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LDPC Codes for Non-Coherent Block Fading
Channels with Correlation: Analysis and Design

Xiaowei Jin, Member, IEEE, Andrew W. Eckford, Member, IEEE, and Thomas E. Fuja, Fellow, IEEE

Abstract— LDPC codes are analyzed and optimized for a non-
coherent block fading channel in which there is correlation
between the blocks. This extends related work in the literature
which considered independent blocks. Low-complexity estimation
and estimation-decoding algorithms based on Kalman smoothing
are developed, and density evolution is used to analyze and
optimize the resulting code. Results indicate that significant gains
can be realized by taking inter-block correlation into account,
compared to architectures in which the blocks are assumed to
be independent.

Index Terms— Block fading channels, estimation-decoding,
Gauss-Markov channels, low-density parity-check codes.

I. INTRODUCTION

THE block fading channel (also called the block interfer-
ence channel) [1], is a communication channel in which

the channel state remains constant over blocks of fixed size,
and can vary between blocks. This channel is a realistic model
for a variety of contemporary communication systems, such
as orthogonal frequency division multiplexing (OFDM), used
in many broadband wireless communication standards; and
frequency-hopped spread-spectrum (FHSS), used in systems
such as IEEE 802.11 and Bluetooth [2]. The block fading
channel model can also be used as a low-complexity substitute
for any channel model with changes in channel state.

Low-density parity-check (LDPC) codes [3], decoded with
the iterative sum-product decoding algorithm [4], provide
excellent performance over the additive white Gaussian noise
(AWGN) channel [5]; however, the codes must be properly
optimized and designed to achieve the best possible perfor-
mance [6]. Furthermore, the sum-product algorithm provides a
natural way to combine decoding with channel state estimation
in the same system [7]. Such estimation-decoding algorithms
have been shown to have superior performance to methods
that disregard the changing channel state, such as in partial
response channels [8] or Markov channels [9], [10]. For
the block fading channel, LDPC-based estimation-decoding
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algorithms have been obtained and analyzed for the cases of
binary outputs [11], [12]; coherent (known phase, unknown
amplitude) fading [13]; and incoherent (unknown phase and
amplitude) fading [14], [15].

In this paper, we consider the design and performance of
LDPC codes on a non-coherent block fading channel, when
there exists a dependence in the channel states from successive
blocks. Our approach, using pilot symbols to provide initial
estimates of the amplitude and phase, and feeding back hard
decisions for estimation, is based on that of [15]. However,
that work made the assumption that the channel states in each
block are independent, which is often incorrect in practice. For
example, in an OFDM system, the separation of tones is nor-
mally less than the coherence bandwidth of the fading channel,
so the channel states are generally correlated between these
tones. Ignoring the correlation incurs a significant performance
penalty with respect to the Shannon limit of the channel,
whereas we show in this paper that it is straightforward
to exploit the correlation in an estimation-decoding receiver,
since it can be easily represented with a Gauss-Markov model,
and included in the estimation-decoding factor graph.

Our main contributions in this paper are the following:

• A low-complexity estimation-decoding algorithm, based
on Kalman smoothing, that exploits correlation between
the channel states in each block;

• Analysis, using density evolution, showing significant
performance gains over the assumption of independent
blocks (as well as proof that this channel satisfies the
conditions for density evolution analysis); and

• A design technique based on density evolution, and codes
optimized using this technique, with gaps to the Shannon
limit that are similar to other systems for incoherent
fading channels.

This paper may be thought of as a generalization of the results
in [15] to the more flexible and practical case of correlated
channel states between blocks. In addition to performance
gains, the model presented in this paper, and the algorithms
derived to deal with it, allow better flexibility and efficiency,
as the correlation between blocks can be used to compensate
for a reduced number of pilot symbols.

The remainder of the paper is organized as follows. In
Section II, the channel model and definitions are given. In
Section III, several possible algorithms for estimating the
incoherent fading channel are given, including and LDPC
estimation-decoding algorithm. In Section IV, analysis of the
system using density evolution is described, including the
necessary theoretical framework, and the design technique is
described. Finally, code designs are presented in Section V.
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II. CORRELATED BLOCK FADING CHANNELS

A block fading channel is one in which the fading imposed
by the channel is constant over blocks of fixed length h. In
this paper, a non-coherent correlated block fading channel is
used, meaning that the fading coefficients are complex random
variables that are correlated from one block to the next.

Let the fading coefficients s1, s2, . . . be a complex Gaussian
random process defined by

si = a1si−1 + a2si−2 + . . . + apsi−p + ni, (1)

where {a1, . . . , ap} are known real or complex coefficients,
and {ni} is a sequence of zero-mean complex Gaussian
variables with variance σ2

n per dimension. This is a Gaussian
autoregressive (AR) model with order p, and is denoted AR(p).
The received signal is given by

yij = sixij + wij , j = 0, 1, . . . h − 1, (2)

where xij is the jth transmitted symbol for the ith block
and yij is the corresponding received signal. For simplicity,
we assume binary phase shift keying (BPSK) modulation, so
xij ∈ {+1,−1}. The noise wij is a sample from a circularly
symmetric AWGN process with zero mean and variance σ2

w

per dimension. It is assumed that each block is h symbols
long, and there are N blocks in each transmitted codeword.

To write the system equations in more compact state-space
form, the following notation and terminology is used:

• The ith channel state si = [si, . . . si−p+1]
T is the vector

consisting of the fading coefficient for the ith frame and
the previous p − 1 frames;

• xi =
[
xi0, . . . xi(h−1)

]T
is the vector composed of

transmitted symbols from the ith block;
• yi =

[
yi0, . . . yi(h−1)

]T
is the vector composed of

received symbols from the ith block;
• wi =

[
wi0, . . . wi(h−1)

]T
is the vector composed of the

noise samples from the ith block;
• a = [a1, a2, . . . , ap]

T is the vector of AR coefficients;
and

• b = cT = [1, 0, . . . , 0]T .

