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ABSTRACT 

The focus of this paper is the design of good irregular IOW 
density parity check {LDPC) codes for Rayleigh block jad- 
ing channels using a strategy of joint channel estimation 
and LDPC decoding. I t  is assumed that the amplitude of 
the fading coeflcient is unknown- A density evolution tech- 
nique employing a semi-Gaussian approximation is used to 
j n d  good degree sequences for irregular LDPC codes for 
channels with different block memory sizes. The capacity 
of the BPSK-modulated Rayleigh block fading channel with 
unknown fading amplitude is used as a benchmark. For a 
block fading channel with a memory size of 20 bits, the best 
irregular LDPC code found in this paper has a threshold 
that is 0.47dB away from the channel capacity. 

I. INTRODUCTION 
Joint channel estimation and decoding is the optimal 
way to achieve reliable communication over time-varying 
wireless channels. A good approximation to this optimal 
scheme with reasonable complexity is the so called iterative 
receiver, which combines the channel with iteratively 
decodable codes and carries out channel estimation and 
decoding iteratively. Many such receivers have been 
proposed recently. However, little work has been done on 
designing good codes that are well-matched to the structure 
of iterative receivers. This paper deals with LDPC code 
design for coherent block fading channels. under joint. 
channel estimation and decoding. 

The block fading channel is a widely used model for 
dispersive wireless channels [ 11. In this model, the channel 
state remains fixed over a block (or frame) of a given 
size; the channel states may be independent or correlated 
between successive blocks, This model is a reasonable 
approximation to a wide variety of practical communication 
systems, such as orthogonal frequency division multi- 
plexing (OFDM), time-division muItiple access (TDMA), 
frequency-hopped spread-spectrum (FHSS) systems and 
slow fading channels. 

Regular LDPC codes were first introduced by Gal- 
lager [2]. These were extended to the construction and 
analysis of random irregular LDPC codes over erasure 
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channels by Luby et al. [3], [4]. Richardson et al. [SI, [6] 
adapted these codes to memoryless channels and developed 
a numerical technique called “density evolution” to analyze 
the asymptotic performance of LDPC codes over these 
channels. Designing good irregular LDPC codes is also 
possible by combining density evolution and some global 
optimization algorithms [6], [17]. 

Recently, LDPC codes have been successfully applied 
to wireless communication channels and other channels 
with memory. Worthen et al. first applied LDPC codes to 
a simplified two-state block fading channel with memory 
and devdoped a joint channel estimation and decoding 
algorithm [lo]. Eckford et al. [14], [15] analyzed LDPC 
performance over a cIass of Markov-modulated channels 
and designed good irregular LDPC codes for those chan- 
nels. Jin et al. [16] considered finite-state block fading 
channels with an iterative channel estimation and LDPC 
decoding algorithm, and analyzed the performance of the 
iterative algorithm on both correlated and independent 
block fading channels using density evolution. Rou et 
al. [ I  21 used density evolution and differential evolution 
to design good irregular LDPC codes for Rayleigh fading 
channels with perfect channel state information (CSI). 

Graphical models, such as factor graphs [7], [8], [9], 
provide a unified approach for designing iterative re- 
ceivers [l  1 ]. Given a factor graph representation of the 
receiver, the iterative sum-pmduct algorithm can be derived 
on the graph. Performance analysis of the resulting receiver 
with LDPC codes is also possible by means of density 
evolution; this leads to the design of good codes matched to 
the receiver, 

For coherent estimation of block fading channels, where 
the channel phase is known, the continuous-valued fading 
levels must be estimated. Most of the existing iterative 
receiver designs take the approach of quantizing the fading 
levels into a finite number of values [lo], [l  I], [I6]. Jin 
et al. [13] derived an iterative receiver for coherent block 
fading channels that estimated the continuous value of the 
fading levels; density evolution was used to analyze the 
performance of the resulting receiver. 

This paper addresses the design of good irregular LDPC 
codes for the iterative receiver derived in 1131. Since 
it is computationally expensive to design codes using 
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LDPC edge permutation r- ~ 

Fig. 1 ,  A fraction of factor graph for a block fading channel with LDPC code, where channel states are fading amplitudes and independent with each other. In the graph, 
T,j is the channel characteristic function and 1/3 is the variable node, both are for the j t h  symbol of the ith frame, and C k  is the kth parity check node. 

differential evolution [ISJ and density evolution on this 
joint channel estimation and decoding scenario, where 
Monte Carlo simulations are used to get the density of 
messages from the channel to the decoder, a simpler 
approach proposed in [ 181 is used. This %“-Gaussian” 
method assumes the symmetric Gaussian distribution only 
for the messages from the variable nodes; this approach 
is more accurate than other methods where all messages 
are assumed to be Gaussian [17j, albeit at the cost of some 
additional complexity. 

