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Abstract— This paper derives an iterative receiver for non-
coherent fading channels that exhibit block fading with correla-
tion between blocks. Pilot symbols and Kalman smoothing are
used in conjunction with sum-product decoding of LDPC codes
to implement an iterative channel estimation and decoding struc-
ture. Density evolution is employed to analyze the performance
of such a structure and to optimize the degree profile of LDPC
codes. The resulting receiver performs significantly better than
receivers in which channel estimation and decoding are carried
out in a tandem (non-iterative) fashion.

I. INTRODUCTION

Low-density parity-check (LDPC) [2] codes decoded with
the iterative sum-product decoding algorithm have been shown
to provide excellent performance over the additive white
Gaussian noise (AWGN) channel [3], [15]. A number of papers
have similarly demonstrated the efficacy of LDPC (and turbo)
codes for a variety of fading channel models [5], [6], [12],
[13], [14].

The channel considered here is a correlated non-coherent
Rayleigh block fading channel. In block fading channels (also
known as block interference channels [1]), the channel state
remains fixed over a block of given size, and the channel
states are typically assumed to be independent between suc-
cessive blocks. In this paper, we generalize this model to
a correlated block fading channel model, in which there is
dependence between successive blocks. The correlated block
fading channel model describes a wide variety of practical
communication systems, such as orthogonal frequency division
multiplexing (OFDM) systems, and frequency-hopped spread-
spectrum (FHSS) systems.

In LDPC coded systems with memory, joint channel esti-
mation and decoding is required in order to obtain the best
performance. The goal of this paper is twofold: firstly, we
use density evolution [3] to analyze such a system where the
memory takes the form of a correlated block fading channel,
and secondly, we design good irregular LDPC codes using this
density evolution.

In a block-fading channel, the channel state information
(CSI) for each block consists of a complex Gaussian fading
coefficient with Rayleigh-distributed amplitude and uniform
phase; it is assumed that neither the transmitter nor the receiver
knows the channel state information. There are two typical

approaches to do the detection, in which the phase is unknown.
One is to use pilot symbols to estimate the time-varying chan-
nel and do coherent detection and decoding using the estimated
CSI. The other approach is to use differential modulation.
Both can be used in an iterative receiver [4] structure when
concatenated with iteratively decodable codes. Chen et al. [5]
investigate the performance of turbo codes on independent
block fading channels with joint differential demodulation and
decoding. Fu et al. [6] analyzed and designed LDPC codes
for independent block fading channel with joint pilot-symbol
aided (PSA) channel estimation and decoding.

Most of the work in this area only considers independent
block fading channels. However, for many practical wireless
communication systems modeled as block fading channels,
there exist a correlation between blocks. In [7] it was shown
that, in the context of BSC constituted block fading channels,
incorporating correlation into the iterative receiver design
significantly improves performance. In this paper, an iterative
channel estimation and LDPC decoding algorithm is derived
that takes into account the channel correlation. The Kalman
smoothing algorithm is employed to do channel estimation; a
similar algorithm was used in [11], and it is known that the
Kalman smoothing algorithm is an instance of sum-product al-
gorithm [10]. Thus, the iterative channel estimation and LDPC
decoding algorithm can be viewed as a sum-product algorithm
on a joint factor graph that includes both the code graph
and channel graph [8], [9]. The analysis of the sum-product
algorithm is then possible by means of density evolution. By
combining density evolution with some nonlinear optimization
techniques, such as differential evolution, good irregular LDPC
code can be obtained.

The rest of the paper is organized as follows. The channel
model is discussed in Section II, and in Section III the iterative
receiver algorithm is described. Performance analysis and code
design techniques are presented in Section IV, and Section V
presents numerical results. Finally, Section VI concludes the
paper.

II. CORRELATED BLOCK FADING CHANNEL MODEL

A first order Gauss-Markov model is used to model the
correlation between channel states. The equivalent discrete



model at the receiver can be described as follows.

αi+1 = Aαi +
√

(1 − A2)vi+1, (1)

Yi = αiXi + Ni,

Yi = [yi0, yi1, · · ·, yih−1] ,
Xi = [xi0, xi1, · · ·, xih−1] ,
Ni = [ni0, ni1, · · ·, nih−1] ,

i = 1, 2, · · ·, N.