The index i indicates the frame, so i ∈ {1, 2, . . . , N}. Then
equations (1) and (2) can be rewritten as

si+1 = Asi + bni+1, (3)

yi = sixi + wi

where

A =
[

aT

Ip−1 0

]
,

and Ip−1 is a p − 1 by p − 1 identity matrix.
In this paper, we consider channels where h is small

compared to the length of the codeword; therefore, we assume
that the channel changes many times over the course of each
codeword, and the ergodic nature of the fading process – i.e.,
the diversity of the channel reflected in its time average – can
be exploited.

III. RECEIVER ALGORITHMS

The receiver’s task is to determine which codeword was
transmitted, and to do this effectively it must both estimate the
channel and decode the LDPC codeword. As mentioned in the
introduction, pilot symbols are used to assist in estimating the
channel states. There are two estimation scenarios. The first
approach is (conceptually) the simplest: to avoid the com-
plexity of combined estimation-decoding, one can estimate
the channel before decoding using only the pilot symbols;
this approach is referred to as the pilot-only (PO) receiver.
The second approach, as mentioned in the introduction, is to
permit the channel state estimator and the iterative decoder to
share preliminary information about the transmitted symbols;
this approach is referred to as iterative estimation-decoding.

Because LDPC decoding via message passing is well un-
derstood and widely known, this section will emphasize the
aspects of the receiver dealing with channel estimation.

A. Factor Graph

The factor graph for the system is shown in Fig. 1. The
LDPC decoder factor graph is represented by a bipartite
graph in which the variable nodes V represent transmitted
symbols and the factor nodes C represent parity checks. One
pilot symbol (designated xi0 for all i ∈ {1, 2, . . . , N}) is
transmitted in each fading block; the presence of this pilot
symbol is known to the receiver and is not part of any LDPC
codeword. In the channel factor graph, the channel states
are denoted by variable nodes S. The factor node Ui =
f(si|si−1) represents the conditional probability distribution
describing the correlation between adjacent channel states. The
factor node Tij = f(yij |xij , si) represents the input-output
characteristic of the channel. The joint graph is obtained by
concatenating the code graph and the channel graph.

The sum-product algorithm iteratively passes messages
along the edges of the graph. The message from the channel to
the decoder and the message from the decoder to the channel
are denoted by µTij→Vij

(yij) and µVij→Tij
(yij), respectively;

they represent log-likelihood ratios associated with xij . In
contrast, using the sum-product algorithm, the messages in
the channel graph are probability density functions (PDFs).
The message from Tij to Si is denoted by µTij→Si

(si) =
f(yij |si). The message from Si to Tij is denoted µSi→Tij

(si)
and it is the PDF of si given all the received pilots Yp. (Note
that, in the PO receiver, Yp represents only the transmitted
pilot symbols, while, in the iterative receiver, Yp represents
both the transmitted pilot symbols and the data fed back from
the decoder; these decoded symbols act like additional pilot
symbols.)

For performance comparisons, we consider the case where
the channel state is exactly known. In this case, no pilots
or estimation are needed, and the messages µTij→Vij

can be
evaluated by direct substitution as follows:

µTij→Vij
(yij) = log

f(yij |xij = 1, si)
f(yij |xij = −1, si)

=
2�{y∗

ijsi}
σ2

w

. (4)

B. Pilot-Only Channel Estimation Using Kalman Smoothing

Since xi0 are the pilot symbols for blocks i ∈
{1, 2, . . . , N}, the corresponding observations yi0 are obser-
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Fig. 1. A fraction of factor graph for a block fading channel with LDPC code, where channel states are complex fading coefficients and correlated with
each other.

vations of the channel state through AWGN. Modifying (3)
slightly, the state space model for the pilot symbols is given
by

si+1 = Asi + bni+1, (5)

yi0 = sixi0 + wi0, i = 1, . . . , N.

Kalman smoothing can be used to estimate si given all pilot
observations Yp = [y10, y20, . . . , yN0]. Kalman smoothing
is implemented as a forward-backward algorithm, and is a
special case of the sum-product algorithm [4], [17]. Under the
sum-product algorithm, the forward messages f and backward
messages g are conditional probability distributions associated
with channel states and containing summarized information
about the observations:

fi|i−1(si) = f(si|y(i−1)0
10 ), (6)

gi−1|i(si−1) = f(yN0
i0 |si−1), (7)

where yb0
a0 means the received vector

[
ya0, y(a+1)0, . . . , yb0

]
for a < b.

According to the sum-product rule, the message produced
by a state variable node is the product of the input messages,
while message produced by a factor node is the product of
the input messages with the local factor, marginalized for
the destination variable. Hence, the sum-product forward and
backward recursions are:

fi|i(si|si) = fi|i−1(si)µTi0→Si
(si)

= fi|i−1(si)f(yi0|si, xi0 = 1), (8)

fi+1|i(si+1) =
∫
si

fi|i(si)f(si+1|si)dsi, (9)

gi|i(si) = gi|i+1(si)µTi0→Si
(si)

= gi|i+1(si)f(yi0|si, xi0 = 1), (10)

gi−1|i(si−1) =
∫
si

gi|i(si)f(si|si−1)dsi. (11)

Note that because the messages defined on the channel graph
are PDFs of continuous random variables, marginalization is
achieved using integration in the above recursions. Also note
that only transmitted pilot symbols participate in the channel
estimation, thus only µTi0→Si

(si) is used in the forward and
backward recursions.

