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Abstract

This paper presents an iterative receiver for the phase
coherent block fading channel. The receiver jointly es-
timates the channel and decodes a low density parity
check (LDPC) code via the sum-product algorithm.
This scheme is analyzed through the use of density
evolution, resulting in the computation of thresholds
for regular LDPC codes over block fading channels of
varying memory sizes. As the channel memory in-
creases, the threshold gap between joint channel es-
timation/decoding and iterative decoding with perfect
channel knowledge narrows. Simulation results that
support the threshold results are provided.

1. INTRODUCTION

It is a formidable challenge to design reliable digital
communication systems for time-varying wireless chan-
nels. In practical systems, the receiver does not have
perfect channel state information (CSI), and so chan-
nel estimation is required. The optimum approach is
to do joint channel estimation and decoding; however,
the complexity of optimal joint channel estimation and
decoding is prohibitive.

The recent advances in iterative decoding algo-
rithms for LDPC codes [1] and turbo codes [7] have
focused attention on the design of iterative channel esti-
mation and decoding algorithms, i.e., iterative receivers
that approximate optimal joint channel estimation and
decoding with reasonable complexity [8, 10]. Graphi-
cal models, such as factor graphs [2, 3, 9], provide a
unified approach for designing iterative receivers [10].
Given a factor graph representation of the receiver, the
iterative sum-product algorithm can be derived on the
graph. Performance analysis of the resulting receiver
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with LDPC codes is possible by means of density evo-
lution (DE) [4]; this leads to the design of good codes
that are well-matched to the receiver. This paper ana-
lyzes iterative channel estimation and LDPC decoding
over the phase coherent block fading channel through
the use of density evolution. As such, it represents a
key step towards designing good LDPC codes for such
channel.

The block fading channel model is a widely used
model for dispersive wireless channels [6]. In this
model, the channel state remains fixed over a block of
a given size, a characteristic known as block memory;
successive blocks may be independent of one another
or display correlation. This model describes a wide
variety of practical communication systems, including
orthogonal frequency division multiplexing (OFDM),
time-division multiple access (TDMA), and frequency-
hopped spread-spectrum (FHSS) systems.

For Rayleigh block fading channels, the channel
states are multiplicative fading coefficients. Since these
coefficients are continuous-valued random variables, it
is difficult to apply the standard sum-product algo-
rithm, which processes likelihood functions on the fac-
tor graph. One way to circumvent this problem is to
quantize the fading coefficients and derive a joint chan-
nel estimation and LDPC decoding algorithm based on
a finite number of channel states [5]. In [12], a simi-
lar approach is used and DE analysis is carried out for
both correlated and uncorrelated block fading chan-
nels. Several non-coherent iterative receivers have also
been proposed using this same approach for indepen-
dent block fading channels [13, 14], with the continuous
channel phase values being quantized to a finite num-
ber of values. These papers use an averaging method
to estimate fading amplitudes before the iterative algo-
rithm starts, and the estimated value of the amplitude
stays constant throughout the iterative process.

This paper considers a phase coherent channel that
is the converse of the unknown phase channel – that is,
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it assumes that the phase is known but the amplitude
of the fading coefficient must be estimated. The ap-
proach in this paper is the approach suggested in [11],
where it was observed that one can fix the value of the
amplitude and use that value as a constant in the next
iteration. This approach leads to a low-complexity es-
timation algorithm to iteratively estimate the continu-
ous values of the fading levels. Finally, we use DE to
analyze the performance of this iterative receiver with
LDPC decoding. Simulation results with long LDPC
codes are provided to support the DE results.

2. BLOCK FADING CHANNEL MODEL

The transmitted signal is transmitted over a
frequency-flat, slow fading channel. The discrete-time
equivalent channel after matched filtering at the re-
ceiver can be described as follows:

yij = αixij + nij i = 1, 2, · · ·, N (1)
j = 1, 2, · · ·, h.

