B, η

∗
G) be a point in the GE parameter space such that Pe[`] 6→

0. Obtain a line passing through both (b, g, η∗B, η
∗
G) and (b, g, η̄∗, η̄∗). Then Pe[`] 6→ 0

for each point of valid GE parameters (b, g, ηB, ηG) along a segment of this line where
ηB − ηG < η∗B − η∗G.

For fixed (b, g), the results in the BSC concatenation theorem and the state scram-
bling theorem operate on the plane formed by pairs of inversion probabilities (ηB, ηG).
Since the result from the BSC concatenation theorem implies a 1-dimensional region of
convergence on this plane that is not (in general) collinear with the 1-dimensional region
of convergence implied by the state scrambling theorem, these two results taken together
imply a 2-dimensional region of convergence, as given in Figure 1. For some convergent
point (ηB, ηG), any point within the 2-dimensional region of convergence may be reached
by combining moves provided by each theorem. Similarly, by combining the converses of
these theorems, a 2-dimensional region of non-convergence is induced by each point for
which Pe[`] 6→ 0.

3.4 Segmentation

Here we show that increasing the length of the channel memory decreases Pe[`]. We
make use of a proof technique, which we call segmentation, similar to a method used
in the proof of Proposition 5 in [9]. Consider a set S = {s(i)}∞i=1 of state sequences,
where each sequence s(i) is generated independently by a GE state process with iden-
tical state transition probability parameters (b, g). From S, we construct a state se-
quence s∗ as follows. Let {ωi}ni=1 be a sequence of increasing integers such that ω1 = 1,
and for all i, ωi+1 = ωi + ui, where ui ∈ {0, 1} is an independent Bernoulli random
variable with Pr(ui = 1) = p (for example, a valid sequence of {ωi}ni=1 would be
{1, 1, 1, 1, 2, 2, 3, 3, 3, 4 · · ·}). Given {ωi}ni=1, the elements of the sequence s∗ are defined

as s∗i = s
(ωi)
i . In other words, the state sequence s∗ is formed from segments of each

independent state sequence s(i). As in [9], we may show that the resulting state sequence
s∗ gives rise to a GE channel, as follows.

Lemma 3 Let s∗ be defined as above. Then with some appropriate pair of inversion
probabilities (ηB, ηG) defined with respect to the states s∗i , the channel arising from s∗ is
a GE channel with parameters ((1− p)b+ pb/(b+ g), (1− p)g + pg/(b+ g), ηB, ηG).

6



���
���
���
���
���
���
���

�
�
�
�
�
�
�

���
���
���
���
���
���

���
���
���
���
���
���

�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����

�
�
�
�
�
�

�
�
�
�
�
�

0.5

0.5

Region where Pe[`]→ 0

(shaded)

Line with slope −b/g

ηG

ηB

(Theorem 2)

Point at which

Pe[`]→ 0

(Theorem 1)

Line passing through (0.5,0.5)

Figure 1: 2-dimensional region where Pe[`]→ 0, formed as a result of applying Theorems
1 and 2 simultaneously to a point for which Pe[`]→ 0.

Proof: Consider the state transition probability pair (b, g) that corresponds to the
pair (b, g). To show that s∗ is a GE state sequence, we may consider the sequence of
increments u ∈ {0, 1}n, with independent elements, such that Pr(ui = 1) = p. Since the
sequences in S are independent and identically distributed, we may write

Pr(s∗) = Pr(s∗1)
n−1∏
i=1

∑
ui

Pr(s∗i+1 | s∗i , ui)Pr(ui)

where Pr(s∗i+1 | s∗i , ui = 0) = Pr(si+1 | si), the state transition probability given by the
original parameters (b, g), and where Pr(s∗i+1 | s∗i , ui = 1) = Pr(si+1), the marginal state
probabilities for si+1. Thus, we may equivalently write Pr(s∗) = Pr(s1)

∏n−1
i=1 Pr0(si+1 |si),

where

Pr0(s∗i+1 | s∗i ) =
1− (1− p)g − pg/(b+ g), s∗i = B, s∗i+1 = B

(1− p)g + pg/(b+ g), s∗i = B, s∗i+1 = G
(1− p)b+ pb/(b+ g), s∗i = G, s∗i+1 = B

1− (1− p)b− pb/(b+ g), s∗i = G, s∗i+1 = G

and thus the state sequence s∗ is a GE state sequence with new state transition probability
pair (b∗, g∗) = ((1−p)b+pb/(b+g), (1−p)g+pg/(b+g)). Defining an inversion probability
function Pr(zi | s∗i ) with an appropriate pair of inversion probabilities (ηB, ηG) results in
a GE channel, which proves the lemma.
Again, side information may be used in conjunction with channel observations from
(b∗, g∗, ηB, ηG), where the resulting factor graph is equivalent to a a cycle free local
neighborhood for a channel with parameters (b, g, ηB, ηG), if (b∗, g∗) = ((1−p)b+pb/(b+
g), (1 − p)g + pg/(b + g)). Furthermore, solving for p in both the expansions of b∗ and
g∗ implies that the set of points (b, g, ηB, ηG) which lead to (b∗, g∗, ηB, ηG) are governed
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by the relation b = g(b∗/g∗), and all such points lie along a line passing through both
(b∗, g∗, ηB, ηG) and (0, 0, ηB, ηG). These observations lead to the following Theorem.

