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Abstract

In this paper, we review recent developments concerning the application of low-
density parity-check (LDPC) codes to the Gilbert-Elliott (GE) channel. Firstly, we
discuss the analysis of LDPC estimation-decoding in these channels using density
evolution. We show that the required conditions of density evolution are satisfied
in the GE channel, and that analysis demonstrates that large potential gains over
the memoryless assumption. We also give results which mitigate the complexity of
characterizing the GE parameter space using DE. Subsequently, we give a design
tool for finding good degree sequences for irregular LDPC codes in the GE channel.
The degree sequences obtained using this technique are the best available codes for
the GE channel.

1 Introduction

Low-density parity-check (LDPC) codes [1] are linear codes with very sparse parity-
check matrices, which have recently generated a great deal of interest as a result of
their excellent error-correction performance. Experiments involving transmission over
memoryless channels have demonstrated the effectiveness of LDPC codes; indeed, in
memoryless channels, irregular LDPC codes are among the best known block codes, in
the sense that they closely approach the Shannon limit, which has been analytically
verified using density evolution (DE) [2].

In an effort to replicate this excellent performance in more complicated channels, the
application of LDPC codes to channels with memory has attracted increasing interest in
the literature. Using factor graphs and the Sum-Product Algorithm [3], it is straight-
forward to derive a joint estimation-decoding algorithm for an LDPC code applied to a
channel with memory. DE was used to analyze LDPC estimation-decoding in channels
with intersymbol interference in [4], and to compare the performance of LDPC codes
and other turbo-like codes in partial response channels in [5]. In the Gilbert-Elliott (GE)
channel, a simple binary-input, binary-output Markov channel in which the channel state
is independent of the transmitted data, a joint estimation-decoding scheme was proposed
for turbo codes in [6] and LDPC codes in [7], the latter work showing empirically that
joint estimation-decoding strategies can result in reliable communication at rates above
the capacity of the equivalent memoryless channel (though, of course, below the capacity
of the channel with memory).



In this paper, we present our recent results in this field. Firstly, we describe the
analysis of LDPC decoding in the GE channel, including the derivation of DE for this
channel. Our results confirm that tremendous gains in performance are made possible by
joint estimation-decoding. Furthermore, we give results that improve the efficiency with
which the GE parameter space can be characterized, by causing each channel tested using
DE to cast a “shadow” in the parameter space, in which all channels have either better or
worse performance. Secondly, we give a design tool for optimizing irregular LDPC degree
sequences in the GE channel. Our technique is based on the semi-Gaussian approximation
[8], with some novel modifications to adapt it to estimation-decoding. This design tool
can be used to obtain good degree sequences, which give significant gains over both Turbo
codes and regular LDPC codes.

2 Estimation-decoding and the GE channel

In this section we briefly outline the channel model and the principles of LDPC estimation-
decoding for the GE channel. The GE channel is a binary-input, binary-output chan-
nel defined by y = x ⊕ z, where x ∈ {0, 1}n is the channel input, z ∈ {0, 1}n is
a noise sequence, y ∈ {0, 1}n is the channel output, and ⊕ represents component-
wise modulo-2 addition. The noise z arises from a two-state hidden Markov process
with state sequence s ∈ {B,G}n, such that Pr(zi = 1 | si) = ηsi

, where we define
ηG < ηB ≤ 1/2. In other words, state B represents a “bad” binary symmetric channel
(BSC), and state G represents a “good” BSC. The state transition probabilities are given
by b := Pr(si+1 = B | si = G) and g := Pr(si+1 = G | si = B), resulting in marginal
steady-state probabilities of Pr(si = B) = b/(b+ g) and Pr(si = G) = g/(b+ g), and an
average inversion probability (i.e., Pr(zi = 1)) of

η̄ =
bηB + gηG

b+ g
.

A GE channel is then completely parameterized by the 4-tuple (b, g, ηB, ηG), and the set
of all valid GE parameters is represented by G.

Consider the channel inputs as codewords from a given LDPC code. Let h(x) be
a code indicator function, where h(x) = 1 if x is in the code and h(x) = 0 otherwise.
For any linear code (including LDPC codes), h(x) can be represented as a product of
parity check functions h(x) =

∏
j hi(xj), which can be represented using a factor graph.