Here, αi is the fading associated with the ith block;
each αi is assumed to be an i.i.d. Rayleigh distributed
random variable with E[α2

i ] = 1. In this formulation,
xij is the jth input symbol of the ith block; for sim-
plicity, binary phase shift keying (BPSK) modulation
is assumed. The noise nij is a sample from an AWGN
process with zero mean and variance σ2 per dimension.
Finally, yij is the received signal corresponding to xij .
It is assumed that each block is h symbols long and
that there are N blocks in one codeword, so the length
of the codeword is Nh. For different practical systems,
the block length h varies from several symbols to sev-
eral thousand symbols. In this paper, systems with a
small value of h are considered; therefore, in the model
under consideration, the channel changes many times
over the course of each codeword and the ergodic nature
of the fading process -i.e., the diversity of the channel
reflected in its time average - can be exploited.

3. ITERATIVE CHANNEL ESTIMATION
AND DECODING

In general, the receiver does not know the channel
state αi, so estimation of αi is needed during decoding.
As indicated above, since the amplitudes are continu-
ous values, estimating them with the sum-product al-
gorithm is difficult. The approach in this paper is to es-
timate the amplitudes using maximum likelihood (ML)
techniques or maximum a posterior (MAP) techniques,
then use that estimate in subsequent sum-product it-
erations.

For the ith frame, given the received the vector
yi = {yi1, yi2, · · ·, yih} and codeword segment xi =
{xi1, xi2, · · ·, xih}, the MAP estimate of the fading am-
plitude is

α̂i = arg max
αi

P (αi|yi)

= arg max
αi

∫
xi

P (yi|αi,xi) P (xi) dxiP (αi).

If no prior information about the fading amplitude
αi is available, we assume an equiprobable distribution
on αi and the MAP estimate becomes the ML esti-
mate. Even for moderate frame length, the complexity
in computing α̂i above is prohibitive, so we develop an
alternative formulation of α̂i assuming xi is known:

α̂i = arg max
αi

log P (yi|αi,xi) (2)

= arg max
αi

log
h∏

j=1

P (yij |xij , αi)

= arg max
αi

h∑
j=1

2yijxijαi − αi
2

2σ2
.

Let Lxij
represent the log-likelihood ratio of xij , ob-

tained from the decoder and the channel. Now replace
xij with its hard decision value x̂ij := sign(Lxij

), and
we have

α̂i =

∑h
j=1 yij x̂ij

h
. (3)

An alternative algorithm that uses soft decisions is also
possible; in this case, x̂ij := tanh(Lxij

/2), in which
case (3) implements the EM algorithm [15, 16]. Fur-
thermore, if the prior distribution of αi is assumed to
be Rayleigh, then an analogous MAP estimate of αi

can be derived in a similar way and the result is shown
as follows.

α̂i =
B +

√
B2 + A

A
, (4)

where A =
2h

σ2
+ 4

B =
h∑

j=1

yij x̂ij

σ2

The iterative channel estimation and LDPC decoding
now works as follows. After each decoding iteration,
either the hard decisions or the soft decisions (i.e., the
x̂ij ’s) are generated and fed back to the channel esti-
mator, which generates a new estimate of αi, and up-
dates the log-likelihood ratios (LLRs) used for LDPC
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decoding. The factor graph for this iterative receiver is
shown in Figure 1. In the graph, circles represent vari-
able nodes and squares represents factor nodes. The
message from the ith channel state node to the jth
channel factor node is α̂ij . The message from the jth
channel factor node to the ith channel state node is
yij x̂ij . By the updating rule of the sum-product al-
gorithm, the message passed from node “X” to node
“Y” should be independent of the message previously
passed from “Y” to “X”. With this rule in mind, the
message from the ith channel state node to the jth
channel factor node is

α̂ij =

∑h
k=1,k 6=j yikx̂ik

h − 1
, i = 1, 2, · · ·, N (5)

k = 1, 2, · · ·, h.

The MAP estimation algorithm can be modified in the
same way when used in the iterative receiver structure.
The iterative sum-product algorithm is now summa-
rized as follows.

1. Initialize, α̂
(0)
ij = E[αi], l = 1.

2. Calculate channel message m
(l)
ij from α̂

(l−1)
ij .

