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Abstract — It has been shown using density evo-
lution (DE) that joint estimation-decoding strate-
gies have excellent performance for regular low-
density parity-check (LDPC) codes in the Gilbert-
Elliott (GE) channel. However, DE is computa-
tionally intensive, and is therefore not suitable as
a tool in searching for good degree sequences for
irregular LDPC codes. In this paper, we present a
reduced-complexity approximate DE scheme that
is particularly suitable for the GE channel, based
on the expected value approximation from [7].
The proposed technique takes advantage of a spe-
cially constructed decoder for which the ultimate
performance is the same as the standard decoder,
but for which DE is easier to approximate. We
show that this straightforward approximation al-
lows the channel messages to be precalculated, re-
sulting in computational complexity comparable
to the memoryless case.

I. Introduction

Low-density parity-check (LDPC) codes [1] are a class
of linear codes with very sparse parity check matrices.
LDPC codes may be characterized by a degree sequence,
which expresses the probability of finding a given num-
ber of ones in either the rows or the columns of the parity
check matrix – an LDPC code is regular if every row and
every column contains a fixed number of ones, or irregular
if the number of ones varies. It is known that the bit er-
ror performance of irregular LDPC codes is a function of
the degree sequence, which can therefore be optimized to
design good LDPC codes [2]. Although density evolution
(DE) [3, 4] can be used to evaluate the analytical perfor-
mance of degree sequences, more efficient design tools are
also available, such as the Gaussian approximation [5],
the extrinsic information transfer (EXIT) approximation
[6], and a family of bounds calculated from expectation
[7].

In this work, we provide LDPC degree sequences which
represent very good codes for the Gilbert-Elliott channel.
These degree sequences were found using an approximate
DE algorithm for the GE channel based on the approxi-
mation in [7], with particular adaptations to account for
channel state estimation. Our work is the first attempt to
state a DE approximation to explicitly account for chan-
nel state estimation. The remainder of this paper is or-
ganized as follows. In section 2, we introduce the GE
channel model and discuss joint estimation-decoding in
this channel. In section 3, we briefly discuss the rationale
for our approximate DE algorithm, particularly focusing
on the approximation of channel estimation. In section 4
we fully describe the approximate DE algorithm. Results
obtained using this algorithm are presented in section 5.

II. System Models

The GE channel is a binary-input, binary-output chan-
nel with output y ∈ {0, 1}n given by y = x ⊕ z, where
x ∈ {0, 1}n is the channel input, z ∈ {0, 1}n is a noise
sequence, and ⊕ represents componentwise modulo-2 ad-
dition. The noise z arises from a two-state hidden Markov
process with state sequence s ∈ {B,G}n, such that
Pr(zi = 1 | si) = ηsi , where we define ηG < ηB ≤ 1/2.
In other words, state B represents a “bad” binary sym-
metric channel (BSC), and state G represents a “good”
BSC. The state transition probabilities are given by b :=
Pr(si+1 = B | si = G) and g := Pr(si+1 = G | si = B).
The joint probability mass function (PMF) of the sym-
bols x, the channel observations y, and the hidden states
s is given by

Pr(y, s | x) = Pr(s1)Pr(yn | sn, xn)

·
n−1∏
i=1

Pr(yi | xi, si)Pr(si+1 | si). (1)

In this paper, we restrict our analysis to the cases where
0 ≤ ηG < ηB ≤ 0.5 (i.e., non-inverting channels) and
0 < {b, g} ≤ 0.5 (i.e., non-deterministic, non-oscillatory
channels).

Suppose the channel inputs are codewords from a given
LDPC code C. Let h(x) be a codeword indicator func-
tion, where h(x) = 1 if x ∈ C and h(x) = 0 otherwise.
Let hi(x) represent the indicator function for the ith row
of the LDPC code’s parity check matrix. This can be
written as hi(xi), where xi ⊂ x is the set of symbols that
participate in the ith parity check (corresponding to the
positions where ones appear in the ith row of the parity
check matrix). Clearly, h(x) =

∏m

j=1
hj(xj), where m is

the number of rows in the parity check matrix, which can
be represented using a factor graph [10], in which an edge
connects factor node i with variable node j if xj appears
in parity check hi.