Clearly, the above calculations are highly complex, since
they involve multiple integrations over multivariate densities.
However, Kalman smoothing allows a key simplification:
Because ni and wi0 in (5) are independent Gaussian noise
sequences for i ∈ {1, 2, . . . , N}, and the state sequence is ini-
tialized by setting s1 to be a complex Gaussian random vector,
it follows that si and yi0 are jointly Gaussian. Thus, we need
only to track the mean and variance of the forward/backward
messages. In the discussion that follows, we use CN (x,M,Σ)
to indicate the PDF of a complex Gaussian random vector x
with mean M and covariance matrix Σ.

Recall that c = [1, 0, . . . , 0]. Also let

fi+1|i(si+1) ∝ CN (si+1, M̂
f
i+1|i, Σ̂

f
i+1|i),

and

gi−1|i(si−1) ∝ CN (si−1, M̂
g
i−1|i, Σ̂

g
i−1|i).

The initial conditions for the forward and backward recursions
are given by f1|0(s1) ∝ CN (s1,0, I) and gN |N (sN ) ∝
CN (sN , cHyN0/xN0, cHc σ2

w). Finally, we observe that

f(yi0|si, xi0 = 1) ∝ CN (yi0, csi, σ
2
w)

∝ CN (si, cHyi0, cHc σ2
w). (12)

In Appendix A, some useful Gaussian density product and
integration identities are provided. From (8), (9), (12) and
Appendix A, it is straightforward to obtain the updating rules
on mean and variance for the forward messages:

M̂f
i+1|i = AM̂f

i|i

= A
[
(Σ̂f

i|i−1)
−1 + cHc

1
σ2

w

]−1

·
[
(Σ̂f

i|i−1)
−1M̂f

i|i−1 + cHc
1

σ2
w

cHyi0

]
,(13)

Σ̂f
i+1|i = A

[
(Σ̂f

i|i−1)
−1 + cHc

1
σ2

w

]−1

AH

+ cHc σ2
n. (14)

Similarly, from (10), (11), (12) and Appendix A, the backward
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updating rules are:

M̂g
i−1|i = A−1M̂g

i|i

= A−1

[
(Σ̂g

i|i+1)
−1 + cHc

1
σ2

w

]−1

·
[
(Σ̂g

i|i+1)
−1M̂g

i|i+1 + cHc
1

σ2
w

cHyi0

]
,(15)

Σ̂g
i−1|i = A−1

[
(Σ̂g

i|i+1)
−1 + cHc

1
σ2

w

]−1

A−H

+ A−1cHc σ2
nA−H . (16)

Then according to the sum-product rule, the message from
channel state node Si to channel factor node Tij is the product
of all the messages coming into that node:

µSi→Tij
(si)

= f(si|Yp)
= fi|i−1(si)f(yi0|si, xi0 = 1)gi|i+1(si)

∝ CN (si, M̂i, Σ̂i), j = 1, . . . , h − 1. (17)

Given (13)-(17) and Appendix A, the formulas for M̂i and
Σ̂i are straightforward and are omitted here. Using the rules
of Appendix A again, we have,

f(yij |xij) =
∫
si

f(yij |xij , si)f(si|Yp)dsi

∝ CN (yij , cxijM̂i, cΣ̂icH + σ2
w).

Thus, the message µTij→Vij
(yij) can be calculated by

µTij→Vij
(yij)

= log
f(yij |xij = 1)

f(yij |xij = −1)

=
2Re{y∗

ijcM̂i}
cΣ̂icH + σ2

w

, j = 1, 2, . . . , h − 1. (18)

The message-passing schedule for this scheme performs a
complete forward and backward iteration through the channel
nodes, and generates channel messages, which are passed to
the LDPC code graph. The LDPC code is then decoded with
the standard message-passing schedule, which never revisits
the channel nodes.

C. Iterative Estimation-Decoding

Pilot-only channel estimation ignores all the information
about the code symbols from the decoder. Iterative estimation-
decoding algorithms, which refine the channel estimates based
on (partially) decoded data, are known to have significantly
better performance. In this subsection, we describe an iterative
estimation-decoding algorithm.

The most obvious, and likely best, approach is to derive
the sum-product algorithm on the graph that jointly estimates
the channel and decodes LDPC codes. However, the message
from the decoder to the channel is the LLR of the transmitted
symbols, and the message from node Tij to Si is a Gaussian
mixture for j = 1, 2, . . . , h − 1:

µTij→Si
(si) =

∑
xij

f(yij |si, xij)p(xij),

where p(xij) is provided by the LDPC decoder. Thus,
Kalman smoothing is no longer valid, and we cannot use the
same complexity-reducing shortcuts in implementing the sum-
product algorithm.

To maintain good performance while retaining the com-
plexity advantages of Kalman smoothing, we can use an
approximate algorithm based on the decoder’s hard decision
estimates of the transmitted symbols, similarly to [15]:

x̂ij =

⎧⎨
⎩

1, µVij→Tij
> T

−1, µVij→Tij
< −T

0, otherwise.
(19)

If T is sufficiently large, then the code symbols with messages
with absolute values that are greater than T are highly reliable,
and can be treated as “pseudo-pilots”.

Assuming that the nonzero estimates x̂ij are correct (i.e.,
they are pilots), the message from node Tij to Si can be
approximated as a Gaussian density function:

µTij→Si
(si)

= f(yij |si, x̂ij)

∝ CN (si, cH yij

x̂ij
, cHcσ2

w), j =1, . . . , h − 1. (20)

The forward-backward algorithm can be easily generated to
incorporate multiple pilot symbols per block. In that case,
equation (8) and equation (10) become

fi|i(si) =

fi|i−1(si)f(yi0|si, xi0 = 1)
h−1∏
j=1

x̂ij �=0

f(yij |si, x̂ij), (21)

gi|i(si) =

gi|i+1(si)f(yi0|si, xi0 = 1)
h−1∏
j=1

x̂ij �=0

f(yij |si, x̂ij). (22)

The message from variable node Si to factor node Tij is the
combination of all messages that flow into the node Si except
the message coming from Tij :

µSi→Tij
(si) = fi|i−1(si)gi|i+1(si)f(yi0|si, xi0 = 1)

·
h−1∏

k=1,x̂ik �=0,k �=j

f(yik|si, x̂ik) (23)

∝ CN (si, M̂ij , Σ̂ij), j = 1, . . . , h − 1.

