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Abstract—In this paper, two fixed per-information symbol
complexity lossless source coding algorithms are modified for
estimation and incremental LT decoding over Piecewise Station-
ary Memoryless Channels (PSMC’s) with a bounded number of
abrupt changes in channel statistics. In particular, as a class
of PSMC’s, binary symmetric channels are considered with a
crossover probability that changes a bounded number of times
with no repetitions in the statistics. Simulation results are given
which illustrate the benefits of using our algorithms, both in
terms of probability of error and in terms of redundancy.

I. INTRODUCTION

Many communication channel such as the well-known
Gilbert-Elliott channel [1], [2], or more general finite-state
Markov channels [3] models explicitly allow for sudden
changes in the channel state during a transmission period. An
abruptly changing channel model may be used to describe
any system that experiences sudden, and persistent, bursts of
interference or degradation, such as a mobile wireless channel,
an optical CDMA channel, or a military communication chan-
nel in the presence of jamming. In many cases, the Markov
channel model is useful for abruptly changing channels, but
its use implies that the abrupt changes in the channel state
have a statistical structure that is well-modeled by a hidden
Markov chain. In many cases of interest, this assumption is
not correct; for instance, there is no good statistical model that
reflects the possibility that a mobile terminal enters a tunnel
or passes behind a building.
A general model-free approach to abruptly changing chan-

nels was given for binary-output channels in [4], and for
Gaussian channels in [5]. In these works, a method from
source coding, intended for abruptly changing sources [6],
was adapted to give a channel estimation algorithm, which
was incorporated into iterative decoding using Turbo codes.
Although it was shown that large gains could be obtained by
estimating the channel in this manner, the use of Turbo codes
did not make use of the full power of the algorithms from [6],
since their rates were not adaptive.
The main contribution of the present work is to implement

a version of this estimation algorithm for fountain codes [7],
which are a novel class of LDPC-like codes with adaptive

rates. In particular, the variable rates of the fountain code
require us to make novel modifications to the algorithm in
[6] to account for them, which were not required in the fixed-
block-length scenario using Turbo codes in [4], [5]. The use of
fountain codes also opens up more practical applications for
abruptly changing channels, since sudden changes in channel
state can be easily accommodated by adaptively reducing the
rate of the code.
The paper is organized as follows. In Section II, system

models and notation are presented. In Section III, we introduce
Fountain codes. In section IV, we introduce the required
modifications to the fountain decoding algorithm to include the
method from [6]. Simulation results are presented in Section
V.

II. MODELS AND DEFINITIONS

A. Notation

First, a brief remark about notation. Realizations of a
random variable X will be denoted by x. If a random process
contains a sequence X0, X1, . . . of random variables, a vector
of these variables will be denoted byX

j
i = [Xi, Xi+1, . . . , Xj ]

for j > i, with realization x
j
i = [xi, xi+1, . . . , xj ].

B. Piecewise Stationary Memoryless Channels

Consider a channel with random input Xt ∈ {+1,−1},
and random output Yt ∈ Y , where t = 0, 1, 2 . . . represents a
time index. At each time t, the conditional probability function
of Yt given Xt is a function of some parameter νu (where
u = 1, 2, . . . |T | and T is defined below) denoted by

fYt|Xt;νu
(yt | xt; νu).

(Where it is unambiguous to do so, we will generally drop
the pdf subscripts and, e.g., write f(yt | xt; νu) instead of
fYt|Xt;νt

(yt | xt; νu).) We call f(yt | xt; νu) the family corre-
sponding to the PSMC. Throughout this paper f(yt | xt; νu)
belongs to the binary symmetric channel (BSC) family, with
crossover probability νu .
A piecewise stationary memoryless channel (PSMC) is a

channel where X and Y have the following properties:
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• There exists a set T of transition points (TPs),
T = [τ1, τ2, . . . , τ|T |],

such that νu �= νu+1 if and only if u ∈ T . (That is, ν
changes at TPs, and nowhere else.)

• If ν
j
i is known, then

f(yj
i | xj

i ; ν
j
i ) =

j∏
t=i

∏
u∈T

f(yt | xt; νu) (1)

The first property captures the piecewise stationary nature of
the channel, since the channel parameter remains constant
until a time in T is reached. The second property captures
the memoryless nature of the channel, since (1) represents a
memoryless channel, so long as the channel parameters are all
known.
Example 1: Let f(yt | xt; νu) represent a BSC family,

such that Y ∈ {+1,−1}, and νt represents the crossover
probability. That is,

f(yt | xt; νu) =

{
1− νu, yt = xt;

νu, yt �= xt.

Suppose T = {τ1}, i.e., there is exactly one TP at time τ1.
Letting ν1 and ν2 represent the crossover probability before
and after τ1, respectively, and for n > τ1, we may write

f(yn
1 | xn

1 ; νn
1 ) =

τ1∏
t=1

f(yt | xt; ν1)

n∏
t=τ1+1

f(yt | xt; ν2).