Here, αi is the fading coefficient associated with the ith
block. Both αi and vi are complex Gaussian random variables
with zero mean and unit variance per dimension, while A
is a constant that depends on the channel; if A = 0, then
the channel becomes an independent block fading channel.
Although only first order models are considered in this paper,
the iterative receiver algorithm can be easily extended to higher
order Gauss-Markov models. For simplicity, we assume binary
phase shift keying (BPSK) modulation. In the formulation
above, Xi is the transmitted symbol vector for the ith block
and xij is the jth transmitted symbol of the ith block. The
first symbol in each block is assumed to be a pilot symbol,
i.e., xi0 = 1. Yi is the received signal vector corresponding to
Xi. The noise nij is a sample from an AWGN process with
zero mean and variance σ2

n per dimension.
It is assumed that each block is h bits long – i.e., the channel

remains constant for h uses – and that there are N blocks in
each codeword. Since pilot bits are not coded, the code length
is N ∗ (h− 1). In this paper, we consider channels where h is
small with respect to the code length; therefore, in the model
under consideration, the channel changes many times over the
course of each codeword and the ergodic nature of the fading
process -i.e., the diversity of the channel reflected in its time
average - can be exploited.

III. ITERATIVE RECEIVER ALGORITHMS

In this section, the iterative channel estimation and decoding
algorithms are described for correlated block fading channels.
Since the LDPC decoding algorithm is well understood, em-
phasis will be put on the channel estimation algorithm. It will
be shown that the channel estimation algorithm is an instance
of the sum-product algorithm on the channel factor graph.

The factor graph for the system is shown in Fig. 1. The
variable nodes V represent transmitted symbols and the factor
nodes C represent parity checks. The channel states are de-
noted by variable nodes S. The factor nodes Ui = f(αi|αi−1)
represent factors in the conditional probability distribution
function, which describes the correlation between adjacent
channel states. The factor nodes Tij = f(yij |xij , αi) represent
the input-output characteristic of the channel.

The sum-product algorithm iteratively passes messages
along the edges of the graph. The message from the channel
to the decoder is denoted by µTij→Vij (yij), which is the log-
likelihood ratio of xij . Also, the messages from Vij to Tij , Tij

to Si and Si to Tij are denoted by µVij→Tij
(yij), µTij→Si

(αi)
and µSi→Tij

(αi), respectively.

A. Channel Estimation by Kalman Smoothing

If the CSI is not available to the receiver, pilot symbols are
used to estimate the channel. The state space model for pilot
symbols is:

αi+1 = Aαi +
√

(1 − A2)vi+1, (2)

yi0 = αixi0 + ni0, i = 1, · · ·, N.

A Kalman smoothing algorithm can be used to esti-
mate αi given all observations of pilot symbols Yp =
[y10, y20, · · ·, yN0]. Kalman smoothing is an instance of a
forward-backward sum-product algorithm [8], [10]. The def-
inition of messages and the forward-backward algorithm are
briefly described in the following. As shown in Fig. 1, the
forward messages f and backward messages g are conditional
probability distributions of channel states given different ob-
servations, defined as follows.

fi|i−1(αi) = Pr(αi|y(i−1)0
10 ), (3)

gi−1|i(αi−1) = Pr(yN0
i0 |αi−1). (4)

Here y
(i−1)0
10 means the observation vector

[
y10, · · ·, y(i−1)0

]
.

The forward and backward recursions are:

fi|i(αi) = fi|i−1(αi)f(yi0|αi, xi0 = 1), (5)

fi+1|i(αi+1) =
∫

αi

fi|i(αi)f(αi+1|αi)dαi, (6)

gi|i(αi) = gi|i+1(αi)f(yi0|αi, xi0 = 1), (7)

gi−1|i(αi−1) =
∫

αi

gi|i(αi)f(αi|αi−1)dαi. (8)

Since v and n in (2) are independent Gaussian noise se-
quences, and the state sequence is initialized by setting α1

to be a complex Gaussian random variable, it follows that
αi and yi0 are jointly Gaussian. Thus, we only need to track
the mean and variance of forward/backward messages. In the
discussion that follows, we use CN (x, m, σ2) to indicate a
complex Gaussian density function with mean m and variance
σ2 per dimension.

