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A Partial Ordering of General Finite-State Markov
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Abstract—A partial ordering on general finite-state Markov
channels is given, which orders the channels in terms of proba-
bility of symbol error under iterative estimation decoding of a
low-density parity-check (LDPC) code. This result is intended
to mitigate the complexity of characterizing the performance of
general finite-state Markov channels, which is difficult due to the
large parameter space of this class of channel. An analysis tool,
originally developed for the Gilbert–Elliott channel, is extended
and generalized to general finite-state Markov channels. In doing
so, an operator is introduced for combining finite-state Markov
channels to create channels with larger state alphabets, which are
then subject to the partial ordering. As a result, the probability
of symbol error performance of finite-state Markov channels
with different numbers of states and wide ranges of parameters
can be directly compared. Several examples illustrating the use
of the techniques are provided, focusing on binary finite-state
Markov channels and Gaussian finite-state Markov channels.
Furthermore, this result is used to order Gilbert–Elliott channels
with different marginal state probabilities, which was left as an
open problem by previous work.

Index Terms—Estimation-decoding, iterative decoding, low-
density parity-check (LDPC) codes, Markov channels, partial
ordering.

I. INTRODUCTION

F INITE-STATE Markov channels are binary-input chan-
nels, each with a hidden channel state sequence that is

generated by a finite-state Markov chain, where the state of
the Markov chain determines the instantaneous behavior of the
channel. (Throughout this paper, we will take the finite-state
nature of the channel to be implicit, and simply refer to Markov
channels.) These channels have many applications, such as
approximating wireless channels with slow fading, or modeling
other correlated noise effects. Capacity and coding for these
channels was discussed in [1].

A low-density parity-check (LDPC) code is a type of block
code with a very sparse parity-check matrix [2]. Using the
sum–product algorithm (SPA) [3] for decoding, it is well
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known that LDPC codes have excellent performance in mem-
oryless channels. The SPA can be extended to obtain natural
estimation-decoding strategies in channels with memory, which
from recent work are known to have excellent performance
in, for example, partial response channels [4], [5], and the
Gilbert–Elliott (GE) channel, the simplest type of binary-output
Markov channel [6], [7]. Recent work has also focused on the
applicability of LDPC codes for source compression, especially
for Slepian–Wolf encoding (see, e.g., [8], [9]). Markov sources,
which are analogous to Markov channels, have been proposed
to model temporal correlations in data, requiring many of the
same approaches as for Markov channels [10]–[12].

Partial orderings of communication channels can be traced
back to Shannon [13], who described a partial ordering of
memoryless channels using general codes. For Markov chan-
nels, some analytical performance results exist for decoding
using classical codes, such as burst error correcting codes [14]
and convolutional codes [15]. Knowledge of the performance
of LDPC decoding may be obtained using Monte Carlo sim-
ulation, or using some analytical technique such as density
evolution [16].

Markov channels have large parameter spaces—the GE
channel, with two channel states, is characterized by four
parameters, and, as we discuss in Section II, parameters
are required to completely describe a -state Markov channel.
Since contemporary analysis techniques can only examine one
channel at a time, it is complicated to analyze large classes or
families of Markov channels. By contrast, many memoryless
channels, such as the binary symmetric channel (BSC) and
the additive Gaussian channel, are characterized by a single
parameter. The analysis of these single-parameter memoryless
channels is simplified because some channels are known to be
degraded with respect to others. For instance, for a memoryless
Gaussian channel, we immediately know that channels with a
given noise variance are better than any channel with greater
variance. Analogously, to simplify the analysis of Markov
channels, if the performance of an LDPC code (in terms of
probability of symbol error) using some channel is known,
that knowledge should immediately imply something about the
performance for a “region” of channels neighboring . To that
end, in this paper we give a method of recursively constructing
general Markov channels, and show that this construction
results in a partial ordering in terms of probability of symbol
error under iterative LDPC decoding.

The results in the present paper are largely a generalization
of previous results from [6]. In that paper, three results were
given to order GE channels in terms of their iterative decoding
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performance with LDPC codes. The main contributions of the
present paper are the following,

• Definition of the partial ordering as an ordering of fuzzy-
edge degraded channels, a more general and flexible de-
scription than was provided for the GE ordering results.

• The definition of the operator in Section III, which
“mixes” Markov channels to form channels with larger
state alphabets.

• The ability to compare channels with different numbers of
states, which is our main result, Theorem 2.

As a consequence of Theorem 2, we can solve the “fourth-di-
mension” problem posed in [6], and the solution is stated in
Theorem 5. We also give a straightforward result on Gaussian
Markov channels (Theorem 3), and generalization of the
channel ordering results for the GE channel to binary Markov
channels with higher numbers of states (Theorem 4), though
these results only allow the comparison of channels with the
same number of states, and are mainly used in conjunction
with Theorem 2. Furthermore, our focus is on LDPC codes,
but the only feature of LDPC codes that we require is that the
length of any given graph cycle approaches with probability

(when considering families of such codes with increasing
block length). Since many other codes share this property, it
is possible to generalize our results to other LDPC-like codes,
such as Luby transform (LT) codes [17].

There are two main applications of our partial ordering. First,
for an unbounded number of iterations, we would like to know
whether an LDPC code achieves an arbitrarily low probability
of symbol error. Under our partial ordering, if it is known for a
particular channel that , then there exists a wide class
of related channels which also have the property that .
Secondly, under our partial ordering, we guarantee that the
under one channel is smaller than the for another channel
at every iteration of LDPC decoding. Thus, for a high-speed,
real-time decoder in which only a few iterations are permitted,
we can still order the symbol error probabilities for the same
number of iterations in a wide class of channels, or we can say
when decoding in one channel will take as long or longer to
converge than decoding in another channel.