The rest of the paper is organized as follows. Section 
I1 describes the block fading channel model. In Section 111, 
analysis of joint channel estimation and LDPC decoding 
using the density evolution technique is presented. Section 
IV briefly describes the semi-Gaussian approximation 
method of designing LDET codes. Section V gives the 
design and simulation results. 

11. BLOCK FADING CHANNEL MODEL 

The transmitted signal goes through a frequency4 at, slow 
fading channel. The discrete-time equivalent channel after 
matched filtering at the receiver can be described by the 
following approximate model: 

In this formulation, zij is the j th input symbol of the 
ith frame; for simplicity, binary phase shift keying (BPSK) 
modulation is used. Phase coherent detection at the receiver 
is assumed, and ai is the fading amplitude associated with 
the ith frame; it is assumed that {ai} are i.i.d. Rayleigh 
random variables with unit variance, i. e. E[cri2] = 1. This 
independent block fading channel model is a very good 
approximation of the slow fading channel. The noise nij is 
a sample from a zero-mean AWGN process with variance 
N0/2 per dimension. Finally, gij is the received signal 
corresponding to xij. It is assumed that each frame i s  h bits 
long and that there are N frames in one codeword, so the 
length of each codeword is Nh. Systems with small value 
of h are considered in this paper. Thus, the channel changes 
many times over each codeword and an ergodic assumption 
of the fading process still holds. 
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IIr. DENSITY EVOLUTION FOR JOINT 
ESTIMATION-DECODING 

For coherent block fading channels, an estimate of the fad- 
ing level for each symbol is required during decoding. More 
precisely, let 

Here, jiik := sign(l,,,), where L,,, represents the 
log-likelihood ratio (LLR) of symbol X i k ,  obtained from 
the decoder and the channel. In [13] it is shown that &i j  

as defined above is an approximation to the maximum 
likelihood (ML) estimate of ai based on all the received 
channel values in the ith frame except the j th value in 
that frame - i.e., based on yik for k # j .  An alternative 
algorithm is possibIe by using soft decisions, i.e., let 
2 i k  := tanh(l,,,/2). Since the performance difference 
between the hard decision and soft decision approaches is 
small, in our code design the iterativereceiver uses the hard 
decision only. 

The factor graph for this iterative receiver is shown in 
Figure I ,  which is the combination of the channel factor 
graph and the LDPC decoder factor graph. In the graph, 
circles represent variable nodes and squares represent factor 
nodes. Variable nodes V represent transmitted symbols 
and factor nodes C represent parity checks. The channel 
state variable nodes are denoted by S. In the following, 
subscript ij is used to denote the j th  node of the ith frame. 
The channel factor nodes Tij = f(yijIzij,  ai) represent the 
input-output characteristic of the channel. The sum-product 
algorithm iteratively passes messages along the edges of 
the graph. The message from the channel to the decoder is 
denoted by p ~ ~ ~ + v ~  (yij). and represents the LLR of xij : 

Here n2 = No/2. Also, the messages from xj to Si and Si 
to T i j  are denoted by p~,,-+s; (ai) and ~ S . - T . ~  (ai), respec- 
tively. They are defined as 

PTij +Si (ai) = yaj gij (4) 
P S ~ - T ~ ~ ( Q ~ )  = hij. (5 )  

The message from LDPC decoder to the channel is: 

PVij+Tij = x i j .  (6) 
The iterative channel estimation and LDPC decoding works 
as follows. After each decoding iteration, the 2ij values 
are fed back to the channel estimator, which generates new 
fading estimates &ij and updates the LLRs used for LDPC 
decoding. 

The density evolution algorithm calculates the proba- 
bility density function (PDF) of messages defined by the 

sum-product algorithm at any iteration, and from these 
the probabiIity of decoding error can be computed. Thus, 
density evolution can find the convergence threshold [5] 
of LDPC codes under iterative channel estimation and 
decoding schemes. As a result, given an LDPC code 
and certain channeI condition, one can check whether the 
iterative receiver converges to zero error probability or not. 
This facilitates both analyzing the performance of iterative 
receivers with LDPC codes and designing good LDPC 
codes matched to iterative receivers. In this paper, the 
threshold (Eb/No*) is defined as the minimum (&/NO) for 
which the decoding bit error rate goes below Here Eb 
is the average energy per information bit. 