Consider the degrees of both the parity check and vari-
able nodes. An LDPC code may be characterized by a
pair of degree sequences (λ, ρ), where λ = [λ1λ2 · · ·λc] is a
c-element vector of probabilities where λi is the probabil-
ity that a randomly selected edge is incident to a variable
node with degree i, and where c is the maximum vari-
able degree. Similarly, ρ = [ρ1ρ2 · · · ρd] is a d-element
vector of probabilities where ρj is the probability that a
randomly selected edge is incident to a parity check node
with degree j, and where d is the maximum check degree.
If ρd = λc = 1, the code is said to be regular, otherwise it
is said to be irregular. It is straightforward to show that
the rate of an LDPC code with a given degree sequence
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Fig. 1: A section of a GE-LDPC factor graph.

is [3]

R = 1−
∑d

`=1
ρ`/`∑c

`=1
λ`/`

. (2)

Combining the channel PMF (1) with the factorization
for h(x), we obtain a PMF of the form

Pr(y, s,x) = Pr(s1)Pr(yn | sn, xn)

·
n−1∏
i=1

Pr(yi | xi, si)Pr(si+1 | si)

·
m∏
j=1

hj(xj) (3)

which can be expressed on a factor graph as an LDPC
subgraph connected to a GE subgraph. An estimation-
decoding algorithm can be straightforwardly derived for
this system using the Sum-Product Algorithm (SPA); the
details of this estimation-decoding are discussed in [8].
An example factor graph for the PMF in (3) is given in
Figure 1.

III. Factor Graphs and Approximation

In this section, we present an intuitive justification of
our approach for an approximate DE algorithm. Space
constraints do not permit a more detailed explanation;
however, a more rigorous discussion of these concepts is
found in [11].

Existing approximation schemes track the probability
density function (PDF) of the extrinsic information, and
approximate this PDF using a single parameter. We are
interested in incorporating the estimation of the chan-
nel state, performed by the sum-product algorithm, into
these PDF approximations. We know that extrinsic infor-
mation from the decoder contributes to the quality of the
channel state estimate with each iteration. Thus, from
the decoder’s perspective, the effect of channel state es-
timation is to vary the PDF of the channel information

from iteration to iteration. Ideally, we would like a one-to-
one relationship between an extrinsic PDF and a channel
PDF so that, under the approximation, we can approxi-
mate both PDFs with the same parameter.

Suppose the PDF of the extrinsic information remains
the same over a large number of channel state estima-
tion iterations. This could occur with a carefully chosen
message-passing schedule – for example, if a message-
passing schedule were adopted in which each iteration
involving LDPC subgraph nodes were followed by K � 1
iterations through the GE subgraph. If K is sufficiently
large, we have noticed that the PDFs of the channel infor-
mation messages converge in distribution to stable PDFs.
Thus, for each extrinsic information PDF, there exists a
stable channel information PDF, which provides the one-
to-one relationship that we are looking for.

The usual message-passing schedule performs one it-
eration through the LDPC subgraph for each iteration
through the GE subgraph. The obvious question is: how
does the performance of a decoding algorithm with a
schedule that allows stable densities compare to the de-
coding algorithm using the usual schedule? In [11] we
showed that the stable message density schedules con-
verge to Pe → 0 in the limit of long block length if and
only if the usual schedule converges to Pe → 0. The
reasoning is as follows. Evaluating the performance of
an LDPC code with infinite block length of the usual
message-passing schedule after ` iterations is equivalent to
evaluating the performance of the directed local neighbor-
hood to depth ` of a given edge e in the GE-LDPC factor
graph [4]. The local neighborhood includes all nodes and
edges that participate in the calculation of the message
along e at the `th iteration, and is obtained by starting
at e and walking to all of its neighbors in the factor graph
along any path of length `.

For any stable message-passing schedule, a local neigh-
borhood with a different structure is required – however,
the structure for any such schedule contains a directed
local neighborhood to depth `1, and is contained by a
directed local neighborhood to depth `2, where `1 ≤ `2.
Using the side information lemma [8], we can argue that
the decoding performance of the stable message-passing
schedule is lower bounded by the performance of the
neighborhood with depth `2, and upper bounded by the
performance of the neighborhood with depth `1. Thus,
if the performance of the neighborhood with depth `1
achieves Pe → 0 as `1 becomes large, so must the stable
message-passing schedule for a large number of iterations;
while if there exists some positive ε such that Pe > ε for
all values of `2, then Pe > ε for the stable message-passing
schedule for any number of iterations as well.