The remainder of this paper is organized as follows. In Sec-
tion II, we introduce the system models and definitions. In Sec-
tion III, we introduce the “mixing” operator . In Section IV,
we define “fuzzy-edge” degraded channels, a class of channels
which form the basis for the partial ordering. In Section V, we
present the main theorems in the paper, and some examples of
their use are presented in Section VI.

II. SYSTEM MODEL

A. Remarks on Notation

We begin this section with some remarks on the mathemat-
ical notation. Fixed scalars and vectors will be represented with
lower case letters as and , respectively; scalar and vector
random variables will be represented with capital letters as
and , respectively. Generally, an instance of will be written
with the corresponding lower case letter . Matrices will be rep-
resented by bold-face capitals such as , with members ;
it should be clear from context when the notation refers to ma-

trices or random variables. Sets, including graphs, will be rep-
resented with . We use the sans-serif notation to represent a
particular Markov channel and its parameters.

Three notational shortcuts will be used throughout this paper.
First, the probability density function (pdf) of a random variable

, which is given most precisely by , will be shortened to
where it is unambiguous to do so; similarly, the probability

mass function (pmf) will be shortened to . In other
words, and are normally different functions in this
paper. Second, for a random variable , we will use the notation

to represent the fact that every possible instance of ,
such as , has the property that . Third, if a scalar is added
to a vector or to a matrix, then that scalar is assumed to be added
to every element of the vector or matrix.

B. Markov Channel Definition

Consider a channel with binary inputs in , outputs
selected from an alphabet (which can be either discrete or
continuous), and hidden channel states drawn from a finite
set , which is usually (although in later
sections, where Markov channels are combined, other index
sets will be allowed). Let , , and
represent length- vectors of random variables representing
channel inputs, channel outputs, and channel states, respec-
tively. A general Markov channel is any channel with the
following properties:

• forms an irreducible, aperiodic (i.e., regular) Markov
chain operating in steady state, which is independent of the
channel inputs ; and

• given the channel state , the channel is memoryless, i.e.,

(1)

The first property excludes partial response channels from this
discussion. The second property suggests that each possible
channel state corresponds to a particular channel be-
havior, and the channel state “chooses” the memoryless channel
that affects the channel input. For example, suppose the channel
outputs are binary, and each state corresponds to a BSC with a
different crossover probability. This type of channel is called
the binary Markov channel.

The Markov chain corresponding to is parametrized by the
state transition probability matrix , which is an matrix
in which . Since the Markov chain is regular,
there exists a unique steady-state probability distribution; for all

, let the steady-state probability for the th state be denoted
(with a slight abuse of the notation) .

Let represent a family of channel input–output pdfs,
indexed by the parameter . (To simplify notation, we will treat

as a scalar, but nothing changes if is a vector.) To each
channel state there corresponds a channel parameter ,
such that

that is, given the th state at time , the channel behavior is se-
lected from the given family with parameter . Thus, corre-
sponding to the state alphabet , there is a
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corresponding vector of channel parame-
ters that represent the channel behavior in each state.

For a given family , a corresponding Markov
channel is completely parametrized by the matrix
and the -element vector . As a result, it is easy to see that
there are parameters corresponding to a given Markov
channel. We will refer to specific Markov channels by their
parameters , where , and the family will be implicit.
Although our main result applies to general Markov channels,
the two families we use in this paper are the previously men-
tioned binary Markov channel, in which is a BSC
with inversion probability ; and the Gaussian Markov channel,
in which is an additive Gaussian noise channel with
noise variance . Gaussian Markov channels have previously
been discussed and analyzed in [18]. (In this paper, the termi-
nology “Gaussian Markov channel” is distinct from a channel
where the channel states form a Gauss–Markov process, with a
continuous and jointly Gaussian state; the latter type of channel
is often called a “Gauss–Markov channel.”)

Example 1: The GE channel [6], [19], [20] is a binary Markov
channel with two states. The family is a family of
BSCs, where , and

With two states, we have , where and are
crossover probabilities. Writing the state alphabet (in the con-
ventional manner for this channel) as , we have

, where (the subscripts
and indicate a “good” and “bad” channel, respectively;

for instance, in the “noninverting” case where and
, the condition is equivalent to ). A common

parametrization in the literature uses and
, so in our notation, the GE channel is pa-

rametrized by

(2)

(End of example.)
The input–output pdf, including the hidden Markov channel

state , is given by

(3)

To avoid the awkward term in (3), we can ex-
tend the state vector by one element, so that (which
changes nothing since is a hidden variable). Thus, we will
write the input–output model as

(4)

Fig. 1. A factor graph corresponding to (4).

If the family and frame length are given, the channel
provides a complete description for the factors in

(4). A factor graph corresponding to (4) is given in Fig. 1.

III. MIXING MARKOV CHANNELS

In this section, we give a method for mixing two Markov
channels, which combines their state alphabets. This operation
is derived from segmentation in [6], [20], and can result in a
channel that is degraded with respect to one of the starting chan-
nels. As a result, this operation is central to our main results.

Consider two Markov channels from the same family, with
parameters and . The state alpha-
bets for the two channels are the index sets and ; to em-
phasize that their elements are distinct under a union operation,
we will write

and

Given a state transition probability matrix, it is possible to
draw a graph corresponding to the Markov state machine, illus-
trating which states are accessible from which other states, and
with what probability. Consider the Markov state machines
and evolving according to and , respectively. Obvi-
ously, the states in each machine are normally inaccessible to the
other, since they operate on different state alphabets. However,
we will “mix” the operation of these two machines as follows.

Suppose there exist two Bernoulli random vectors,
and , of the same length as the state sequences, and
whose elements take values in , that join the two Markov
state machines by allowing a jump from one machine to the
other. In particular, if the state at time is in , then the
state jumps to at time when (and re-
mains in otherwise); and if the state at time is in , it
jumps to at time when (and remains
in otherwise). If a jump occurs, the new state is chosen at
random from the states in the new state machine according to
their steady-state probabilities, independently of any previous
state. We define

and

as the two jump probabilities, which are time-independent.
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Fig. 2. The Markov state machinesM andM , before and after segmentation. Note that the edges between machines have the same weight when terminating
in the same state.