From the definition of the messages (2), (3) ,  (4) and 
(5 ) ,  it can be shown that channel symmetry, check node 
symmetry and variable node symmetry [5] still hold by 
definition; therefore it is assumed that the all-one codeword 
is transmitted, simplifying the calculation of the PDFs. 
However, to calculate the analytical form for the PDF of 

(yij) is computationally prohibitive, so instead a 
Monte Carlo simulation technique is used to approximate it. 

A complication arises from the analysis of our estimation- 
decoding scheme. Normally, at the beginning of each 
iteration, the estimate i i i j  is calculated according to (2). 
Omitting the subscripts for the sake of clarity, the hard 
decisions 2 in (2) are given by sign(l,), where L, is the 
log-likelihood ratio corresponding to z from all sources of 
information. Thus, L, can be written L, = L t )  + Lg) .  
Here Lg)  represents the channel information, which is 
the message from the channel to the decoder ~ T - V  as 
shown by (3), and L k )  represents the extrinsic information. 
Now, I,:’ is obtained from the channel PDF, and is thus 
a function of the estimate i i i j  from the previous iteration. 
Thus, it would appear that the independence assumption 
is violated, since the new estimate & j ,  is a function of 
messages that were a function of the previous estimate. 

To resolve this problem, we modify the way the esti- 
mates are calculated, as follows. At each iteration, rather 
than starting with the estimate from the previous iteration, 
we start fresh with an arbitrarily selected initiaI estimate, 

[Dl 1. Let 1 = 0. Obtain Gij  . 
(4 2. Using $, calculate L, for each symbol using (3). 

3. Calculate L, = Lg)  + Lg) for each symbol and use it 
to calculate &v’] using (2). (Note: Lp)  remains constant 
through this procedure.) 

stop; else let I := E + 1 and go to 2. 
Using this procedure, the estimates &j are calculated inde- 
pendently at each iteration, which satisfies the independence 
assumption and allows DE to be implemented using Monte 

hij 101 . We then perform the following procedure: 

4. If &!:‘I is sufficiently close to bi j ,  [El let &j := 6F’I and 
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Carlo techniques. Note that the procedure is highly inef- 
ficient and is thus only useful for DE analysis. However, 
we have found empirically that its performance is a reason- 
able approximation of the usual estimation algorithm. The 
remaining density evolution algorithm is identical to the al- 
gorithm given in [SI. 

Iv, CODE DESIGN 

An irregular LDPC code is characterized by a degree se- 
quence (X,p), where X = [XI,  X 2 , - . -  ,X,jumar] and p = 
[ P I ,  pz  I e I , pd,,,,] are vectors such that A i  and pj are the 
fraction of edges in the factor graph that are connected to 
a variable node of degree i and a check node of degree j ,  
respectively. The degree sequence is related to the rate by 

with equality if the parity check matrix is full rank. 
Given a particular channel, the design problem for an 
irregular LDPC code is to obtain a degree sequence (A, p) 
so that R is maximized and successful decoding is achieved. 

In this paper, the semi-Gaussian approximation [ 181 
is used, Under this approximation, the extrinsic infor- 
mation messages are represented by a single parameter, 
designated v, which is the weight of the PDF that is less 
than zero. (Under the all-one codeword assumption, this 
is the probability of error.) The Gaussian density with this 
parameter' is substituted for all extrinsic densities with 
the same parameter, though this approximation is made 
only at the output of the variable nodes. To account for 
the changing channel densities, we adapt a technique first 
used in [15]. For each value of v, we calculate the resulting 
channel density if the Gaussian density with parameter v is 
used in the channel estimation. Thus, a family of channeI 
densities is obtained which is also parameterized by U. 

To implement the semi-Gaussian approximation, the 
check degree sequence p is fixed. The input-output relation 
q o U t  = f i ( v i n )  is calculated, where fi(q,) gives the output 
probability of error given an input probability of error 
vi,, check degree sequence p, and fixed variable degree i .  
Because vilout is a conditiond probability of error given 
variable degree i, the overall input-output relation for X is 
given by the linear equation 

i= 1 
The criterion of successful decoding is achieved so long as 
f(qn) < vi, for all vin. This constrained optimization prob- 
lem can be solved using linear programming. 