Furthermore, since the probability mass function (PMF) for the state sequence can be
factored, as given above, it is also well known that this state transition process can
be represented on a factor graph as a Markov chain [3]. The channel observation yi is
probabilistically related to the state si and the transmitted symbol xi by Pr(yi |xi, si), so
the joint PMF, including hidden variables, of an LDPC codeword transmitted through a
data-independent discrete Markov channel is given by

M = C

n∏
i=1

Pr(si+1 | si)Pr(yi | xi, si)
m∏

j=1

hj(xj) (1)

where m is the number of parity check nodes, and C is a normalization constant. Using
this model and the Sum-Product Algorithm (SPA), summarization for some variable
xi results in a joint probability of the type Pr(xi, y1, y2, · · · ). Since the observations
yi are given, by Bayes’ rule, simple normalization for xi suffices to obtain the desired
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Figure 1: GE-LDPC factor graph

Pr(xi | y1, y2, · · · ). The PMF represented by M results in a factor graph formed by
connecting the LDPC factor graph and the GE Markov chain factor graph by creating
edges connecting the appropriate symbol variable nodes and channel factor nodes. The
GE-LDPC decoder is depicted graphically in Figure 1. For clarity, we will refer to variable
and factor nodes in the LDPC subgraph as symbol variable nodes and parity check nodes,
respectively, and variable and factor nodes in the GE subgraph as state variable nodes
and state factor nodes, respectively.

3 Estimation-Decoding and Density Evolution

In this section, we discuss the analysis of estimation-decoding using density evolution
(DE). We also discuss the difficulty of characterizing the GE parameter space using DE,
and provide some tools to mitigate this difficulty.

3.1 Density Evolution

The derivation of the density evolution algorithm is conceptually straightforward, though
arithmetically and computationally complex. DE relies heavily on two properties of
LDPC factor graphs:

• Independence of messages. For a fixed number of iterations, the set of nodes
and edges in the factor graph that are involved in the calculation of a message
along a given edge is known as the directed local neighborhood. As the block length
n approaches ∞, the messages in the local neighborhood are independent with
Pr → 1.

• Symmetry of messages. If the channel messages satisfy the symmetry condition,
the probability of symbol error is independent of the transmitted codeword. Thus,
since LDPC codes are linear and hence each one contains the all-zero codeword, we
can calculate probability of error conditioned on the all-zero codeword.

3



It can be shown that both these conditions apply to LDPC estimation-decoding in
the GE channel [9, Thms 1-2]. The independence assumption in particular makes DE
analysis tractable, since the DE calculation can then be broken up into iterations, in
which each step calculates the transformation of density that results from a function of
independent random variables.

We observe that the calculations that take place at the symbol variable nodes and
at the parity check nodes are the same as in the memoryless case. Thus, the density
transformations from [2] may be re-used, and the only transformations that we must
derive are the transformations directly involved in channel state estimation, at the state
variable nodes and the state factor nodes. Due to space constraints, we will not give
these density transformations; the reader is directed to [9] for details.

3.2 Characterizing the GE parameter space

Given an LDPC code and a family of channels, the task of characterizing the parameter
space involves determining the performance of the code in every channel in the family.
The task of characterizing a memoryless channel, such as the binary symmetric chan-
nel (BSC) or additive white Gaussian channel, is relatively straightforward, since these
families are described by a single parameter.

We know that a particular GE channel is described by the 4-tuple c := (b, g, ηB, ηG),
and the characterization problem for the family of GE channels is complicated by the
multidimensional parameter space. In memoryless channels, the complexity of charac-
terization is reduced by noting that some channels are physically degraded with respect
to other channels [2]. For instance, concatenating independent BSCs, one having inver-
sion probability p (i.e., a p-BSC), and the other a q-BSC, results in an r-BSC where
r := p(1− q) + q(1− p). Thus, the performance of any code in the r-BSC must be worse
than the performance of the p-BSC, since the extra noise of the independent q-BSC can-
not improve the probability of error. In the sequel, we will apply a similar principle to
reduce the complexity of characterizing the GE parameter space.