IV. Approximate DE Algorithm

We use the approximation algorithm from [7] to ap-
proximate density evolution through the LDPC subgraph,
which we use because it makes no assumptions on the
densities of the channel messages, unlike the Gaussian
approximations [5]. A random variable (RV) x is said
to have a binary-symmetric distribution with parameter
µ ∈ {[0, 1] \ 0.5} (i.e., x ∼ BS(µ)) if Pr(x = µ) = 1 − µ,
Pr(x = 1 − µ) = µ, and Pr(x) = 0 otherwise. For any



RV u, the binary-symmetric RV corresponding to u, rep-
resented by ũ, is defined as

ũ ∼ BS
(

1

2

(
1−

√
1− 2E[u]

))
where E[·] represents expectation. This representation is
chosen so that E[u] = E[ũ].

The basic idea from [7] is to replace all extrinsic in-
formation messages s with the corresponding binary-
symmetric messages s̃, which can be represented with
one parameter. Then DE proceeds by tracking an upper
bound on E[s] (which is the same as E[s̃]). For variable
degree sequence λ, check degree sequence ρ, and channel
information message η, a recursion is proven in [7] as

E[s(t+1)] < (1 + ε)f(E[s(t)], λ, ρ; η)

where s(t) represents the extrinsic information after t it-
erations, and where

f(x, λ, ρ; η) =
∑
i

λi

i−1∑
j=0

(
i− 1

j

)
·(1− q(x, ρ))jq(x, ρ)i−1−j

·Eη

 1

1 + 1−η
η

(
1−q(x,ρ)
q(x,ρ)

)2j−i+1

(4)

where

q(x, ρ) =
1

2

1−
√∑

i

ρi(1− 2x)i−1

 .

Our approach is to use stable message PDFs for the
channel messages and the approximation for the extrinsic
information given above, but to calculate the stable chan-
nel messages using exact DE in the GE subgraph. Con-
sider the channel message η. For K iterations through
the GE subgraph, the density of the channel message is
given by K iterations of the DE algorithm derived in [8],
which, while conceptually straightforward, is very lengthy
to state; we will briefly summarize that algorithm and di-
rect the reader to the reference for the details. The SPA
through the GE subgraph includes a forward message ~α,
for which one iteration is calculated by

~α+ =
PE~α

uT2 PE~α

where u2 is the all-one column vector with 2 elements,
P is the state transition matrix of the GE state process,
and

E = N + (I− 2N)(1− χ) (5)

where χ is the (scalar) channel extrinsic information, I is
the 2×2 identity matrix and N = diag[ηG ηB ]. Note that
χ 6= s in general, though the two quantities are calcu-
lated in a similar manner. Similarly, there is a backward
message ~β, which is calculated by

~β+ =
EPT ~β

uT2 EPT ~β
.

The iterative transformation in densities may be obtained
from these iterative calculations, which are performed K
times. Finally, the channel message is obtained by

η =

{
1− ~αT (I−N)PT ~β

~αTPT ~β
, y = 0

~αT (I−N)PT ~β

~αTPT ~β
, y = 1

where y is the channel observation corresponding to the
channel message, for which a density transformation is
straightforward to obtain.

For the extrinsic message χ to each iteration of the
SPA in (5), suppose the approximation χ̃ is used instead.
Because we are calculating the stable channel message
PDF, the same χ is provided at each iteration, and there-
fore the same χ̃. Let fη(η) represent a stable channel
message PDF. Since χ̃ is described by a single parame-
ter, that single parameter also parameterizes fη(η) – in
other words, we may write fη(η; χ̃) to represent the sta-
ble density corresponding to repeated applications of the
extrinsic message approximated by χ̃. It is important
to note that this parameterization is independent of any
LDPC code degree sequence, so the set of fη(η; χ̃) may
be precalculated. If the set of fη(η; χ̃) are obtained for
a particular GE channel, they may be re-used in an ap-
proximate DE scheme for any LDPC degree sequence in
that channel. That is, allowing for unlimited precompu-
tation and storage resources at no cost, approximating
DE through a GE-LDPC decoder using the method of [7]
can have nearly the same computational complexity as
for the memoryless LDPC decoder.