Let represent a sequence of states that are
generated by this mixed-state machine. If , the jump
variable is , and we have

(5)

and

(6)

recalling that represents the steady-state probability of state
in . Similarly, if , the jump variable is , and

we have

(7)

and

(8)

recalling that represents the steady-state probability of state
in channel . Marginalizing (5)–(8) with respect to

and , we can write

(9)

Thus, the new state vector forms a Markov chain, since the
current state is only dependent on the previous state. Further-
more, the new state alphabet is

so from (9), the new state transition probability matrix can be
written

(10)

where is an matrix with identical rows, where
for all , and similarly, is an matrix

where for all .
Finally, to form a Markov channel with the Markov state se-

quence , each state retains its original behavior from and
. Thus, the new vector

(11)

is merely the concatenation of the original vectors of channel
behaviors.

We define the mixing operator to represent this opera-
tion; since it is affected by the parameters and , we will
often write this operator as . In other words, given two

Markov channels and , then the
statement

signifies that , where and are given by (10) and
(11), respectively. The “blended Markov state machine” view
of the Markov chain in channel is given in Fig. 2.

Example 2: Let represent a binary Markov channel, with
state alphabet , where

(12)
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It is easy to show that the steady-state probabilities are given by
. Similarly, let represent another binary

Markov channel, with state alphabet , where

(13)

In this case, the steady-state probabilities are given by
and .

We wish to form the channel , where

. Letting , we have

and

(End of example.)

IV. FUZZY-EDGE DEGRADED CHANNELS

In this section, we introduce a type of degraded Markov
channel called a fuzzy-edge degraded channel, so named be-
cause edges in the factor graph representing such a Markov
channel can appear or disappear, depending on some auxiliary
random variables.

An edge in a factor graph indicates the presence of a variable
in a factor, and thus the edge represents the dependence of the
variable on the other variables involved in the factor. As we see
in the following examples, it is possible for another random vari-
able to control whether this dependence is present or absent. By
“closing the box” around the controlling random variable (in the
sense of [21]), we will see through these examples that knowl-
edge of this variable can modify the relationship and connec-
tions in the factor graph, in a way that is particularly interesting
to the study of Markov chains. We introduce this concept using
a series of examples.

Example 3: Let and represent channel states, selected
from a discrete, finite alphabet . Suppose there also exists a
random variable that modifies the relationship be-
tween and as follows:

(14)

where is a Markov chain relationship between and
, and and are the corresponding steady-state prob-

abilities.
Say is independent of ; then, we can write

(15)

The expression in (15) is represented on a factor graph, on the
left-hand side of Fig. 3.

Fig. 3. Factor graphs corresponding to “closing the box” around u. When u
is unknown, the edge is “fuzzy,” since it represents a dependence that might be
present or absent, given further information.

In Fig. 3, we have drawn a box around the variable repre-
senting and all the factors in which it is involved. In (15), this
may be interpreted as a set of brackets around all terms involving

, that is,

To “close the box” and remove from (15), we marginalize
the expression with respect to . Since our objective is to min-
imize symbol probability of error, we use the SPA as a mes-
sage-passing algorithm, which requires us to marginalize by
summing over

Thus, we see that “closing the box” only affects variables, fac-
tors, and edges inside the box.

We now have three scenarios, depicted on the right-hand side
of Fig. 3.

• If (the realization of ) is unknown, then we have

Letting , we can
write

• If is observed to be zero, we have that
(using the Kronecker delta function), so

• If is observed to be one, we have that , so
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Fig. 4. Factor graphs for Example 4, with n = 4. The top figure depicts the factor graph, including UUU , prior to “closing the box.” In the middle figure, where UUU
is unknown, the edges are “fuzzy,” since they represent dependences that might be present or absent, given further information. In the bottom figure, UUU is known,
so edges are present when u = 0, and absent when u = 1.

The auxiliary random variable can be viewed as modifying
the relationship between and from to a “softer”
constraint , though this carries the risk of breaking the
relationship altogether into independent parts as .

(End of example.)
We can make the following intuitive argument with respect

to Example 3. Knowledge of can only improve the system,
since it is “extra” information. Thus, the system depicted in the
lower two diagrams in Fig. 3 is superior to the system without
knowledge of , represented by the constraint , in spite
of the fact that might break the factor graph. Furthermore, it
seems obvious that an “unbroken” system, where always,
is better than the broken system (in terms of having the same or
smaller symbol error probability), where it is possible that

. These intuitions, which we will formalize in Section V, form
the foundation of our method for comparing Markov channels.

We can now expand Example 3 to cover an entire Markov
chain.

Example 4: Similarly to the definition in Section II, let
represent a length- vector of Markov channel

states, taken from the discrete alphabet . Let repre-
sent a Markov transition probability between successive states
in , and let represent the steady-state probability of
the random state . These could be selected from a putative
transition probability matrix , and the corresponding vector
of steady-state probabilities .

Extending Example 3, suppose there is a sequence of inde-
pendent, identically distributed (i.i.d.) Bernoulli random vari-
ables , which modify the relationship between suc-
cessive states, so that

(16)

Similarly to the previous example, we define

(17)

In other words, if , then there is a Markov relationship
between successive states, and if , then successive states
are chosen independently, according to their marginal distribu-
tions. Thus, if for all , then the state sequence forms
a Markov chain with transition probabilities . How-
ever, when , is independent of and all preceding
states, which breaks the factor graph. It is helpful to think of
as a random “reset switch” for the state of Markov chain, re-ini-
tializing it with a random state whenever .