3. Run LDPC decoding based on m
(l)
ij to calculate

x̂
(l)
ij

4. Estimate α̂
(l)
ij from x̂

(l−1)
ij by ML or MAP algo-

rithm.

5. If stop condition holds, exit. Otherwise, l = l +1
and go to step 2.

In the algorithm described above, the superscript l
denotes the iteration number, and mij denotes the mes-
sage (LLR) from the channel to the decoder for the jth
symbol of the ith block. Slightly different performance
can be observed for different schedules. For example,
at step 4, one can run LDPC decoding iteration sev-
eral times before making decisions on x̂

(l)
ij . However,

changing the schedule does not change the threshold.
Experimental results are presented in Section 5.

4. PERFORMANCE ANALYSIS OF THE IT-
ERATIVE RECEIVER

Once the sum-product algorithm on the factor
graph is defined, it is possible to use DE to analyze
the performance of the joint channel estimation and
decoding algorithm. The DE algorithm computes the
probability density function (PDF) of the messages de-
fined by the sum-product algorithm on factor graphs at
any iteration, and the decoding error probability can be

calculated at each iteration. Thus, DE can find the con-
vergence thresholds [4] of LDPC codes under iterative
sum-product decoding algorithms. In this paper, the
threshold (Eb/N0)∗ is defined as the minimum (Eb/N0)
for which the decoding bit error rate goes below 10−8.
Here Eb is the average energy per information bit. The
key step to applying DE technique to the sum-product
algorithm described in Section 3 is to obtain the PDF
of messages from the channel to the decoder. Three
scenarios are described in this paper,

• Perfect CSI is available to the receiver

• No CSI and no channel estimation at the receiver

• No CSI and the receiver estimates the channel

If perfect CSI is available to the receiver, then the
LLR message from the channel to the LDPC decoder
is

mij = log
P (yij |x = 1, αi)

P (yij |x = −1, αi)
=

2
σ2

yijαi. (6)

Thus, the message mij conditioned on αi is Gaus-
sian with density function

f(mij |αi) =
σ

2αi

√
2π

exp

−

(
mij − 2α2

i

σ2

)2

8α2
i

σ2

 . (7)

Since αi has a Rayleigh distribution, the PDF of mij

is obtained by averaging over αi:

f(mij)=
∫ ∞

0

σ√
2π

exp−
(
mij− 2

σ2 α2
i

)2
8

σ2 α2
i

exp
(
−α2

i

)
dαi.

(8)
This is the same expression that was derived in [17].
The PDF of the message is independent of the block
length h. Thus for the known CSI case, the threshold
is independent of the block length in the block fading
channel.

When CSI is unavailable to the receiver and no es-
timation is performed, we use the mean of the fading
amplitude as our estimates. The message mij can be
approximated as

mij = log
P (yij |x = 1, αi = E[αi])

P (yij |x = −1, αi = E[αi])
=

2
σ2

yijE [αi] ,

(9)
where E[αi] =

√
π/2. The PDF of mij was derived

in [17], but for completeness the formula are briefly
provided here. The conditional density is given by

f(mij |αi) =
σ

2E[αi]
√

2π
exp

−

(
mij − 2αiE[αi]

σ2

)2

8E[αi]2

σ2

 ,

(10)
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and again, by averaging over αi, the PDF of mij is

f(mij) =
σ∆2

2E[αi]
exp

(
−

∆2σ2m2
ij

4E2[αi]

)
(11)[√

2
π

exp

(
−

∆2m2
ij

8E2[αi]

)
+

∆mij

E[αi]
Q(

−∆mij

2E[αi]
)

]
,

where ∆ =
√

σ2

2σ2+1 and Q(x) = 1
2erfc( x√

2
).

For joint channel estimation and LDPC decoding,
the message from the channel factor node to the vari-
able node of the LDPC decoder, for the jth symbol of
the ith block, is given by

mij = log
P (yij |x = 1, α̂ij)

P (yij |x = −1, α̂ij)
=

2
σ2

yijα̂ij

=
2
σ2

(αi + nij)α̂ij . (12)

Given αi and α̂ij , mij is Gaussian distributed. In order
to calculate the PDF of mij , one need to average over
both αi and α̂ij , which is computationally complex.
So instead one may employ a Monte Carlo simulation
technique to approximate the PDF of mij .