'Under the symmetry condition, the mean and variance of a Gaussian density 
are related, so that a single parameter is sufficient to describe this density. 

lo-' t 
2 2 t  2 2  23 2 4  2 5  2 6  2 7  2 8  2 9  3 35 

104 
15  

Pig. 2. Iterative channel estimation and LDPC decoding on block fading channels, 
with code length 2W,OOO and randomly constructed From degree profiles h = 
10, d,,,, :: 10 and h = 20,d,,,, = 10. Thresholds for these two LDPC 
codes m 2.43dB and 2.26dB, respectively. 

V. NUMERICAL RESULTS 

The design tool described in Section IV can be used 
to search for good degree sequences of irregular LDPC 
codes, The symbol energy to noise ratio (E,/No) was 
set to -0.9 dB when computing uout = f i (Vin) .  (This 
value of E,/No was used because it results in a code 
rate of approximately U2.1 The maximum variable node 
degree d,,,, were set to 10, 20 and 30 respectively, and 
the check node degree sequence was fixed accordingly. 
Then the degree sequence that maximizes the code rate 
was obtained by linear programming. Given a degree 
sequence and the resulting code rate, the actual threshold 
of the code was calculated by density evolution for block 
fading channels with block memory length of 10 and 20 
bits. For comparison, these thresholds were compared with 
the Shannon capacity of the BPSK-moddated Rayleigh 
block fading channel. Although the Monte Carlo method is 
well known, to make this paper self-contained, the Monte 
Car10 method of calculating the Shannon capacity is briefly 
described in Appendix. 

The numerical design results are listed in Table I. It is 
shown that increasing d,,, results in better LDPC codes; 
however, the performance gain is negligible in going from 
d,,,, = 20 to d,,,, = 30. It is worth noting that, 
when the channel memory is 20 bits, the best LDPC codes 
found have a threshold that is only 0.47 dB away from the 
Shannon capacity of the BPSK-modulated Rayleigh block 
fading channel. Simulation results are also provided to 
verify the design results. LDPC codes with code length 
200,000 and the designed degree profile were constructed 
randomly, Simulations are performed and have shown that 
all1 of the code performances are within O.15dB away from 
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TABLE I 
GOOD DEGREE SEQUENCE OF LDPC CODES FOR ULEICK FADING CHANNELS WITH DIFFERENT MEMORY SIZE.  

A9 

Ala 
A1 1 

h = 10 I h = 20 1 

0.232402 
0.124894 

0.007862 
A13 0.052192 

A14 
A I R  0.247015 

0.202955 
11.31839s 

,428 

A30 

P6 

P? 
PS 

Code Rate 

0.063281 
0.195743 

I .000000 I .oooooo 
1.000000 1.000000 

1 .oooooo I .oooooo 
0.4486 0.4552 0.4572 0.4613 0.4674 1 0.4692 

p&)* I 2.43dB I 2.36dB I 2.26dB 1 2.26dB I 2.25dB I 2.23dB 
GapstoChannelCap. I 0.75dB I 0.61dJ3 I 0.5Od5 I 0.58dB I 0.51dB I 0.47dB 

n 

the thresholds at the bit error rate 
simulation cuwes that represent two irregular codes. 

Figure 2 shows two 

APPENDIX 
Ln this appendix, a Monte-Carlo method is described for 
calculating the Shannon capacity of the MPSK-modulated 
block fading channel with unknown amplitude. For MPSK- 
modulated input, i.i.d. inputs achieve the channel capacity, 
Thus the channeI capacity is the muture information with 
i.i.d. equal-probable inputs, 

(7) 

The third equation uses the facts that f i x )  is i i d .  equaI- 
probable distribution, code is linear, xo is an all one vector 
and the channel is outpur symmetric. Since n is a vector 
with length h, the complexity of calculating I ( X ;  Y) grows 
exponentially. A Monte Carlo method is employed here. 
Let g(a, n) = log2 w, then rewriting equation (7) as 

~ ( x ;  Y )  = Jm Lm f ( n ) f ( a ) s ( a ,  n ~ d n -  (8) 
-w 

The idea of Monte-Carlo integration is to generate K points 
of ( a k ,  n k )  according to the distribution f(n)f(a), and 
calculate g ( c r k ,  n k )  for each sample point. For sufficiently 
large K, it can approximate the integration (8): 

(9) 

It is straight forward to calcu&$(ag, nk) once f(~klxo) 
and f(yk) are calculated: 

Here f (yj Ixoj, a )  is Gaussian. M is the constellation size, 
for BPSK, M = 2. 
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