We can draw a factor graph containing the states and the
auxiliary variables , as in the top diagram of Fig. 4. Further-
more, as in Example 3, we can “close the box” around each vari-
able , where the realization of is known or unknown. In
particular, suppose the realization of is unknown, and that its
elements are i.i.d. Similarly to Example 3, we should expect that
successive states are always dependent on one another, since it
is no longer possible to tell whether the Markov chain was reset
at any time . From (16) and (17),

(18)
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where is the same as in Example 3. These transition
probabilities may be expressed in a matrix , where

.
Not only has the relationship between successive states been

restored, but the new relationship is that of a homogeneous
Markov chain, whose transition probabilities are the same ev-
erywhere. An illustration with factor graphs is given in Fig. 4.
We can see that this form of manipulation is ideal for Markov
chains, since we started with Markov transition probability
matrix , and ended with . (End of example.)

The following example expands Example 4 to the case of the
full Markov channel.

Example 5: From (4), the Markov channel model has two
components: the Markov chain relationship, represented by the
factors , and the channel input–output relationship,
represented by the factors . In this example, we
modify both relationships using auxiliary random variables.

Let represent a particular set of Markov channel
parameters. Let and represent vec-
tors of i.i.d. Bernoulli binary random variables.

The random vector modifies the Markov chain in the same
manner as in Example 4. If is known, the state transition prob-
abilities are given by (16) and (17), corresponding to the tran-
sition probability matrix . If is unknown, they are given by
(18), corresponding to .

The random vector modifies the input–output factors
. Rewriting (1), we now have

(19)

where

(20)

The factor is given by the Markov channel family
and the values in . The factor is, as the notation sug-
gests, the same expression marginalized over , and is given by

(21)

using as a dummy variable in place of , and where
is the steady-state probability of . Combining (16) and (19),
we can write

If the realizations of and are unknown, “closing the box”
around each leads to , as in (18), while “closing
the box” around each leads to

and we can define

(22)

Thus, after “closing the box” for unknown realizations of and
, we end up with

(23)

which represents a Markov channel. A factor graph representa-
tion of this system is given in Fig. 5.

From the factors in (23), we can write a state transition
probability matrix containing the transition probabilities

. Furthermore, if in (22) is a member
of the same family as , then we can write a vector
of channel behaviors corresponding to . As
a result, “closing the box” with unknown realizations of
and results in a new Markov channel with parameters

. Meanwhile, known realizations of and
retain factors selected from , though edges can be
broken in the factor graph. (End of example.)

With Example 5 in mind, we define a fuzzy-edge degraded
channel as follows. Let and represent
Markov channels from a particular family, and let represent
an auxiliary random variable. Then is a fuzzy-edge degraded
channel with respect to , written

if and only if the following properties hold.
• If the realization of is unknown, then all the factors in

the channel factor graph are parametrized by .
• If the realization of is known, then the factors in the

channel are parametrized by . However, knowledge of
is allowed to break some of the edges in the factor graph
after “closing the box.”

• Factors that remain when the realization of is known are
as given in (17) from Example 4 and (20) from Example 5.

We use the fuzzy-edge terminology because the dependencies
among the variables are “blurred” by the unknown , but they
are brought into “sharp focus” by known , whether the edges
are present or absent. However, we wish to emphasize that the
edges in , though called “fuzzy” in our terminology, still be-
have the same way as in any factor graph. We will usually con-
sider cases where takes values in , corresponding to the
presence or absence of an edge in the factor graph, but this will
be generalized in Section VI-C.

To close the section, we give one further example, which il-
lustrates a scenario that will occur frequently in the remainder
of the paper.

Example 6: The fuzzy-edge degraded channel property
holds, e.g., for any concatenation of a Markov channel with
any additive noise channel, so long as the noise processes
in the channels are independent of each other. Furthermore,
suppose this channel is a member of a family where the family
is preserved under concatenation (such as a Gaussian or binary
symmetric channel). Let represent the channel before con-
catenation, and let represent the channel after concatenation.
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Fig. 5. Factor graphs for Example 5. In the top figure, the full factor graph is given, prior to closing the boxes around UUU . In the middle figure, the realizations of
UUU and UUU are unknown, and possibly absent connections are “fuzzy.” In the bottom figure, we have that u = 1 and u = 1, while the rest of the realizations of
UUU and UUU are zero.

Let represent the noise process of the concatenated channel.
If is unknown, the channel factors represent , but if is
known, the extra noise can be subtracted, and all the channel
factors revert to , with no edges broken. (End of example.)

V. MAIN RESULTS

A. Fuzzy-Edge Degraded Channels and LDPC Codes

As we mentioned previously, the factor graph of with
broken edges is (intuitively speaking) degraded with respect to
the factor graph of with all edges intact (i.e., the usual factor
graph for the Markov channel ). It is helpful to think of this in
terms of a degraded channel hierarchy

with all edges intact

with broken edges

with all (fuzzy) edges intact

(24)

which is formalized in Theorem 1. If no edges are broken (such
as in Example 6), then the middle step is trivial, and we have the
usual behavior of physically degraded channels.

The set of channels that satisfy is called the de-
graded family of . The relation, and the degraded family, have
a particular meaning for the LDPC codes when they are itera-
tively decoded with the SPA [3] (which we define precisely in

Appendix A). Let represent the probability of symbol
error after iterations of LDPC decoding of a transmission over
the channel . Then we have the following result.

Theorem 1: If , then for any LDPC code with code-
word length

with as .

The proof of this statement is given for regular LDPC codes in
Appendix A.2, and for irregular LDPC codes in Appendix A.3.

A consequence of Theorem 1 is that the relation is anti-
symmetric. Furthermore, it can be easily seen that the relation
is transitive (because one can continue to provide new random
variables for new channels) and reflexive (since may be
empty). Thus, this relation is a partial order on the set of
Markov channels from the same family.