The entire approximate DE algorithm for the GE-
LDPC decoder is described as follows:

1. (Precalculation) For a given GE channel and some
quantization X of χ̃, obtain fη(η; χ̃) for all χ̃ ∈ X
using K iterations of exact DE through the GE
subgraph, where each iteration receives an extrinsic
information message χ̃.

2. (Channel extrinsic information) For a given LDPC
code with degree sequence (λ, ρ), and for s̃ ∈
[0, 0.5), obtain χ(s̃) = f(E[s̃], λ, ρ; s̃).

3. For s̃ ∈ [0, 0.5), obtain y(s̃) = f(E[s̃], λ, ρ; η),
where the density of η is selected as fη(η; χ̃(s̃)) for
χ̃(s̃) ∈ X that is closest to χ(s̃).

4. If y(s̃) < E[s̃] for all s̃ ∈ [0, 0.5), conclude that
Pe → 0 for the GE-LDPC decoder; otherwise, con-
clude that Pe 6→ 0.

If a different degree sequence is to be tested, only steps
2-4 of the algorithm need to be repeated.

V. Results

We first give some examples that illustrate the opera-
tion of the algorithm given in the previous section. Con-
sider a GE channel with parameters b = 0.01, g = 0.01,
ηB = 0.15, and ηG = 0.01. For this GE channel, we first
precalculate the channel information message densities
fη(η; χ̃) by performing K iterations through the GE sub-
graph. Some examples of such densities for various values
of χ̃ are given in Figure 2, where K = 40. Note that with
decreasing E[χ̃] (corresponding to better extrinsic infor-
mation), the “horns” of fη(η; χ̃) become sharper. This
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Fig. 2: Precalculated channel density functions fη(η; χ̃).

implies that the channel estimates are of higher quality;
if the channel states were perfectly known, these horns
would become delta functions.

In Table 1 we give some preliminary results on op-
timized degree sequences for certain GE channels. Al-
though many search techniques exist to obtain good
codes, our approach was to fix the rate at 1/2 and find de-
gree sequences for given GE channels that could achieve
this rate. Experimental results appear in Figure 3, where
b = 0.01, g = 0.01, and ηG = 0.01, with varying ηB ;
and where the block length was 105. We used the irreg-
ular code in the second row of Table 1, while the regular
code was a (3,6) code, the best rate 1/2 regular LDPC
code in this channel. Clear and significant improvements
are noted over the regular code. However, there remains
a large gap to capacity: C = 1/2 is obtained for a GE
channel with parameters b = 0.01, g = 0.01, ηB = 0.28,
and ηG = 0.01. In future work, we intend to address this
remaining gap with a method related to the one presented
in this paper.
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Tab. 1: A table giving various GE channels and a rate 1/2 de-
gree sequence known to converge to Pe → 0 for that channel.

GE parameters Degree values
(b, g, ηB , ηG)

(0.01,0.01,0.150,0.01) λ3 = 1;
ρ6 = 1

(0.01,0.01,0.175,0.01) λ2 = 0.08, λ3 = 0.63,
λ8 = 0.29;
ρ6 = 0.0113, ρ7 = 0.9887

(0.01,0.01,0.185,0.01) λ2 = 0.08, λ3 = 0.53,
λ9 = 0.39;
ρ7 = 0.28, ρ8 = 0.72

(0.01,0.01,0.190,0.01) λ2 = 0.07, λ3 = 0.54,
λ10 = 0.39;
ρ7 = 0.112, ρ8 = 0.888

(0.01,0.01,0.195,0.01) λ2 = 0.05, λ3 = 0.52,
λ12 = 0.43;
ρ8 = 0.43, ρ9 = 0.57
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Fig. 3: Experimental results comparing a regular (3,6) rate
1/2 code with the second entry in Table 1. The block length
was 105, while the fixed parameters were b = g = ηG = 0.01.