It can be shown that the channel symmetry condi-
tion [4] still holds for the iterative receiver defined here.
Thus, general results can be inferred by assuming the
all-one codeword is sent through the channel. Further-
more, the cycle-free assumption of the graph also holds
as the length of the codeword increases. Note that es-
timation of α̂ij needs both extrinsic information from
the LDPC decoder and intrinsic information from the
channel. To apply DE without violating the indepen-
dence assumption, after each LDPC decoding iteration
the channel estimation is run until it reaches a fixed
point. This eliminates the correlation that results from
intermediate estimates of the amplitude. In all other
aspects, the DE algorithm employed for this model is
identical to the algorithm given in [4].

5. RESULTS AND DISCUSSION

Figures 2 and 3 show the simulation results for the
proposed iterative receiver using hard decisions. It as-
sumes a (3,6)-regular rate-1/2 LDPC code with code-
word length 2640. Both ML and MAP estimation algo-
rithms are used in the iterative receiver structure. Two
block fading channel models with different block mem-
ory h are considered here. As the memory block size
increases, the estimation of the fading amplitude gets
better and the prior information on the distribution
becomes less significant.

Using DE, the thresholds of (3,6)-regular rate 1/2
LDPC codes for block fading channels with different

Table 1: Thresholds and constrained-input capacities
for block fading channels with different block memory
sizes and different CSI assumptions.

Capacities (3, 6) Thresholds

Perfect No Perfect No CSI
CSI CSI CSI Est. CSI No Est.

h = 10 1.84dB 2.13dB 3.06dB 3.50dB 4.06dB

h = 20 1.84dB 2.04dB 3.06dB 3.28dB 4.06dB

memory sizes have been calculated and are shown in
Table 1; these numbers reflect the thresholds obtained
when ML is used for channel estimation. Also included
are the thresholds obtained when perfect CSI is avail-
able and when no attempt is made to estimate the CSI.
Figure 4 and Figure 5 show the simulation results with
a rate 1/2 regular (3,6) LDPC code. The codeword
length is 200, 000. There is good agreement between
the threshold results and the waterfall region of the
code performance.

Table 1 demonstrates that doing iterative channel
estimation and LDPC decoding provides a threshold
improvement of 0.56 dB for h = 10 and a threshold
improvement of 0.78 dB for h = 20. Also provided in
Table 1 are the Shannon capacities for the block fading
channels for these two values of h, with BPSK modula-
tion. (Note that if the receiver has perfect CSI, the ca-
pacity is independent of h.) It is pointed out in [6] that
for block fading channel without CSI, the channel ca-
pacity approaches that of the known CSI case as block
memory increases. The intuition was when block mem-
ory goes to infinity, the cost of estimating the channel
can be ignored, thus the no-CSI capacity approach the
CSI capacity. This also implies that in order to ap-
proach the no-CSI capacity, estimation of the channel
is necessary. The threshold results in Table 1 exhibit
similar behavior; as the block memory increases, the
threshold of iterative channel estimation and decod-
ing is closer to the ideal (perfect CSI) case. However,
there is still a large gap between the threshold for iter-
ative channel estimation and decoding of (3, 6) regular
LDPC codes and the no-CSI capacity. Given the sum-
product algorithm and the DE technique described in
this paper, it is possible to design good irregular LDPC
codes for the block fading channel used in this paper.
This will be addressed in our future work.
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Figure 1: A fragment of the factor graph for a block fading
channel with an LDPC code.
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Figure 2: Iterative channel estimation and LDPC decod-
ing on block fading channels with block memory size h =
20 and codeword length 2640.
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Figure 3: Iterative channel estimation and LDPC decod-
ing on block fading channels with block memory size h =
10 and codeword length 2640.
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Figure 4: Threshold and simulation results of iterative
channel estimation and LDPC decoding on block fading
channels with block memory size h = 10 and codeword
length 200,000.
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