Finally, the messages from the channel to the decoder become

µTij→Vij
(yij) =

2Re{y∗
ijcM̂ij}

cΣ̂ijcH + σ2
w

, j = 1, 2, . . . , h. (24)

Given (9), (11), (20), (21), (22), (23), the formulas for M̂ij

and Σ̂ij are easy to derive using repeated application of the
identities in Appendix A, although they are difficult to express
in closed form. Thus, using the hard decision approximation
(19), we retain the relatively low complexity of the Kalman
smoother. Note that the pseudo-pilots still contain errors, so
the Kalman smoother is an approximation, albeit an arbitrarily
good one depending on the value of T .
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The message-passing schedule for iterative estimation-
decoding may be described as follows. A forward-backward
iteration is first performed through the channel nodes, and
initial channel messages are obtained, which are passed to the
LDPC decoder. Subsequently, after each decoding iteration,
hard decisions (x̂ij) based on the extrinsic information are
fed back to the channel estimator, which generates new chan-
nel messages for the LDPC code using a forward-backward
iteration, and so on.

A performance bound for this iterative receiver can be
obtained by guaranteeing that all the transmitted bits are
correctly fed back to the channel estimator, in which case the
channel estimator can use all the transmitted bits as pilots. We
call this a genie receiver; while it is (obviously) impossible to
implement, it provides a bound on the performance that can
be obtained via iterative estimation-decoding.

The following is a general description of our iterative
receiver algorithms – PO, iterative, and genie:

• Initialization
1. Obtain channel observations

y10, y11, . . . , yij , . . . , yN(h−1).
2. Compute channel-to-decoder messages

µ
(0)
Tij→Vij

(yij) using pilot symbols only
(equation (18)).

3. Set l = 0.
• Repeat while l < lmax

4. Run LDPC decoding, computing decoder to channel
messages µ

(l+1)
Vij→Tij

(yij).
5. Compute x̂ij (equation (19)).

PO receiver: This step omitted.
Genie receiver: Let x̂ij = xij for the purposes of
estimation.

6. Compute channel-to-decoder messages
µ

(l+1)
Tij→Vij

(yij) (equation (24)).
PO receiver: This step omitted.

7. l := l + 1.
• Finish

8. x̂ij = sign
(
µ

(l)
Tij→Vij

(yij) + µ
(l)
Vij→Tij

(yij)
)

for i =
1, . . . , N and j = 1, . . . , h − 1.

IV. ANALYSIS AND DESIGN USING DENSITY EVOLUTION

Density evolution (DE) is a tool that is frequently used
to evaluate the performance of LDPC decoders and to aid
in designing capacity-approaching degree sequences. Briefly
speaking, DE tracks the PDFs of messages passed in the factor
graph from iteration to iteration. This section outlines the
main ideas of DE, shows that the necessary conditions for
its execution are satisfied, and describes our implementation
of the algorithm for analysis and code design. The channel
memory, and the resulting estimation-decoding algorithm,
cause problems for density evolution not faced in [15], so we
describe the feasibility and implementation of the algorithm
in some detail.

A. Independence Assumption

We first consider the independence assumption, under which
messages passed in the estimation-decoding factor graph are

assumed to be statistically independent. This makes the DE
procedure tractable, in that each message depends only on
messages involved in its calculation, and not messages else-
where in the factor graph.

For the estimation-decoding factor graph, consider a mes-
sage m passed along an edge e during the �th iteration. The
message m is a function of messages passed at previous
iterations along edges that are connected to e. In fact, consider
any path with � − 1 edges that is attached to the node from
which m originates and for which e is not the first edge
traversed; then it is easy to see that m is (in part) a function
of messages passed along each edge in the path. The set of all
such paths (and hence the set of all edges that participate in the
calculation of m) is known as the directed local neighborhood
to depth � of e, and it is designated N (�)

�e .
A necessary condition for the independence assumption is

that N (�)
�e be cycle free. For LDPC codes and memoryless

channels, it is well known that N (�)
�e is cycle free for a

randomly selected edge e with probability approaching one
as codeword length n → ∞ [18, Thm 1]. Furthermore, it is
also known that the same property holds in the case of an
LDPC factor graph attached to a Markov chain [10, Thm 1],
which is a special case (h = 1) of the graph in Fig. 1. Here,
we briefly confirm that this property is retained for an arbitrary
constant h.

Theorem 1: For the graph in Fig. 1, with any finite con-
stants h and �, N (�)

�e is cycle free with probability approaching
one as n goes to infinity.

Proof: We briefly sketch the proof; the reader may
consult [18],[10] for details.