(End of example.)
From the example, we see that we may parameterize a

PSMC by T , and a (|T | + 1)-dimensional vector of channel
behaviors ν. We will writeR to represent such a vector, so that
any PSMC from a given family is parameterized by (T ,R).
In Example 1, we have that (T ,R) = ({τ1}, [ν1, ν2]).
In this work, a PSM-BSC is referred to as a BSC channel di-

vided into |T |+1 consecutive BSC’s channels, with crossover
probabilities ν1, ν2 · · · ν|T |+1 and respective fractional dura-
tions d1, d2, . . . , d|T |+1, where

∑|T |+1
i=1 di = 1. The number

of abrupt transitions between BSC(νi) channels is assumed to
be fixed and also the cross-over probability νi is constant on
each BSC(νi). The capacity of the PSM-BSC is obtained by

Cap(PSM-BSC) =

|T |+1∑
j=1

dj(1 − h2(νj))

where h2(α) is defined as the binary entropy of α.

III. FOUNTAIN CODES
Fountain codes are codes for which the rate is not fixed, and

new code symbols can be generated as they are needed. These
codes are used to transmit information over channels for which
the noise level is not known in advance. For example, these
codes can be used over Binary Erasure Channels (BEC(p))
when the parameter p is unknown.
LT codes are one of the first classes of Fountain codes [8], in

which each coded bit is the exclusive-or of a randomly selected

subset of the input bits. The number of input bits in this set
is called the degree of the output bit. To generate an output
bit, the encoder works as follows. First, randomly choose
the degree j of the output bit using the degree distribution
Ω = (Ω1, . . . ,Ωk), Ωi being the probability that a randomly
chosen output node is of degree i. Second, choose uniformly
at random j distinct input bits. The value of the output bit
is the exclusive-or of these i input bits. Ω can be represented
by its generating function as Ω(x) =

∑
i Ωix

i−1. Thus, the
LT code has parameters (k, Ω), where k is the length of input
sequence and Ω denotes the probability distributions on the
set {1, . . . , k}.
Raptor codes [9] are an extension of the family of LT codes.

A Raptor code is a code formed by concatenating a given
linear code C (usually a high-rate LDPC code) of block length
n and dimension k, with an LT code [9]. The Raptor code
is encoded by first encoding k information bits into an n-
bit codeword in C. Subsequently, each of the n bits is re-
encoded as an LT codeword. However, since the code C may
be trivial (i.e., the output sequence is always equal to the input
sequence), an LT code is a special case of a Raptor code. Thus,
in this work, we concentrate on LT codes. Further, without loss
of generality, we assume that the input sequence for the LT
process is binary.
The performance of LT codes with respect to a given

decoding algorithm is measured in terms of the error rate as
a function of the reception overhead. The reception overhead
is the number of output bits that the decoder needs to collect
in excess of the absolute minimum k in order to recover the
input bits with high probability. The decoder collects output
bits and estimates for each received output bit the amount
of information in that bit. This measure of information can
be obtained from the Log-Likelihood Ratio (LLR) of the
received bit. The receiver stops collecting output bits as
soon as the accumulated information carried by the observed
channel outputs exceeds (1 + ε)k, where ε is the overhead
associated with the Raptor code, and k is the number of
input symbols. The decoding graph of an LT code of length
k with parameters (k, Ω) is a bipartite graph with k nodes on
one side (called input nodes which correspond to the input
bits) and N nodes on the other side (called output nodes
which correspond to output bits). The decoder can use the
Sum-Product (SP) algorithm algorithm (see [7]) to recover
the input bits from the information contained in the output bits.

IV. LT CODES FOR PSMC-BSCS

In this section, we describe the modifications to LT decoding
that are required to use these codes on PSMCs with unknown
parameters. First, we describe the estimation of channel statis-
tics, assuming the transition points are known. Next, we give
several methods for estimating the location of the transition
points assuming the transitions points are unknown. All of
these algorithms are described in terms of jointly estimating
the channel and decoding the LT code.
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Estimator

LT Decoder  PSMC−BSCLT Encoder
Noisy sequence Decoded data

  Channel

   Output bits   Input bits

Fig. 1. LT system with channel estimation and decoding.

As shown in Figure 1, a sequence of k bits Uk
1 �

(U1, U2, . . . , Uk) (input bits) is encoded using a specific LT
code into the sequence XN

1 (output bits). The sequence XN
1

is then transmitted over a particular PSMC. Denote by X̂N
1

(decoded data) an estimate of XN
1 , and x̂i the ith bit in the

sequence by X̂N
1 . Let YN

1 denote the received noisy sequence.