For some observation z ∈ Z of x ∈ {0, 1}, let Dx(z) : Z → {0, 1} be the detector
function which minimizes probability of error given an observation in Z. Using this
definition, the idea of physical degradation is generalized in the following lemma:

Lemma 1 (Side Information) Let h ∈ Ωh and y ∈ Ωy be random variables dependent
on x ∈ {0, 1}. Then Perr(Dx(h, y)) ≤ Perr(Dx(y)).

Proof: Define D̂(h, y) = D(y) for all h and y, such that D̂(h, y) is trivially a
function of h. Since D(h, y) is the detector which minimizes Perr as a function of h and
y, then obviously Perr(D(h, y)) ≤ Perr(D̂(h, y)), which proves the lemma.

For instance, in the BSC case, side knowledge of the noise sequence of the q-BSC can
remove its effect from the r-BSC, hence restoring the original p-BSC.

Our idea here is to develop novel degradations that, when applied to a GE channel c,
result in a new GE channel c∗. Letting Perr[`](c) represent the probability of error after
` iterations of estimation-decoding for a given LDPC code, we can then use the Side
Information Lemma to argue that Perr[`](c) ≤ Perr[`](c

∗). Three degradations are used:

• BSC Concatenation. It is easy to show that a GE channel c, concatenated with
a p-BSC, results in another GE channel c∗. By a similar argument to the preceding
paragraph, it is easy to see that Perr[`](c) ≤ Perr[`](c

∗).
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• State Scrambling. Take a state sequence s for a GE channel c, and form a state
sequence s for a channel c∗ as follows. Let r be a Bernoulli random sequence with
Pr(ri = 0) = ψ and Pr(ri = 1) = 1 − ψ. If ri = 0, let s∗i = si, and if ri = 1,
let s∗i be an independently selected state. It is easy to show that c∗ is then a GE
channel with different inversion probabilities. In fact this technique can be thought
of as partial interleaving, with r selecting the positions to interleave. If r is known
along with some extra information, the interleaving operation can be undone, so
Perr[`](c) ≤ Perr[`](c

∗).

• Segmentation. This idea was adapted from a proof technique used in [10]. Gen-
erate a state sequence s∗ recursively as follows. Let c be a GE channel, and let
u be a Bernoulli random sequence with Pr(ui = 0) = ζ and Pr(ui = 1) = 1 − ζ.
If ui = 0, s∗i is generated using s∗i−1 according to the transition probabilities of
the GE Markov chain from c, while if ui = 1, si is generated independently of
s∗i−1. In other words, the state sequence is broken up into segments of dependent
states according to the elements of u. The channel c∗ arising from s∗ can be shown
to be a GE channel. Again, with knowledge of u and some extra information,
the segmentation operation can be undone to form the original GE channel c, so
Perr[`](c) ≤ Perr[`](c

∗).

These three techniques are described in much greater detail in [9].
A degraded channel can be obtained by fixing the values of three parameters: p,

ψ, and ζ. For some GE channel c, let c∗(p, ψ, ζ) represent the GE channel formed by
assigning values to these parameters. Then from the above formulation, we have the
following result:

Theorem 1 For all c ∈ G and all valid settings of p, ψ and ζ, Perr[`](c) ≤ Perr[`](c
∗(p, ψ, ζ)).

Proof: We largely omit the proof, except to note that it follows from the Side
Information Lemma and the description of the degradation techniques.

Furthermore, recalling that c = (b, g, ηB, ηG), we can show that

c∗(p, ψ, ζ) =

(
ζb+ (1− ζ)

b

b+ g
, ζg + (1− ζ)

g

b+ g
,

p+ (1− 2p)(ψη̄ + (1− ψ)ηB), p+ (1− 2p)(ψη̄ + (1− ψ)ηG)

)
. (2)

There is a geometric interpretation of Theorem 1 and (2). For every c, there exist a set of
c∗(p, ψ, ζ) for all valid settings of p, ψ, and ζ. Thus, c casts a three-dimensional “shadow”
in which every channel has greater probability of error. Conversely, for every c′, there
exist a set of c so that, under some settings of p, ψ, and ζ, c′ = c∗(p, ψ, ζ). Thus, c′ casts
a “shadow” in the opposite direction, in which every channel has smaller probability of
error.