For any local neighborhood N (�)
�e , with constant h and �,

N (�)
�e will have a finite number of nodes and edges. Consider

the formation of N (�+1)
�e from N (�)

�e . As the length of the code
approaches infinity, the number of ways to form N (�+1)

�e from
N (�)

�e also approaches infinity. However, the number of ways
to choose nodes to form N (�+1)

�e from N (�)
�e such that N (�+1)

�e

contains a cycle is a function of h and � and constant with
respect to the code length, because to generate a cycle, one
has to choose one of the nodes in N (�)

�e again, and the number
of nodes in N (�)

�e is finite if h and � are finite. So the number
of ways to choose nodes that form cycles is finite, while the
number of nodes n to choose from goes to infinity. Thus,
if N (�)

�e is cycle free, the probability of a cycle in N (�+1)
�e

approaches zero, and so does the marginal probability of a
cycle in N (�+1)

�e for any finite h and �.
In the case of a channel with uncorrelated blocks (or,

indeed, a memoryless channel), the cycle-free condition is
both necessary and sufficient for the independence assumption.
However, in a channel with Markov memory between the
blocks, the dependence of random variables in the factor graph
lingers, however slightly, for an arbitrarily long period of time.
Thus, the independence assumption fails on any finite graph.
However, in an infinite graph, it is likely that blocks selected
in a graph would have unbounded separation, and thus their
channel states would be independent, as long as the Markov
chain satisfies mild conditions. It was shown in [10] that, as
n → ∞, the separation between selected symbol nodes in
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N (�)
�e also goes to ∞ with probability approaching one, and

this argument can be trivially extended to the case of h > 1.
Thus, the independence assumption is assured with probability
approaching one as n → ∞.

B. Channel Symmetry

Let m represent some message in the factor graph attached
to a symbol x. The message m is symmetric if m can be
written m = xq, where q is a real-valued random variable
that is independent of both the value of x and the transmitted
codeword. If every message representing a code symbol in the
factor graph is symmetric, we say that the system satisfies the
symmetry property. If this property is satisfied, it is easy to
see that the probability of error for any particular symbol is
dependent only on q and thus independent of the transmitted
codeword. Furthermore, since every LDPC code contains the
all-one codeword, we may simplify DE by assuming that the
all-one codeword was transmitted. In this section, we show
that the symmetry condition holds for the PO receiver and the
iterative Kalman estimation-decoding receiver.

Pilot-only receiver. In the PO receiver, the estimation
is performed prior to decoding, and the channel messages
µTij→Vij

(yij) from (18) are fixed throughout the decoding
procedure. Since the channel messages are constant (and
because of the independence assumption), this channel is
equivalent to a memoryless channel from the perspective
of density evolution. From [18], if these messages satisfy
µTij→Vij

(yij) = xijqij , where qij is independent of the trans-
mitted codeword, then every message passed in the decoding
factor graph is symmetric. Splitting the channel observation
as yij = xijqyij

, where qyij
is independent of the transmitted

codeword, (18) can be rewritten

µTij→Vij
(yij) = xij

2Re{q∗yij
cM̂i}

cΣ̂icH + σ2
w

,

since xij is real. From the update equations (13)-(17), M̂i

and Σ̂i are independent of the transmitted codeword, so the
symmetry condition holds.

Iterative Kalman estimation-decoding receiver. The itera-
tive channel message calculations are given in equations (20)-
(24), and we know from [18] that the symmetry condition
is satisfied if the channel messages µTij→Vij

(yij) satisfy
the symmetry condition. To sketch our method, we must
verify that these messages are initially symmetric (before any
extrinsic information is received), and that they are symmetric
so long as the extrinsic messages µVij→Tij

are also symmetric.
If this is true, then the symmetry condition holds by induction.

More formally, we have:
Theorem 2: For the iterative Kalman estimation-decoding

algorithm, all messages µVij→Tij
, µTij→Vij

, and all messages
passed within the LDPC decoder between symbol variables
and parity checks, are symmetric.

Proof: The proof proceeds by induction. In the initial
step, the first channel messages µTij→Vij

(yij) are calculated
with no extrinsic information, so these are equivalent to the PO
channel messages. Above we verified that these messages were
symmetric. All other messages are zero (and hence trivially
symmetric).

Suppose at some iteration �, all messages in the factor graph
are symmetric. From [18], the updated messages within the
factor graph are then symmetric. Now suppose the extrinsic
messages µVij→Tij

are symmetric. As before, this means
µVij→Tij

= xijqij , so the hard decision x̂ij may be written
x̂ij = xijεij , where

εij =

⎧⎨
⎩

1, qij > T ;
−1, qij < −T ;
0, −T ≤ qij ≤ T.

The calculation of M̂i and Σ̂i is described in equations
(20)-(23). In these equations, the only factor that uses x̂ij

is fYij
(yij | si, xij = x̂ij). Recalling that we may write

yij = xijqyij
, this is given by

fYij
(yij | si, xij = x̂ij)

= K exp
(
− 1

2σ2
(yij − six̂ij)2

)

= K exp

(
− x2

ij

2σ2
(qyij

− siεij)2
)

,

and since xij ∈ {−1, 1}, this is independent of xij . Finally,
since M̂i and Σ̂i are independent of xij , we may use the
same argument as in the PO receiver, and say that µTij→Vij

is symmetric. Thus, all messages are symmetric at iteration
� + 1, which completes the proof.

C. Implementation of Density Evolution

The estimation-decoding algorithm we have proposed
makes no changes to the message calculations within the
LDPC code (i.e., messages passed from parity check to
symbol variable and vice versa). For memoryless channels, the
iterative calculation of these densities was fully described in
[18], and they do not change in this case. A density evolution
algorithm was described for the uncorrelated non-coherent
block fading channel in [15]; a different approach is required
when the channel states are correlated between blocks, which
we describe in this section.

For correlated blocks, it is difficult to find closed-form
expressions for the channel densities, so these are obtained
using Monte Carlo simulation. In the PO case, no messages are
passed from the LDPC decoder to the channel estimator, and
only the channel messages are passed in the other direction. As
observed in [19], over the course of a full forward-backward
iteration in the channel estimator when the channel memory is
Markov, the channel messages tend to approach some stable
density. Thus, to find the PO channel density, we need to
generate a sequence s = {s1, s2, . . . , sN} of N complex
channel states, and for each channel state, we obtain pilot
symbols yi0 = si + wi0, where as in (2), wi0 is zero-
mean, circularly symmetric complex Gaussian noise. Now,
the estimation algorithm is run over these pilot symbols to
calculate the channel messages (equations (13)-(18)); and ob-
tain a histogram of the resulting channel messages µ

(0)
Tij→Vij

,

which is denoted by f
(0)
T→V (µ), dropping the subscripts for

convenience. As N → ∞, the histogram approaches the
exact channel message density. Since the channel message
density never changes through the decoding procedure, density
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evolution is identical to the memoryless case once the channel
messages are obtained. Density evolution for the genie receiver
is identical, where all the input symbols are treated as pilots.