B. Mixing Channels

The definition of the operator , and the jumping

random variables , have many of the properties
of fuzzy-edge degraded channels that were outlined in the pre-
vious section. For instance, given that a jump has occurred, and
its direction (i.e., from 1 to 2 or vice versa), the state after a
jump is independent of the previous state, as seen in (6) and (8).
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Complete knowledge of all values of , causes a
broken edge where a jump is known to occur.

This intuition is the first step towards the following statement,
which is the main result of this paper.

Theorem 2: If , then for all

, .

Roughly speaking, this theorem says that if is a better
channel than , then is also better than a mixture of and .
The proof of this theorem is given in Appendix A.4.

To use this theorem, we need to find some nontrivial chan-
nels that are members of the degraded family of —in other
words, we need some results to provide a “seed” from which
to grow the degraded family by applying Theorem 2. We now
give two minor theorems, one for Gaussian Markov channels
and one for binary Markov channels, that partially populate the
degraded family of by manipulating its parameter vector .

For the first theorem, we rely on the observation that Gaussian
channels can be physically degraded by adding an independent
Gaussian noise source.

Theorem 3: Let and represent
Gaussian Markov channels with the same . If there exists a
real number such that

(25)

then .
Proof: Recalling Example 6, if , then there

exists a vector Gaussian random variable with zero mean and
variance so that any channel observation from channel
results in a channel observation from a channel
equivalent to . Knowledge of reverts the channel from to
, so is in the degraded family of .

We can extend results of the type of Theorem 3 to other fam-
ilies of Markov channels, since concatenation can be used to
generate degraded forms of any family where concatenation of
two members is also in the family, as noted in Example 6. For
example, it is true of the BSC. It is also true for, e.g., the family
of Poisson Markov channels, where a Markov chain modulates
a Poisson additive noise channel, although applications of such
a channel are unknown to the authors.

For the second theorem, let represent the stationary inver-
sion probability in a binary Markov channel, that is,

(26)

Then we have the following result.

Theorem 4: Let and represent
binary Markov channels with the same . If there exist real
numbers and such that , , and

(27)

then .
Proof: Suppose . In this special case,

. Since corresponds to a BSC, the pdf

from (21) is also a BSC, with inversion probability . Further-
more, if (1), the inversion probabilities in can be
derived from (22). Thus, in this special case, the theorem fol-
lows from Example 5 and the definition of .

To complete the proof, two concatenated BSCs with inversion
probabilities and have total inversion probability

, similar to the form of (27). Thus, following Example 6,
and since the operator is transitive, the theorem holds for any

.

This theorem is a straightforward generalization of results in
[6] from the GE channel to general binary Markov channels.

The results from Theorem 3 or Theorem 4 populate the de-
graded family of some channel for Gaussian Markov channels
and binary Markov channels, respectively. However, it is im-
portant to note that all the members of this nascent degraded
family had the same number of states as . Theorem 2 allows
us to combine with members of its degraded family to pro-
duce channels with larger numbers of states, which also go into
the degraded family. Applying Theorem 2 recursively, it is pos-
sible to create a degraded family whose members have an un-
limited number of states. Furthermore, the new channels can be
degraded by techniques such as in Theorems 3 and 4, to create
an even larger degraded family. The transitivity of the partial
order can be exploited to expand the degraded family, for ex-
ample, if , then , and so on.

We point out that this result applies to general Markov chan-
nels, since the operator only applies to the elements of the
Markov chain, and thus can be used with Markov channels from
any family. It is only necessary to find some method of initially
populating the degraded family for the desired family.

VI. EXAMPLES, GENERALIZATION, AND DISCUSSION

A. Examples Involving Standard Use of the Results

To illustrate the standard use of the results, consider the fol-
lowing Gaussian Markov channel example.

Example 7: Let represent a Gaussian Markov
channel where

The steady-state probabilities of each channel state are
. For any channel , from Theorem

3 we have that , and the general form of such degraded
channels is given by

where

– –
– –

– –
– –

and
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so by Theorem 2, any such channel is a member of the degraded
family of . For instance, setting , , and

gives

(End of example.)

As the example illustrates, Theorem 2 confirms our intuition
about Markov channels, namely, that if is a better channel than

, and the two channels are mixed, the result will be worse than
. However, from Theorem 1, we can be assured that iterative

LDPC decoding produces a higher probability of symbol error at
every iteration in the mixed channel, as well as in , compared
to .

B. Examples for Degenerate Markov Channels

A Markov channel is degenerate if there exists another
Markov channel with a strictly smaller state alphabet, so
that, for all possible inputs and all possible outputs , the
input–output pdf is the same under both and . For
example, any Markov channel from any family in which

is degenerate, because such a channel is equiva-
lent to the corresponding memoryless channel with parameter

, which has only one “state.”
In certain cases, when channels are combined with some of

the same values of , the operator can lead to degenerate
Markov channels. As we show in this section, with emphasis
on binary Markov channels, degenerate channels can lead to
interesting and less obvious results.

One useful feature of degenerate binary Markov channels is
the ability to add states one at a time. For a binary Markov
channel , consider Theorem 4 when . Sub-
stituting into (27), we have

As a result, every element in the vector has the same value.
Obviously, such a channel is degenerate, and equivalent to a
memoryless BSC with inversion probability .
Thus, using Theorem 4, we can argue that

(28)

for any .
The resulting single-state channel can be used along with

Theorem 2 to create a degraded channel with just one more state
than , as illustrated in the following example.

Example 8: Let represent a binary Markov channel, where

(29)

The steady-state probabilities are , so from
(26), we have that . Furthermore, from (28), and setting

, we have that

(30)

Applying Theorem 2 with and , we have
that

(End of example.)

Unfortunately, we have yet to discover an equivalent method
for Gaussian Markov channels. Applying the same method used
to obtain Theorem 4 and (28) to a Gaussian Markov channel
would result in a Gaussian mixture, rather than a pure Gaussian
channel.