These observations can be combined with DE results to characterize the GE parameter
space. For example, if ε is considered to be an accepted probability of error under
LDPC estimation-decoding, and some channel c is known to have probability of error
strictly greater than ε, we can immediately obtain a set of worse channels that also have
probability of error greater than ε. Conversely, for any channel c′ whose probability of
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Figure 2: Geometric depiction of characterization in two dimensions, where ζ = 0. The
notation Perr[`] → 0 indicates that the channel achieves probability of error ε under
LDPC estimation-decoding, while the notation Perr[`] > 0 indicates the opposite. The
symbols + and × indicate DE results for which Perr[`] → 0 and Perr[`] > 0, respectively.
Each “shadow” is indicated by a dotted line, and the union of shadows is indicated by
the solid outline.

error under LDPC estimation-decoding achieves ε, we can immediately obtain a set of
better channels that also achieve ε. This is depicted in two dimensions in Fig. 2, in which
ζ is set to zero. We also show a more detailed DE result for the (3,6)-regular rate 1/2
LDPC code in Fig. 3.

4 Design of Irregular LDPC Codes

Although excellent performance is observed using estimation-decoding with regular LDPC
codes, the performance of these codes remains far from the Shannon limit in these chan-
nels, as derived in [10]. In memoryless channels, it is known that the gap to the Shannon
limit can be closed using irregular LDPC codes, so long as the code’s degree sequence is
carefully optimized; we perform a related feat in the GE channel.
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Figure 3: DE result for the (3,6)-regular rate 1/2 LDPC code.

4.1 Scheduling and Approximation

It is possible to design irregular degree sequences while using DE to verify successful
decoding. However, the high computational complexity of DE has motivated the search
for approximate DE algorithms with lower complexity. When using these approximations
with the GE channel, two issues must be considered. Firstly, these approximations are
not capable of approximating DE for channel estimation. Secondly, many approximations
assume that the channel messages are Gaussian, which is a very inappropriate assumption
to make in the GE case.

To deal with the first issue, we know that extrinsic information from the decoder
contributes to the quality of the channel state estimate with each iteration. Thus, from
the decoder’s perspective, the effect of channel state estimation is to vary the PDF
of the channel information from iteration to iteration. Ideally, we would like a one-
to-one relationship between an extrinsic PDF and a channel PDF so that, under the
approximation, we can approximate both PDFs with the same parameter.

Suppose the PDF of the extrinsic information remains the same over a large number
of channel state estimation iterations. This could occur with a carefully chosen message-
passing schedule – for example, if a message-passing schedule were adopted in which each
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iteration involving LDPC subgraph nodes were followed by N � 1 iterations through the
GE subgraph. If N is sufficiently large, we have noticed that the PDFs of the channel
information messages converge in distribution to stable PDFs. Thus, for each extrinsic
information PDF, there exists a stable channel information PDF, which provides the
one-to-one relationship that we are looking for.

The usual message-passing schedule performs one iteration through the LDPC sub-
graph for each iteration through the GE subgraph. The obvious question is: how does the
performance of a decoding algorithm with a schedule that allows stable densities compare
to the decoding algorithm using the usual schedule? We can answer this question with
the following result. Let P

(N)
err [`](c) represent the probability of error after ` iterations in

channel c for a schedule having N ≥ 1 iterations of channel estimation for each iteration
of LDPC decoding. Then:

Theorem 2 For any finite N ≥ 1,

lim
`→∞

P (N)
err [`](c) = lim

`→∞
P (1)

err [`](c).

We omit the proof. However, this means that our approximate DE for the non-standard
schedule is also a good approximation for the standard schedule.