In the case of the iterative estimation-decoding algorithm,
the LDPC decoder exchanges information with the estimator,
and the channel messages change with each iteration; these
changes must be accounted for in density evolution. The
message passed from the LDPC code to the channel estimator
during lth iteration is µVij→Tij

, whose density is written
f

(l)
V →T (µ). This message is mapped into a modified hard

decision x̂ij in (19). As there are only three possible values for
x̂ij , it is easy to give its PMF in terms of the PDF f

(l)
V →T (µ):

p
(l)

X̂ij
(x̂ij) =

⎧⎪⎨
⎪⎩

∫ −T

µ=−∞ f
(l)
V →T (µ)dµ, x̂ij = −1;∫ T

µ=−T
f

(l)
V →T (µ)dµ, x̂ij = 0;∫ ∞

µ=T
f

(l)
V →T (µ)dµ, x̂ij = 1.

(25)

To obtain the density of the channel message, we first generate
the sequence of channel states s = {s1, s2, . . . , sN}, which
we use to obtain the entire vector y of channel observations
according to (2), on the assumption that xij = 1 for all
i and j, using the symmetry condition and the fact that
BPSK modulation is used. The values x̂ij are also generated
according to (25) for all i and j, and the estimation algorithm
is run on these values. Note that only non-zero x̂ij act as
new pilots in the estimation algorithm. Finally, forming the
histogram of the resulting channel messages, which becomes
the density of the new channel message µ

(l)
Tij→Vij

, denotes

f
(l)
T→V (µ).

Since we assume that the all-one codeword was transmitted,
the fraction of incorrect messages is equal to the fraction of
messages with negative signs. If we denote the density of the
message from variable node to check node at lth iteration to
be f

(l)
V →C(µ), then the error probability at lth iteration is

P (l)
e =

∫ 0

−∞
f

(l)
V →C(µ)dµ. (26)

Furthermore, we declare that the decoding procedure is
successful if the error probability drops below some pre-
determined maximum acceptable error probability ε.

The joint estimation-decoding density evolution proceeds as
follows:

• Initialization
1. Compute channel to decoder messages µTij→Vij

by
the PO receiver (since the extrinsic information is
all zero), and obtain the density of the message
f

(0)
T→V (µ).

2. Set P
(0)
e :=

∫ 0

−∞ f
(0)
V →C(µ)dµ.

3. Set l := 0.

• Repeat while l < lmax and P
(l)
e > ε

4. Use the channel densities f
(l)
T→V (µ) to perform one

iteration of exact DE through the LDPC decoder,
using the method in [18]. Obtain an extrinsic infor-
mation density f

(l+1)
V →T (µ).

5. Use the Monte Carlo method to generate f
(l+1)
T→V (µ).

6. compute P
(l+1)
e (equation (26)).

7. l := l + 1.

• Finish.

8. If P
(l−1)
e ≤ ε, declare successful decoding, else

declare decoding failure.

D. Code Design

In general, an LDPC code ensemble is specified by a degree
distribution (λ, ρ). Its corresponding generating functions are
λ(x) =

∑dvmax
i=2 λix

i−1 and ρ(x) =
∑dcmax

i=2 ρix
i−1, where

λi (ρi) is the fraction of edges with variable (check) node
degree i and dvmax (dcmax) is the maximal variable (check)
node degree. The rate of an irregular LDPC code with degree
distribution (λ, ρ) is given by

R = 1 −
∫ 1

0
ρ(x)dx∫ 1

0
λ(x)dx

,

as long as the LDPC code’s parity check matrix is full rank.
Note that the initial PDF of channel messages is a function
of the average channel SNR. Since adding extra independent
Gaussian noise physically degrades an AWGN channel and re-
duces the SNR, the performance of the LDPC coded system is
monotonically increasing with SNR. Therefore, the asymptotic
performance of LDPC coded systems can be characterized by
a single value γ (SNR in this case). The threshold, which
is denoted by γ∗, has the property that, if γ < γ∗, then
liml→∞ P

(l)
e ≤ ε, or the system converges; otherwise, if

γ > γ∗, then the fraction of incorrect messages does not go
to zero as the number of iterations goes to infinity. We use a
value of ε = 10−8 in our density evolution procedure.

Different degree distributions have different thresholds,
which leads the following optimization problem:

Minimize γ∗, the threshold SNR, with respect to (λ, ρ)
Subject to 0 ≤ λi, ρi ≤ 1 for all i;

∑
i λi =

∑
i ρi = 1;

and constant code rate R.

The first two criteria constrain λ and ρ to be probability
distributions. Thus, the design problem is to find the best
irregular LDPC code with a given rate R.

This LDPC optimization problem is nonlinear, and possibly
nonconvex, so we solve it using differential evolution [21],
which has frequently been used to optimize LDPC codes (e.g.,
in [16]). The same design technique can be used to design
codes for iterative estimation-decoding, the PO receiver, and
the genie receiver, using the appropriate type of density
evolution to verify the threshold in each case.

Finally, we conjecture that the code which is optimized for
the receiver with perfect CSI is also optimal for the genie
receiver and the PO receiver. Verifying this conjecture is quite
involving and remains an open problem due to the memory
between blocks. Instead, we verify this by numerical results in
Section VI. A similar result is shown in [15] on an independent
block fading channel.