Now let be a binary Markov channel, where all the
elements of are less than or equal to (i.e., a noninverting
channel). Let represent the maximum value in , which
is the worst channel state in , because we restrict ourselves to
noninverting channels. Suppose we use Theorem 4 with
(leading to a degenerate channel) and .
Then, from (28), we have the obvious result

(31)

In other words, is a better channel than the worst of its con-
stituent channels.

As we will show in the following example, using particular
settings of and , adding a single state with the op-
erator can lead to a degenerate channel. This leads to a solution
for the (previously open) “fourth-dimension” problem from [6],
in which it was unknown how to compare GE channels with dif-
ferent steady-state probabilities of the channel states .

Example 9: Let represent a GE channel, with parameters as
in (2). In keeping with (31), we assume that ,
so we have that

(32)

The steady-state probabilities in are and
. Now say we form the channel

where

and
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The channel is a three-state channel,

where states 2 and 3 have the same inversion probability; we
show in Appendix B that the channel is

degenerate if

(33)

so long as the limits , hold. With this
condition on and , the two-state binary Markov channel

is equivalent to , where and

satisfy (33), and

(34)

where

and

Furthermore, the new steady-state probabilities are

which, in general, are different from and . From Theorem
2 and (32), , so , and thus

(35)

where and are as defined immediately following (34).
The relation in (35) is a solution to the “fourth-dimension”

problem from [6], since the steady-state probabilities in are
generally different from the steady-state probabilities in . For
instance, setting and , we
have from (35) that

The steady-state probabilities in are , while
the new steady-state probabilities in are and

. (End of example.)

We may make the following statement to formalize Ex-
ample 9, which is stated as a completion of [6, Theorems 4–6]:

Theorem 5: For a GE channel with parameters as in (2), let
and . Also,

let

Then for all .
Furthermore, under LDPC decoding with code length ,

with for all as .

Proof: Since , we can rewrite the condition
in (33) as

Since , it is easy to see that . By the
definition of a probability, , so

The result then follows from (34)–(35) and Theorem 1.

Finally, we consider segmentation of a channel
with itself, where , i.e., . In this case,

from (10) and (11), we have

which is a channel with states. However, it is easy to show
that any channel observation from this channel has the same
probability as if it came from the channel , with

(36)

which is a channel with states. This degenerate case rep-
resents the original use of the segmentation technique in [6],
[20], to form a new channel with the same number of states as
the original channel. Furthermore, we see the same phenom-
enon if we try to form the channel , or any other

such composition, as this channel can also be described with
states. Theorem 2 states that , which is a way

of restating [6, Theorem 6] for general Markov channels. How-
ever, note that the operator no longer produces a degenerate case
if .

C. Generalization of the Mixing Operator

We now generalize the operator to simultaneously com-
bine more than two Markov channels. For an index set

, let represent Markov channels
from the same family, for each .

The channel has a state alphabet , where and are
disjoint sets for all . The channel also has a state ma-
chine , evolving according to the state transition probability
matrix . Furthermore, for every , there is a random se-
quence , the same length as the state sequence, with ele-
ments taking values in , and where the elements
are i.i.d. Analogously to the previously defined and

, the sequences allow jumps between the Markov
state machines. However, unlike those sequences, there is more
than one alternative Markov state machine in which to jump, so
the alphabet needs to be larger than . Further, to make the
notation compact, the meaning is different: and
indicate whether or not a jump occurs between state machines,
while indicates the current state machine in use. We define

such that if the state is in at time , and , then
the next state is in (i.e., means no change in state
machine, so no broken edge in the factor graph when is
known to be ). Again, if a jump occurs, the new state is chosen
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at random from the states in the new state machine according to
their steady-state probabilities.

Each sequence is parameterized by the probabilities of
each possible outcome in . We define

noting that represents the probability of no change in state
machine. We can express the parameters in a matrix , where

...
...

. . .
...

Note that the elements of are probabilities, so for all
, , and for all . Once the channels have been

mixed, the resulting channel has parameters , and
it is straightforward to show that the elements of are given
by

(37)

where is the steady-state probability of state in the th
state machine, analogously to the definitions of and in
Section III. Thus

...
...

. . .
...

where the matrices are analogous to the matrices and ,
defined in Section III. Meanwhile

For , note that these expressions reduce to (10) and (11).
We define the operator to represent this generalized op-

eration. We write

with all of the operands in brackets to the right of the symbol
, to represent this operation. Thus, if is formed by mixing

channels with parameters , we would write
. If , then

and are equivalent.

Since the generalized operator does not change anything

in the proof of Theorem 2, we can make the following statement:

Corollary 1 (to Theorem 2): Let represent
Markov channels from the same family. If for all

, then .

D. Discussion

In this subsection, we give two issues that are left open using
our results. First, thus far we have started with a channel , and
formed the degraded family by finding channels such that

. The converse problem, determining whether for
arbitrary and , is relatively difficult. We have found no easy
solution, beyond brute-force searching over rearrangements of
the parameters until they resemble (10) and (11); even so, this
no longer applies if more than one step is required to go from
to . We leave an easier method for determining comparability
to future work.

Second, we may ask the question: given a channel , and using
the results in this paper to create the degraded family of , how
large is the degraded family with respect to the size of the pos-
sible parameter space? If degenerate channels are ignored, an-
swering this question is straightforward. If contains states,
using the operator it is possible to construct members of
the degraded family with states, where is a positive integer:
we first construct channels with states, then feed these back
using the operator to create channels with states, and
so on. Each time we use the operator, a constant number
of parameters are added to the degraded family ( , , and a
constant number provided by results such as Theorems 3 and 4),
so there exists some integer such that, in a degraded channel
with states, there are degrees of freedom. Thus, the
number of dimensions in the degraded family grows with ,
while the parameter space grows with . In other words,
for a total number of parameters , the degraded family grows
as . We leave the size of the degraded family with de-
generate channels as an open question. However, adding single
states (such as in Example 8) does not change the size
of the degraded family.