Let fi+1|i(αi+1) ∝ CN (αi+1, m̂
f
i+1|i, (σ̂

f
i+1|i)

2) and
gi−1|i(αi−1) ∝ CN (αi−1, m̂

g
i−1|i, (σ̂

g
i−1|i)

2). Also note the
initial conditions f1|0(α1) ∝ CN (α1, 0, 1) and gN |N (αN ) ∝
CN (αN , yN0/xN0, σ

2
n). Now using the Gaussian density

product and integration rules in Appendix A, it is straight-
forward to obtain the updating rules on mean and variance of



the messages:

m̂f
i+1|i = Am̂f

i|i = A
m̂f

i|i−1σ
2
n + (σ̂f

i|i−1)
2yi0/xi0

σ̂2f
i|i−1 + σ2

n

, (9)

(σ̂f
i+1|i)

2 = A2(σ̂f
i|i)

2 + 1 − A2 =
A2(σ̂f

i|i−1)
2σ2

n

(σ̂f
i|i−1)

2 + σ2
n

+1−A2,(10)

m̂g
i−1|i =

1
A

m̂g
i|i =

m̂g
i|i+1σ

2
n + (σ̂g

i|i+1)
2yi0/xi0

A((σ̂g
i|i+1)

2 + σ2
n)

, (11)

(σ̂g
i−1|i)

2=
1

A2
(σ̂g

i|i)
2+

1 − A2

A2
=

(σ̂g
i|i+1)

2σ2
n

A2((σ̂g
i|i+1)

2 + σ2
n)

+
1 − A2

A2
.

(12)

Then according to the sum-product rule, the message from
channel state node Si to channel factor node Tij is the
combination of all messages coming into the node Si:

µSi→Tij
(αi) = fi|i−1(αi)f(yi0|αi, xi0 = 1)gi|i+1(αi)

∝ CN (αi, m̂i, σ̂
2
i ), j = 1, · · ·, h − 1. (13)

Given (9-13) and Appendix A, the formulas for m̂i and σ̂2
i are

straightforward and omitted here. The message µTij→Vij
(yij)

can be calculated by

µTij→Vij
(yij) =

2Re{yijm̂
∗
i }

σ̂2
i + σ2

n

, j = 1, 2, · · ·, h − 1. (14)

If channel is estimated once by the pilot symbols only - i.e.,
not iteratively - the values of µTij→Vij

stay the same for the
subsequent decoding iterations. We call this a pilot-only (PO)
receiver.

B. Joint Channel Estimation and LDPC Decoding

It is possible to derive a joint channel estimation and
decoding algorithm on the graph. However, the messages from
the variable nodes V to channel state nodes S are Gaussian
mixtures, and as a result the exact sum-product algorithm is
highly complex. An approximate algorithm is employed based
on the decoder’s hard decision estimates of the transmitted
symbols x̂ij .

x̂ij =




1, µVij→Tij
> T

−1, µVij→Tij
< −T

0, otherwise.

We choose T = 2.0 through out our simulation. Each nonzero
x̂ij is used as an addition pilot symbol, and the messages
from the factor nodes Tij to Si are approximated as Gaussian
random variables:

µTij→Si(αi)=f(yij |αi, x̂ij)∝CN (αi, αix̂ij , σ
2
n), j =1, ···, h.

(15)
The forward-backward algorithm can be easily generated to
incorporate multiple pilot symbols per block. In that case,

equation (5) and equation (7) become

fi|i(αi) = fi|i−1(αi)
h−1∏

j=0,x̂ij �=0

f(yij |αi, x̂ij), (16)

gi|i(αi) = gi|i+1(αi)
h−1∏

j=0,x̂ij �=0

f(yij |αi, x̂ij). (17)

The message from variable node Si to factor node Tij is the
combination of all messages that flow into the node Si except
the message coming from Tij :

µSi→Tij
(αi) = fi|i−1(αi)gi|i+1(αi)

h∏
k=0,x̂ik �=0,k �=j

f(yik|αi, x̂ik)

∝ CN (αi, m̂ij , σ̂
2
ij), j = 1, · · ·, h − 1. (18)

Finally, the messages from the channel to the decoder become

µTij→Vij
(yij) =

2Re{yijm̂
∗
ij}

σ̂2
ij + σ2

n

, j = 1, 2, · · ·, h − 1. (19)

Given (6), (8), (15), (16), (17), (18) and Appendix A, the
formulas for m̂ij and σ̂2

ij are easy to derive. To save the space,
we omit the detailed formulas here.