4.2 Approximate DE Algorithm and Results

To address the problem of non-Gaussian channel messages, we employ the semi-Gaussian
algorithm (SGA) [8], which is a more complex but more accurate approximation of DE
than other available techniques. The SGA parameterizes the Gaussian density based on
the integral of its tail from −∞ to zero, which is the same as the probability of error for
a symmetric message using the all-zero codeword. We can briefly state our approximate
DE algorithm as follows:

1. Fix a GE channel c, a check degree sequence ρ, a maximum variable degree vmax,
and a number of iterations N � 1 of channel estimation for each iteration of
decoding.

2. For each member of a quantized set of SGA parameters ν ∈ [ν1, ν2, · · · , νk], obtain
the Gaussian density corresponding to the parameter, and perform N iterations of
exact DE through the Markov chain using that Gaussian density in place of the
extrinsic information density. The result will be k channel densities, corresponding
to each setting of ν.

3. For each of the k channel densities and each variable degree v ∈ [2, 3, · · · , vmax],
use exact DE to calculate the characteristic from input parameter νin to νout.

4. For each candidate variable degree sequence, obtain the extrinsic information pa-
rameter for each input parameter νin. The corresponding channel density is the
correct characteristic to use for each v ∈ [2, 3, · · · , vmax].

5. Obtain a linear combination of the characteristic functions for each variable degree
in step 4, where the linear coefficient is the corresponding variable degree. Success-
ful decoding is achieved when νout < νin everywhere under the linear combination.
Find the variable degree sequence which maximizes rate while preserving successful
decoding.
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Degree sequences obtained using this algorithm are presented in Table 1. Each degree
sequence obtained using the approximate procedure was evaluated using exact DE, and
in the table we give the channel with lowest capacity in which the degree sequence is
known to achieve successful decoding. We also give the ratio of code rate to capacity,
R/C. For comparison, the (3,6)-regular LDPC code has rate 1/2, and is known to
successfully decode in a channel with parameters (b, g, ηB, ηG) = (0.01, 0.01, 0.197, 0.01),
so R/C = 0.879. Our degree sequences give clear improvements over regular codes,
and are reasonably close to the Shannon limit. However, these degree sequences do
not achieve successful decoding in the tested channel, and the accuracy declines as the
maximum check and variable degrees increase.

We use a slightly different (and less complex) technique from [8], called Intrinsic-
Extrinsic Separation (IES), to obtain the degree sequences in Table 2. Under this tech-
nique, messages in the LDPC code are approximated as Gaussian before being combined
with the channel message, which separates the channel message and the extrinsic mes-
sage. We see that the results from this reduced-complexity technique are comparable to
the original procedure.

Finally, in Table 3, we compare our degree sequences to a result for Turbo codes, from
[6]. In that work, a rate 1/2 Turbo code was proposed, which achieved Perr = 10−6 in
a channel with GE parameters (b, g, ηB, ηG) = (0.0044, 0.0156, 0.5, 0.0192). In the table,
we present a code with rate R = 0.5959, and using the channel in the table and our
characterization result, we can show that the code will also achieve successful decoding
in the channel with parameters (0.0044, 0.0156, 0.5, 0.0192). Thus, the codes we have
designed with our proposed technique are the best available codes for the GE channel.

Table 1: Degree sequences obtained using Procedure D for a channel with parameters
(b, g, ηB, ηG) = (0.01, 0.01, 0.22, 0.01), tested with DE.

GE parameters (b, g, ηB, ηG) Degree values R/C
(0.01,0.01,0.211,0.01) λ2 = 0.25, λ3 = 0.3829, λ7 = 0.1256, 0.948

λ8 = 0.2415; ρ7 = 1
(0.01,0.01,0.217,0.01) λ2 = 0.2, λ3 = 0.4821, λ9 = 0.3179; 0.945

ρ7 = 1
(0.01,0.01,0.196,0.01) λ2 = 0.2, λ3 = 0.282, λ8 = 0.1948, 0.952

λ9 = 0.1167, λ17 = 0.0253, λ18 = 0.1812;
ρ9 = 1

(0.01,0.01,0.197,0.01) λ2 = 0.15, λ3 = 0.3795, λ11 = 0.109, 0.941
λ12 = 0.2845, λ19 = 0.077; ρ9 = 1
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