The generalized operator allows a much larger size of

the degraded family. Again, we ignore degenerate channels. If
contains states, and channels are combined using ,

the resulting channel has states, which are described by
parameters. Meanwhile, the degraded family is param-

etrized by the members of , plus a constant number of pa-
rameters from other results, so its parameter space is ,
which is the same order as the channel parameter space.

Using degenerate channels, we saw in Example 9 that all four
dimensions of the GE parameter space could be included in the
degraded family. Similarly, using degenerate channels, it may be
possible to include every dimension in the parameter space of an
arbitrary Markov channel in the degraded family. However, we
also leave this possibility as an open question for future work.

VII. CONCLUSION

In this work, we have described the operator, which
mixes two Markov channels to produce a single Markov channel
with a larger state alphabet. We also gave the partial ordering

, and the results from Section V, which allowed us to use
to directly compare the probability of error in two Markov

channels under LDPC decoding. Aside from their direct appli-
cability to general Markov channels, these results lead to many
interesting and useful consequences, such as a solution to the
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“fourth-dimension” problem from [6]. Furthermore, since our
proofs rely on arbitrarily long block length, these results are par-
ticularly useful when combined with density evolution analysis.
For instance, a designer can use these results to verify the perfor-
mance of a system in a wide class of channels, without explicitly
testing each possible case. A designer can also use these results
to determine immediately that the iterative LDPC decoder will
take longer to converge in one channel than in another, again
without explicit testing. Thus, these results dramatically sim-
plify the analysis of LDPC codes in general Markov channels.

APPENDIX

A. Proving the Main Results

Theorem 1 relies on the property of LDPC codes that the di-
rected local neighborhood of any given edge is very likely to
be cycle-free for asymptotically long code length. In a cycle-
free neighborhood, the edge-breaking properties of the fuzzy-
edge degraded channel mean that the neighborhood with broken
edges is a “subgraph” of a neighborhood for a better channel,
along the lines of (24). We can then show that side information
restores the entire directed local neighborhood by filling in the
“subgraph,” completing the hierarchy in (24). Furthermore, dis-
carding this side information cannot improve the probability of
error.

1) LDPC Estimation-Decoding: We open this appendix
with a discussion of LDPC estimation decoding. Let be an

parity-check matrix for an LDPC code of length .
The code is regular if each row has the same number of ones,
and each column has the same number of ones; otherwise, the
code is irregular. Suppose the th row of has ones, and
let represent the column indices for
which the th row of has ones, that is, for

.
Each row of represents a parity check, which is satisfied if

(38)

where represents addition. Furthermore, is a code-
word if and only if every row’s parity check is satisfied; that is,
(38) is satisfied for all , .

Let represent the indicator
function of the th parity check, where

otherwise
(39)

so when the parity check is
satisfied, and zero otherwise. Since is a codeword if and only
if all the parity checks are satisfied, we may define the codeword
indicator function , where

(40)

so that if is a valid codeword, and zero otherwise.

Fig. 6. A combined Markov-LDPC factor graph. The s state variable is
omitted for clarity.

If there are valid codewords, and assuming the selection of
a codeword for transmission is done uniformly and at random
from the set of all codewords, then the probability that the vector

is transmitted is given by

(41)

Combining (41) with (4), we have

(42)

A Markov-LDPC factor graph can represent the channel and the
code together, as in Fig. 6, where the “LDPC edge permutation”
represents the random connection of the symbols to the parity
checks .

Using the SPA, an estimation-decoding algorithm operating
in the Markov-LDPC factor graph may be straightforwardly de-
rived (for example, see [7]). Calculations in the LDPC subgraph
are well known, while calculations in the Markov subgraph are
special cases of the Bahl–Cocke–Jelinek–Raviv (BCJR) algo-
rithm [22], and so we omit the details except to discuss the mes-
sage-passing schedule.

• Message-Passing Schedule. Divide the set of nodes in the
factor graph into the set of factor nodes (both parity checks
and channel factors), and the set of variable nodes (both
symbol variables and channel states). A full iteration pro-
ceeds in two steps: first perform the SPA at each factor node
(in any order), passing the appropriate messages to each
attached variable node; then perform the SPA at each vari-
able node (in any order), passing the appropriate messages
to each attached factor node.
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This is the same as the schedule discussed in [6], which is also
used (including some simple generalizations) throughout the
SPA literature. This schedule is only used for simplicity, and
may be altered; under the assumption of asymptotic block length
and asymptotic number of iterations, it is shown in [23] that the
symbol-error performance is identical for a very wide class of
message-passing schedules. For instance, schedules with any fi-
nite number of message-passing iterations in the Markov sub-
graph, followed by a single message-passing iteration in the
LDPC subgraph (or vice versa), fit into this class.

Finally, we discuss the directed local neighborhood of an edge
. The directed local neighborhood of depth , for an edge
connected to a symbol variable node , is defined as the graph

including all nodes and edges traversed by all paths of length
originating at variable , such that is not the first edge traversed
by any such path. is thus the factor graph representing all
factors and variables participating in the message passed along
, in the direction away from , at the th iteration.

For finite , the distance through the Markov subgraph be-
tween any two LDPC symbol variable nodes in approaches

with as [6, Theorem 1]. This property al-
lows us to assume that is cycle free. Since is itself a
factor graph, this implies that the SPA over the factor graph
exactly calculates the a posteriori probability of the symbol
attached to , given all the observations in , which is a key
property for the next section.

2) Side Information and Local Neighborhood Breaking: In
this subsection, we prove Theorem 1 for regular codes. Regular
codes are more straightforward, because all the cycle-free di-
rected local neighborhoods have the same structure; we
will generalize the results to irregular codes in Appendix A.3.