The iterative channel estimation and LDPC decoding now
works as follows. After each decoding iteration, hard decisions
(x̂ij) are made based on the extrinsic information and fed back
to the channel estimator, which generates new information
about αi and updates the LLRs used for LDPC decoding. The
performance bound of this iterative receiver can be obtained
by assuming all transmitted bits are correctly fed back to the
channel estimator, in which case the channel estimator can use
all the transmitted bits as pilots. We call this a genie receiver.

IV. PERFORMANCE ANALYSIS AND CODE OPTIMIZATION

The performance of the proposed receiver with LDPC
decoding can be analyzed by density evolution (DE). Density
evolution calculates the probability density function (PDF)
of messages defined by the sum-product algorithm at each
iteration, and the probability of decoding error can thus be
computed at each iteration. In this way, DE can find the
convergence threshold [3] of LDPC codes under the proposed
iterative channel estimation and decoding. When combining
this algorithm with some optimization techniques, it is possible
to design good LDPC codes that suit the iterative receiver.

It can be shown that the symmetry condition [3] holds for
the proposed iterative receiver. Thus, it may be assumed that
the all-one codeword is transmitted, which simplifies the PDF
calculation. Furthermore, following arguments given in [16,
Thm. 1], it can be shown that the cycle-free and independence
assumptions still hold for a factor graph of the type in Fig. 1.

We note that the estimation-decoding algorithm proposed
in this paper makes no changes to the operation of the sum-
product algorithm within the LDPC code. Thus, we must only
derive DE for the operations involved in channel estimation.
Unfortunately, this DE is difficult to obtain in closed form.
However, we are particularly interested in the densities of the



channel messages that are passed from the channel estimator
to the LDPC code, and we can use Monte Carlo methods to
obtain these densities.

An approach similar to the one described in [13] may be
used to design irregular LDPC codes. To speed up the design
process, an algorithm similar to fast density evolution [18] was
implemented. For the PO receiver, the channel is estimated
only once using the pilot symbols, and the messages from
the channel to the decoder remain constant during decoding
iterations. This is also true for the genie receiver, in which it
is assumed that the channel estimator knows the data and thus
may use every transmitted symbol as a pilot.

Since the messages µTij→Vij for both receivers are of the
form CRe{yijm̂

∗
i }, where C is a constant, and since yij and

m̂i are both zero-mean complex Gaussian variables, following
the argument in [6], we claim that the code which is optimized
for the receiver with perfect CSI [13] is also optimal for
the genie receiver and the PO receiver. However, in order to
verify this claim, we need to write down the close form PDF
expression of the messages, which is quite involved because
of the memory between blocks. Instead, we verify this by
numerical results in section V.

For the iterative receiver, the channel message changes dur-
ing each iteration, and so code optimization is needed to match
the receiver. Since we use a hard decision feedback approach,
which is sub-optimal, the PDF of the channel messages is not
symmetric. During the code design process, we approximate
the PDF of the channel message by a symmetric PDF.

V. RESULTS

The code design results and the simulate results are pre-
sented in this section. The block fading channel we considered
here has h = 11 and memory A = 0.7 between blocks. One
pilot symbol is sent for each block. Rate 1/2 LDPC code
is used here, thus the overall rate of the system is 0.4545.
The performance bound (translated to Eb/N0) corresponding
to different receivers is also calculated. In [19], a way to
arbitrarily bound the capacity of correlated fading channels
is presented. We apply this method to the correlated block
fading channels and calculate the performance bound under
different receivers. For the iterative receiver, the performance
bound is a lower bound on the channel capacity; the true
capacity is slightly higher (in dB). For the PO receiver,
the performance bound is the achievable rate. It takes into
account the estimation error of the receiver which degrades
the achievable rate from the capacity of the channel.

