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Abstract — Markov modulated channels are a prac-
tically important class of channels with memory.
Since they have very large parameter spaces, analysis
of the performance of a particular code over all possi-
ble such channels is difficult. In this work we propose
a partial ordering of Markov modulated binary sym-
metric channels (MMBSCs) which allows comparison
of performance of these channels under LDPC decod-
ing, and mitigates the complexity issue.

I. Markov Modulated Channels

An MMBSC is a binary-input, binary-output channel with
input x ∈ {0, 1}n, output y ∈ {0, 1}n, and noise sequence z ∈
{0, 1}n, such that y = x⊕ z, where ⊕ represents component-
wise modulo-2 addition. Associated with the noise sequence is
a hidden state sequence s ∈ Sn, where S := {σ1, σ2, · · · , σ|S|}
is the state alphabet. Given s, the probability of the noise
sequence is given by Pr(z | s) =

∏n

i=1
Pr(zi | si), where

Pr(zi |si) := 1−ηsi for zi = 0 and ηsi for zi = 1, that is, ηsi is
the inversion probability if the channel state is si. The vector
of inversion probabilities is given by n := (ησ1 , ησ2 , · · · , ησ|S|).
The state sequence is generated by a Markov chain with a
|S| × |S| state transition probability matrix P. A Markov
modulated channel is parameterized by c := (P,n), and it is
easy to see that each channel has O(|S|2) parameters.

A regular LDPC code has n symbol variables and m par-
ity check equations, where each symbol variable participates
in dv parity checks, and each parity check is a function of dc

symbols. Let H(x) be the code indicator function, such that
H(x) = 1 if x is a valid codeword, and zero otherwise. Then
we may write H(x) =

∏m

j=1
hj(xφj(1), xφj(2), · · · , xφj(dc)),

where hj(·) are the parity check equations corresponding to
the rows of the parity check matrix, and φj is the vector of
indices corresponding to the variables that participate in the
jth parity check equation. We may straightforwardly rep-
resent the joint PMF Pr(y,x, s) of the channel outputs y,
the LDPC codewords x, and the channel state variables s
on a factor graph, and use the Sum-Product Algorithm for
estimation-decoding.

II. Partial Ordering

Shannon [1] defined a partial ordering k1 ⊇ k2 on memory-
less channels, so that if a code had a certain performance in
k2, it had equally good or better performance in k1. We give
a similar ordering for MMBSCs, though in the special case of
LDPC codes with long block length. In particular, for some
point c in the space of MMBSC parameters, let Pe[`](c) be the
probability of error after the `th iteration of decoding. For two
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points c1 and c2 in the space of MMBSC parameters, we write
c1 ⊇ c2 if Pe[`](c1) ≤ Pe[`](c2) for all ` and for any regular
LDPC code with arbitrarily large block length. Related work
for the Gilbert-Elliott channel was presented in [2].

For a particular point c = (P,n) in the space of MMBSC
parameters, let {c̃} be the space of MMBSC parameters in-
dexed by the triples (p, ψ, ζ), where 0 ≤ p ≤ 0.5, 0 ≤ ψ ≤ 1,
and 0 ≤ ζ ≤ 1. Any c̃(p, ψ, ζ) ∈ {c̃} has parameters
(P(ζ),n(p, ψ)) satisfying P(ζ) = (1− ζ)P + ζP̂, where P̂ij =
Pr(s = σj) for all i, j; and n(p, ψ) = p−(1−2p)((1−ψ)n+ψ~η),
where ~η is the |S|-dimensional vector where every element is
equal to the average inversion probability of c. The set {c̃}
is then referred to as the degraded family of c, and it can be
shown that c ⊇ c̃(p, ψ, ζ) for all c̃(p, ψ, ζ) ∈ {c̃}.

The degraded family, while important, can only relate the
performance of MMBSCs with the same number of states.
Our main contribution is a result related to MMBSCs formed
by segmentation, similar to a technique introduced in [3]. For
two points cu = (Pu,nu) and cv = (Pv,nv) in the MMBSC
parameter space, the channel c∗ = (P∗,n∗) may be formed
via segmentation if there exist ζu and ζv such that

P∗ =

[
(1− ζu)Pu ζuP̂v

ζvP̂u (1− ζv)Pv

]
where P̂u is a |Sv|×|Su| matrix in which each element is given
by P̂u,ij = Pru(s = σj,u), and where P̂v is a |Su|× |Sv| matrix
in which each element is given by P̂v,ij = Prv(s = σj,v); while
n∗ = [nunv]. Then we have the following result:

Theorem 1 Let c = (P,n) be a point in the MMBSC param-
eter space, and let c̃(p, ψ, ζ) ∈ {c̃} be a point in the degraded
family of c. Suppose c∗(p, ψ, ζ) is formed by combining c and
c̃(p, ψ, ζ) using segmentation. Then c ⊇ c∗(p, ψ, ζ).

Using these results, performance of an LDPC code in a
given channel, which may be acquired using density evolution
or simulation, may be immediately related to a large fam-
ily of channels in the O(|S|2)-dimensional MMBSC parameter
space. Thus, our work makes the characterization of MMBSCs
under LDPC decoding much more computationally feasible.

References

[1] C. E. Shannon, “A Note on a Partial Ordering for Communica-
tion Channels,” Information and Control, vol. 1, pp. 390-397,
1958.

[2] A. W. Eckford, F. R. Kschischang, and S. Pasupathy, “Analysis
of Low-Density Parity-Check Decoding in the Gilbert-Elliott
Channel,” submitted to IEEE Trans. Inform. Theory.

[3] M. Mushkin and I. Bar-David, “Capacity and coding for the
Gilbert-Elliott channels,” IEEE Trans. Inform. Theory, vol. 35,
no. 6, pp. 1277-90, Nov. 1989.