V. EXAMPLES AND DISCUSSION

In this section, a simple first order Gauss-Markov channel
is considered. The performance of the receivers and design
example of LDPC codes are given. We use the AR(1) channel
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TABLE I

THRESHOLDS ( Eb
N0

∗
) OF (3,6) LDPC CODES OVER INDEPENDENT AND

CORRELATED BLOCK FADING CHANNELS, WITH h = 11.

Known Genie Iterative PO
CSI Receiver Receiver Receiver

uncorrelated 3.06dB 3.80dB 5.90dB 6.85dB
correlated 3.06dB 3.66dB 4.90dB 6.10dB

as an example to motivate our results. This channel model is
given by

si+1 = Asi + ni+1, i = 1, 2, . . . N,

yij = sixij + wij , j = 0, 1, . . . h − 1.

Here we set h = 11, and A = 0.7 is merely a scalar since the
channel is first order. We also set the hard decision threshold
to T = 2. (We have observed that setting T between 2 and
3, inclusive, gives the best results; setting it lower causes
significant performance loss, while setting it higher causes a
more gradual performance loss.) One pilot symbol is used
for each block. The rate of the LDPC code is 1/2, thus the
overall rate of the system is 0.4545. All the updating rules in
Section III can be modified to a simpler form to deal with first
order model.

The mutual information bounds (translated to Eb/N0) cor-
responding to different receivers are also calculated, which is
used as the performance bound for the system. In [20], a way
to arbitrarily bound the capacity of correlated fading channels
with symmetric input is presented. We apply this method to
the correlated block fading channels and calculate the capacity
bound under different receivers with BPSK input. (Refer to
Appendix B for details.) The calculation of the performance
bound takes into account the estimation error of the receiver
which degrades the achievable rate from the capacity of the
channel.

Table I shows the threshold of a (3,6) regular LDPC codes
on both independent and correlated block fading channels with
different receiver algorithms. Simulation results of a (3,6)
LDPC code with code length 2 × 105 are also provided in
Fig. 2 and Fig. 3. There is roughly 1 dB gain if correlation is
considered and CSI is unavailable, and larger gain is expected
for larger value of A. If CSI is available to the receiver,
thresholds are the same for both cases, which agrees with the
fact that the channel capacities are the same for two channels
with perfect CSI available.

Table II shows the design results for both the iterative
receiver and PO receiver. The labels Irreg1, Irreg2, and Irreg3
correspond to the irregular LDPC codes designed respectively
for the iterative receiver, the PO receiver, and the i.i.d. fading
channels in [16]. As pointed out in the previous section, an
optimal irregular LDPC code for fading channel with CSI
at the receiver is also optimal for the PO receiver. This is
verified by the threshold results for the two codes with the
PO receiver. We note that the gap to the Shannon limit of the
Irreg1 code is between 2 dB and 2.4 dB, which is comparable
to the gaps to the Shannon limit of other contemporary codes
for noncoherent channels, such as in [15].
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Pilot only

Fig. 2. Simulation and DE results for (3,6) regular LDPC code with code
length n = 200, 000 on an independent block fading channel with h = 11.
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Fig. 3. Simulation and DE results for (3,6) regular LDPC code with code
length n = 200, 000 on a correlated block fading channel with h = 11,
A = 0.7.

LDPC codes with a block length of 2×105 were constructed
according to the degree sequences in Table II, and the perfor-
mance of these codes with different receivers are shown in
Fig. 4. The labels Irreg1 and Irreg2 correspond to the codes
optimized respectively for the iterative receiver and the PO
receiver. From the figure, we can see that the optimal code
for the iterative receiver (Irreg1) has 0.7 dB performance gain
compare to the optimal code for the PO receiver (Irreg2). If we
apply the Irreg2 code to an iterative receiver, the performance
of such code is 0.3 dB worse than the performance of Irreg1.
The performance of Irreg2 on the genie receiver is also plotted
as a benchmark.

In addition to the good performance indicated by these
results, the channel model presented in this paper, which
allows correlated channel states, is much more flexible than the
assumption of independent blocks. In cases where the block
boundaries are an inherent property of the system but there
is correlation between blocks, the channel state is likely to
change between blocks, but in a manner that is correlated
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TABLE II

GOOD DEGREE SEQUENCE OF LDPC CODES FOR BLOCK FADING

CHANNELS WITH TWO DIFFERENT RECEIVERS

Iterative PO PO
Receiver Receiver Receiver
(Irreg1) (Irreg2) (Irreg3)

λ2 0.349450 0.272826 0.246544
λ3 0.352082 0.273954 0.230609
λ4 0.009716 0.059359 0.002045
λ5 0.061530 0.023460
λ6 0.040859 0.002274 0.046487
λ7 0.008073 0.103811 0.150161
λ8 0.036656 0.015278 0.035344
λ9 0.003204 0.065126
λ10 0.021125 0.039344
λ11 0.011508 0.015566
λ12 0.027968 0.011502
λ13 0.042527 0.020572
λ14 0.016929 0.036853
λ15 0.007487 0.023693
λ16 0.000723 0.014924
λ17 0.005895 0.015662
λ18 0.003058 0.001382
λ19 0.000708 0.004173 0.004812
λ20 0.000503 0.000243 0.283998
ρ5 0.429892
ρ6 0.081113 0.296180
ρ7 0.387326 0.339925 0.000952
ρ8 0.006420 0.336840 0.951871
ρ9 0.022547 0.018596 0.047177
ρ10 0.072702 0.008458

( Eb
N0

)∗ 4.7dB 5.3dB 5.3dB
Shannon limit UB 2.7dB 4.25dB 4.25dB
Shannon limit LB 2.3dB 4.25dB 4.25dB

with the starting point. For example, this is likely to happen
in FHSS or OFDM, where the frequency changes are smaller
than the coherence bandwidth. Say the system spends h
channel uses in one frequency before jumping. Since the new
channel state is correlated with the old one, the channel states
retain significant correlation over kh channel uses, for some
integer k > 1. Furthermore, the coherence time contains k
distinct channel states. To use the method from [15] in this
case presents the following dilemma: either we can set the
coherence time to h and ignore the correlation between blocks,
or we can set the coherence time to kh and use a mismatched
model. Using the method in our paper, we can set the block
length to h while explicitly accounting for the correlation
between blocks. Thus, we present a more realistic and flexible
model when the blocks are correlated.