Table I shows the design results for both the iterative
receiver and PO receiver. Irreg1 is the irregular LDPC code
designed for the iterative receiver. Irreg2 is the irregular LDPC
code designed for the PO receiver and Irreg3 is the code
designed for i.i.d. fading channels in [13]. As pointed out
in the previous section, an optimal irregular LDPC code for
fading channel with CSI at the receiver is also optimal for the
PO receiver. This is verified by the threshold results (both are
5.3dB) for the two codes with the PO receiver.

LDPC codes with a block length of 200K were constructed
according to the degree sequences in Table I, and the perfor-
mance of these codes with difference receivers are shown in
Fig. 2. The performance of a regular (3,6) LDPC on both
correlated and i.i.d. block fading channels are also shown.
There is 0.6 dB gain if the correlation between blocks is
exploited. The iterative receiver has 0.7 dB gain compared
to the PO receiver.

VI. CONCLUSIONS

In this paper, a general channel model for wireless com-
munications – correlated block fading – is considered. Pilot
symbols are used for channel estimation, and the channel
memory between blocks is incorporated into the channel
estimation algorithm by means of Kalman smoothing. The
performance of an LDPC code ensemble on these channels is
evaluated by density evolution. Large performance gains are
observed for moderate correlation between blocks, compared
to receiver structures in which the memory between blocks
is ignored. The iterative receiver also has better performance
than the PO receiver, in which channel estimation is carried
out only once based on the received pilots. The optimal code
for the PO receiver is about 1.1 dB away from the corre-
sponding performance bound. However, the irregular LDPC
code designed for the iterative receiver is still 2.8dB away
from the channel capacity and 1.6 dB away from the genie
receiver. This is mainly due to the sub-optimal hard-decision
feedback scheme used in the iterative receiver. A soft-input
channel estimation algorithm is currently under investigation.

APPENDIX A

The product rule of Gaussian PDFs are described as follows,

CN (x,m1, σ
2
1)CN (x,m2, σ

2
2) ∝ CN (x,m3, σ

2
3),

where

m3 =
m1σ

2
2 + m2σ

2
1

σ2
1 + σ2

2

,

σ2
3 = (

1
σ2

1

+
1
σ2

2

)−1.

And the integration rule of Gaussian PDFs is∫ ∞

−∞
CN (x, m1, σ

2
1)CN (y, αx, σ2

2)dx∝CN (y, αm1, α
2σ2

1+σ2
2).
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Fig. 2. Performance comparison of optimized irregular LDPC code and
(3,6) regular LDPC code on correlated block fading channels with h = 11
and A = 0.7, code length 200,000. The (3,6) code performance on an i.i.d
block fading channel with PO receiver is also shown

TABLE I

GOOD DEGREE SEQUENCE OF LDPC CODES FOR BLOCK FADING

CHANNELS WITH TWO DIFFERENT RECEIVERS.

Receiver Iterative Receiver PO Receiver PO Receiver
Type (Irreg1) (Irreg2) (Irreg3)
λ2 0.349450 0.272826 0.246544
λ3 0.352082 0.273954 0.230609
λ4 0.009716 0.059359 0.002045
λ5 0.061530 0.023460
λ6 0.040859 0.002274 0.046487
λ7 0.008073 0.103811 0.150161
λ8 0.036656 0.015278 0.035344
λ9 0.003204 0.065126
λ10 0.021125 0.039344
λ11 0.011508 0.015566
λ12 0.027968 0.011502
λ13 0.042527 0.020572
λ14 0.016929 0.036853
λ15 0.007487 0.023693
λ16 0.000723 0.014924
λ17 0.005895 0.015662
λ18 0.003058 0.001382
λ19 0.000708 0.004173 0.004812
λ20 0.000503 0.000243 0.283998
ρ5 0.429892
ρ6 0.081113 0.296180
ρ7 0.387326 0.339925 0.000952
ρ8 0.006420 0.336840 0.951871
ρ9 0.022547 0.018596 0.047177
ρ10 0.072702 0.008458

( Eb
N0

)∗ 4.7dB 5.3dB 5.3dB
Perf. Bound 1.90dB 4.25dB 4.25dB