We use the side information lemma from [6] to prove this re-
sult. For some random variable , let and be two
random variables which are (usually) statistically dependent on

. Furthermore, for instances and of these random vari-
ables, let and represent the optimal a poste-
riori detectors (i.e., optimal in terms of minimum symbol error
probability) for given the observations and of and

, respectively. Then we have the following.

Lemma 1: The probability of error on the symbol using
is less than, or equal to, the probability of error on

using .
Proof: has the option of throwing out , i.e., it

is possible to set for all and . Since
is the optimal detector given and , then either
is identical to , with the same probability of

symbol error; or has some different behavior, with
lower probability of symbol error.

Now we relate this to fuzzy-edge degraded channels, and
specifically the property that knowledge of some random vari-
able breaks the factor graph. The following lemma relies on ar-
guments similar to the proofs of [6, Theorems 5 and 6]:

Lemma 2: Let be a cycle-free directed local neigh-
borhood for a channel . If , then there exists side infor-
mation to transform into a cycle-free directed local neigh-
borhood of .

Proof: If , then there exists a random variable
that may break the factor graph. Furthermore, given , the
broken factor graph contains nodes for , either marginalized
for broken edges or not. Where an edge is broken, the remaining
portion of the factor graph is disconnected from and can be
ignored, since is cycle free. Marginalization is equivalent
to erasing the missing observations in the broken branch of
the factor graph, since all the observations have conditional
pdfs of the form —in other words, “closing the
box” around the branch, where none of the in the branch are
observed. The missing observations can be replaced with an
equivalent set of observations from , having the same factor
graph structure as the missing observations. This results in a
complete directed local neighborhood for the channel .

The proof of Theorem 1 for regular codes then proceeds as
follows.

Proof: If , then from Lemma 2 there exists side in-
formation (say ) to transform a directed local neighborhood
factor graph , containing observations , from a directed
local neighborhood in the channel to a directed local neigh-
borhood in the channel . is the factor graph representing
all the nodes and edges that participate in calculating the mes-
sage passed along at the th iteration of decoding. Further-
more, is cycle free with as . If is
cycle free, the SPA calculates the maximum a posteriori prob-
ability of the symbol attached to edge , given

, which, for the channel , are all the observations in .
Thus, with implements the optimal detector for in

, and with implements the optimal detector for
in . Combined with Lemma 1, this is sufficient to say that

with as .

3) Irregular Codes: Previously, we assumed that the LDPC
codes were regular, which simplified the arguments because all
the directed local neighborhoods had an identical structure. In
this subsection, we generalize the proof explicitly to include
irregular codes. The property that the directed local neighbor-
hoods are cycle free with as remains true for
irregular codes.

Proof: If an edge in the factor graph of an irregular
LDPC code is selected at random, the directed local neighbor-
hood is a random variable, as there exists an ensemble of
possible that could correspond to . However, for each

in , the proof for regular codes indicates that there is
a corresponding factor graph with the same structure in , for
which .

The probability of occurrence for a particular directed local
neighborhood is dependent on the code ensemble, and not
on the channel, so the corresponding directed local neighbor-
hoods in and have the same probability of occurrence.
Lemma 2 holds for all possible directed local neighborhoods
in the ensemble corresponding to . Thus, by Lemma 1, the
probability of symbol error is not larger in compared to
for all possible . Thus, the average probability of symbol
error over all directed local neighborhoods is not larger in
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compared to , which is sufficient to prove the theorem for
irregular codes.

4) Proof of Theorem 2: We mentioned that the operator
generates something similar to a fuzzy-edge degraded channel.
Here we complete this line of reasoning.

Proof: Given the jump random variables ,
at all time instants, we know when the channel is in or .
Given , , an edge is broken whenever a jump
occurs, since the state after the jump is independent of any state
preceding it. Furthermore, by the definition of the operator,
once a jump occurs, the new state is selected according to the
steady-state probabilities in or , whichever one is at the end
point of the jump. Thus, knowing , , the channel
factor graph is broken into “sojourns” of and , terminated
by factors that are marginalized for the edges broken between
each sojourn, which is similar to the definition of the fuzzy-edge
degraded channel (although with two channels in the resulting
factor graph, and , rather than just one).

To show that , we know in which sojourns the

channels and occur, since we know , . The
sojourns of are themselves segments of Markov chains. Since

, then by the definition of , there exists a variable for
those sojourns when the channel is , which further breaks the
factor graph of these segments and converts all the factors into
factors for . Taken together, knowledge of , ,
and all these variables for every sojourn in break the factor
graph and convert all factors to , which is the definition of

.

B. Showing Condition (33)

In a three-state channel where , suppose states
2 and 3 have the same channel behavior, i.e., . Let

represent a particular state sequence from the original
three-state Markov channel, and let represent a
“state sequence” formed by

In other words, corresponds to state 1, and corresponds to
states 2 and 3. Obviously, if and , a channel
arising from state sequence produces a sequence with the same
probability as if it arose from state sequence , because the
noise does not care how the hidden channel state is represented.

If , which is the vector random variable corresponding to ,
forms a Markov chain, then the original channel is degenerate
(since has two states). Furthermore, if it is true that

(43)

then we can set up a simple inductive argument to show that
is a Markov chain. First, note that if (43) is true, then

(44)

We then show that . Define two sets,
and , representing the sets from that

map into and , respectively. We can write

(45)

Consider the numerator of (45). If , then the numerator
is equal to

(46)

However, since only contains one element, and since from
(43), is constant over , then (46) becomes

Furthermore, if , then the numerator of (45) is given by

(47)
Again, since only contains one element, and from (44), (47)
becomes

Thus, we have that

which is dependent on only in the past. The inductive case,
showing that , is analogous.
Thus, if (43) holds, is a Markov chain, and the channel is
degenerate. The condition in (33) is a special case of (43).
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