When block boundaries can be set by the system designer
(such as when the block fading model is used as an approx-
imation), the designer is again free to create shorter blocks,
and send fewer pilots, than when an independence assumption
is used, which leads to a better approximation. In particular,
we are free to set h = 1 and send pilots occasionally,
corresponding to the case where the channel state changes
from channel use to channel use, though in a correlated
manner. This flexibility is missing in [15]. In the context of
LDPC codes, this observation opens a new possibility in code
design, in which the placement of the pilots and the design of
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Fig. 4. Performance comparison of optimized irregular LDPC code on
correlated block fading channels with h = 11 and A = 0.7, code length
200,000.

the LDPC code are jointly optimized. We leave such a problem
to future work.

VI. CONCLUSION

In this paper, a general channel model for wireless com-
munications – correlated block fading – is considered. Pilot
symbols are used for channel estimation, and the channel
memory between blocks is incorporated into the channel
estimation algorithm by means of Kalman smoothing. The
performance of an LDPC code ensemble on these channels is
evaluated by density evolution. Large performance gains are
observed for moderate correlation between blocks, compared
to receiver structures in which the memory between blocks
is ignored. The iterative receiver also has better performance
than the PO receiver, in which channel estimation is carried out
only once based on the received pilots. The optimal code for
the PO receiver is about 1.1 dB away from the corresponding
performance bound. The irregular LDPC code designed for
the iterative receiver is between 2 dB and 2.4 dB away from
the Shannon limit, which is comparable to the gap for other
codes optimized for noncoherent fading channels.

APPENDIX A

The product rule of Gaussian PDFs are described as follows,

CN (x,M1,Σ1)CN (x,M2,Σ2) ∝ CN (x,M3,Σ3),

where

M3 = (M1Σ−1
1 + M2Σ−1

2 )(Σ−1
1 + Σ−1

2 )−1,

Σ3 = (Σ−1
1 + Σ−1

2 )−1.

The integration rule of Gaussian PDFs is∫ ∞

−∞
CN (x,M1,Σ1)CN (y,Ax,Σ2)dx

∝ CN (y,AM1,AΣ1AH + Σ2).
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APPENDIX B

A method of calculating arbitrarily tight bounds on the
capacity of a flat fading channel with M-ary inputs is proposed
in [20]. This appendix briefly describes the method and its
application to calculate the performance bound on correlated
block fading channels with different receivers. Denote xj

i =
{xi, . . . , xj} as the input sequence from time i to j, and denote
the corresponding output sequence as yj

i = {yi, . . . , yj}. If
d1 and d2 are sufficiently large, the channel capacity can be
quantified arbitrarily accurately by

C = I(yk+d2
k−d1

;xk|xk−1
k−d1

) (27)

= H(xk) − E[− log2(P (xk|yk+d2
k−d1

, xk−1
k−d1

))]. (28)

Here P (xk|yk+d2
k−d1

, xk−1
k−d1

) is the a posteriori probability (APP)
of the channel input. Monte Carlo simulation can be employed
to evaluate the capacity of the channel. In this paper, we use
trial and error to determine the Shannon limit, which is the
SNR (in dB) so that the Monte Carlo simulation of (28)
results in C = 0.4545.

The following way is used to calculate the APP:

P (xk|yk+d2
k−d1

, xk−1
k−d1

) (29)

∝ P (yk+d2
k−d1

|xk, xk−1
k−d1

) (30)

=
∑

x
k+d2
k+1

P (yk+d2
k−d1

|xk, xk−1
k−d1

, xx+d2
k+1 ). (31)

For the PO receiver, pilot symbols (Yp) are used to calculate
the APP. Since every pilot symbol is known, hence xk+d2

k+1

is known, there is only one term in the summation (31).
The exact capacity can be calculated. However, calculating
P (xk|yk+d2

k−d1
, xk−1

k−d1
) has exponential complexity for the itera-

tive receiver, since we have to enumerate all possible values
of xk+d2

k+1 in the summation (31). Instead, we derive upper and
lower bounds on the capacity (in dB).

A lower bound is obtained by setting d2 to be a finite value.
Here, we set d2 = 0, so that the worst case lower bound
is obtained. To calculate the lower bound, first fix the SNR,
then calculate the APPs by Kalman smoothing algorithm. In
the Kalman smoothing algorithm, only the forward algorithm
is performed with the assumption that the passed transmitted
symbols ((xk−1

k−d) are known perfectly. Mutual information is
then calculated by (28), and if it does not equal the designed
rate (0.4545 here), choose another SNR and repeat. Otherwise,
the SNR achieves the capacity lower bound (in dB).

An upper bound of the capacity is C ≤
I(xk; yk+d2

k−d1
|xk−1

k−d1
, xk+N

k+d2+1). i.e., if the receiver knows
the channel inputs xk+N

k+d2+1, the resulting mutual information
is an upper bound of the capacity. Translate this mutual
information to SNR (in dB) gives an SNR that achieves the
upper bound of the capacity. Again, we set d2 = 0, which
means the receiver knows all the transmitted symbols (except
xk) in calculating the APPs. The capacity upper bound
and lower bounds are calculated for the iterative receiver
and are shown in Table II. The gap between upper- and
lower-bound-achieving SNRs is only 0.4 dB. For PO receiver,
the calculated capacity is exact.
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