Theorem 3 (Segmentation) Let (b∗, g∗, ηB, ηG) ∈ G be a point in the GE parame-
ter space such that Pe[`] → 0. Obtain a line passing through both (b∗, g∗, ηB, ηG) and
(0, 0, ηB, ηG). Then Pe[`] → 0 for each point of valid GE parameters (b, g, ηB, ηG) along
a segment of this line where b < b∗ and g < g∗.

Proof: (Sketch of proof.) Using the result in Lemma 3, if (b, g, ηB, ηG) lies along
the line passing through both (b∗, g∗, ηB, ηG) and (0, 0, ηB, ηG), and if b < b∗ and g < g∗,
then state segmenting may be used to obtain the channel corresponding to the point
(b, g, ηB, ηG) from the point (b∗, g∗, ηB, ηG). The remainder of the proof proceeds similarly
to the proof of the State Scrambling Theorem. Let N `

~e be a local neighborhood for the
segmented channel (b∗, g∗, ηB, ηG), let N̄ `

~e be a local neighborhood for the unsegmented
channel (b, g, ηB, ηG), and let ye be the set of observations in N `

~e . It can be shown
that side knowledge of the segmenting sequence u results in a factor graph which is a
subgraph of N̄ `

~e , while adding observations ỹe generated according to the “missing” nodes
completes the factor graph. By the Side Information Lemma, deleting ỹe ∪ u cannot
improve the probability of error, which is sufficient to prove that Pe[`](b, g, ηB, ηG) ≤
Pe[`](b

∗, g∗, ηB, ηG).
Again, the converse straightforwardly follows:

Corollary: Let (b∗, g∗, ηB, ηG) be a point in the GE parameter space such that
Pe[`] 6→ 0. Obtain a line passing through both (b∗, g∗, ηB, ηG) and (0, 0, ηB, ηG). Then
Pe[`] 6→ 0 for each point of valid GE parameters (b, g, ηB, ηG) along a segment of this line
where b > b∗ and g > g∗.

To visualize this result in 3 dimensions, define a quantity µ := 1 − b − g. It is easy
to see that µ∗ = 1 − b∗ − g∗ = (1 − p)µ for the segmenting parameter p, and since
p < 0, from the theorem and corollary, Pe[`] → 0 is preserved for increasing µ, while
Pe[`] 6→ 0 is preserved for decreasing µ. Similarly to our arguments in the previous
sections, by considering the plane formed by fixing ηB and ηG and allowing µ to vary,
for a given point µ∗ on this plane for which Pe[`] → 0, all values of µ > µ∗ will result
in a 1-dimensional region of convergence. Combined with our earlier results for the
plane of inversion probability pairs (ηB, ηG), this result implies a 3-dimensional region of
convergence in the GE parameter space. Conversely, for a given point µ∗ on this plane for
which Pe[`] 6→ 0, a 3-dimensional region of non-convergence is obtained in conjunction
with our earlier results. The 3-dimensional region of convergence is depicted in Figure 2.

4 Discussion and Conclusion

Consider the formation of a region of convergence using a DE algorithm. Using DE
to obtain a set of points known to converge to Pe[`] → 0, the region of convergence
induced by these points is the union of the regions induced by each point. An example
of such a union of regions is given in Figure 3, for a (3,6) rate 1/2 LDPC code, where
for ease of visualization we fix b = g = 0.01, so ηB and ηG form a 2-dimensional plane.
Solid outlines indicate the regions of convergence and non-convergence, while a region
in which convergence is uncertain lies outside these two regions. The parameter space
is partitioned into these three regions, and the size and shape of the uncertain region
guides the selection of subsequent DE points. Furthermore, we observe that the region
of convergence for the proposed GE-LDPC decoding algorithm must be larger than the
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2-dimensional
region of convergence

Image of 2-d
region for increasing µ

Convergent point

µ

ηB

ηG
0.5

1

0.5

0

(Theorem 3)

Figure 2: 3-dimensional region of convergence; the 2-dimensional region of Figure 1 for
a given point which converges to Pe[`] → 0 is extended along the µ axis, according to
Theorem 3.

region of convergence of a decoder that discards the channel memory. This is because
the point corresponding to (b, g, ηM , ηM) is known to converge for a given LDPC code,
where ηM represents the code’s memoryless threshold in a BSC, because any GE channel
where ηB = ηG is equivalent to a BSC. This point induces a region of convergence which
corresponds to the set of all GE channels where η̄ ≤ ηM , where η̄ is the equivalent
memoryless inversion probability of the GE channel.

Finally, we observe that the constraint to three parameters is not a serious shortcom-
ing. From [9], the space formed by pairs of state transition probabilities (b, g) may be
expressed as pairs (ρ, µ), where ρ = g/b, representing the overall ratio of state G to state
B in the state sequence, and µ = 1−g−b, representing the length of the channel memory,
where increasing the dwell time causes µ to approach 1. If ρ is kept constant while µ is
varied, as is the case in theorem 3, this represents the practically interesting case of a
family of channels indexed by symbol rate. Thus, if a channel achieves Pe[`]→ 0 at some
symbol rate, it will also achieve Pe[`] → 0 for all higher symbol rates, since increasing
the symbol rate also increases the dwell time in each state.
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