A. Estimation of Channel Statistics

We now consider the estimation of the crossover probabili-
ties in each segment, assuming that the transition points (TP)
between the |T |+ 1 memoryless BSCs of the PSM-BSC are
known. We will discuss the estimation of the TPs in the next
section.
Let qi be the log-likelihood ratio expressing a soft belief in

the current value of xi, where 1 ≤ i ≤ N and p(xi) is a-priori
probability given by the extrinsic information, so
qi � log p(xi=0)

p(xi=1) .

Let f(xi | yi; ν̂) � PP (xi, yi, ν̂)

=
f(yi | xi; ν̂)p(xi)∑

xi∈{0,1} f(yi | xi; ν̂)p(xi)

denote the posteriori probability for each xi (by assuming that
the crossover probability ν is equal to its estimate ν̂ ).
The log-likelihood ratio (LLR) of a received symbol yi is

defined as log f(xi=0 | yi;bν)
f(xi=1 | yi;bν) .

We describe two methods of estimating the statistics in a
segment. The first is based on the expectation-maximization
(EM) algorithm that has access to the complete segment for
estimating the change point. The other is more restrictive and
assumes only sequential access to the data for estimating the
crossover statistics.
1) Expectation Maximization (EM) Algorithm: The EM

Algorithm [10] can also be used to estimate crossover prob-
abilities on each channel BSC(νj ) (or more generally on a
segment j of channel, where j = 1, · · · , |T | + 1 ). The EM
algorithm works as follows.

• Initialization: First, at step � = 0, take some initial
estimate ν̂0.

• Perform several SP decoding iterations. Messages are

passed at each round r ≥ 0 as

tanh

(
m

(r)
oj ,i

2

)
= tanh

(
Z

(j)
o

2

)
.

∏
i′ �=i

m
(r)

i′,oj �=0

tanh

(
m

(r)
i′,oj

2

)

m
(r+1)
i,oj =

|T |+1∑
k=1

∑
o′k �=oj

m
(r)

o′k,i
(2)

where oj denotes an output bit related to a BSC(νj ),m
(r)
i,oj

denotes messages sent from the input bit i to the output
bit oj , m(r)

oj ,i
denoting messages sent from output bit oj to

input bit i and Z
(j)
o being the LLR related to the output

bit oj .
• E-step: Evaluate the posteriori probability f(xi | yi; ν̂�)
for each xi (ν� depends of the location of the segment in
the error sequence).

• M-step: Update the value of

ν̂�+1 =
1

n

n∑
i=1

f(xi �= yi | yi; ν̂�)

• Let � := � + 1, and go to the E-step
2) Sequential Channel Estimation Algorithm: In a sequen-

tial crossover estimation regime we can adapt an algorithm
that was recently proposed in [11] for sequential proba-
bility estimation. The algorithm generalizes the well-known
Krichesvky-Trofimov sequential estimator in the binary case
for parameters that are confined within a smaller interval than
the standard [0, 1] interval (crossover can only take values
smaller than 1/2).

B. Segmentation methods
We present two segmentation strategies, one that partitions

the data into equal length blocks, assuming changes between
the blocks. The other employs a recursive algorithm proposed
in [6] to identify a point that is relatively close to the change.
1) The Block Partitioning (BP) Algorithm on PSM-BSC:

The BP partition the data into blocks of equal length. The
length can be determined to minimize the tradeoff between
two types of penalties. One is caused by lack of statistics for
blocks of insufficient length. The other is caused by the worst
case in which a change occurs in the midpoint of a block. The
first requires longer blocks, while the second requires shorter
ones. Roughly blocks of the order of

√
N achieve optimal

tradeoff (as in [12],
√

N is a guideline, but we choose a
fixed block length).
The LT estimation-decoding in conjunction with the BP

works as follows:
• Initialization: We assume that we know the capacity
from the number of bits received, and then we assume
stationary crossover p̂0 with this number of bits.

• Belief-Propagation: The decoder performs several sum-
product iterations. An estimate of the noise sequence is
obtained by comparing the soft values of X̂N

1 and the
received noisy sequence YN

1 .
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• Transition Point Estimation: Next, the decoder applies the
BP on YN

1 . The sequence YN
1 is partitioned into equal

length segments.
• PSM-BSC statistics estimation: The PSM-BSC statistics
estimation (estimation of crossover probabilities) is done
by using either the EM algorithm, or the sequential
channel estimation algorithm briefly discussed above, on
each of the obtained segments.

• Go to the Belief-Propagation step. This process stops
when successful decoding is achieved, or when the max-
imum number of iterations has expired.

2) The Recursive Decision (RD) Algorithm on PSM-BSC:
Estimation-Decoding in conjunction with the RD method
follows the same steps as with the BP algorithm, modifying
only the Transition Point Estimation step.

M 2{β2
1}

k 2

β2
1

N 2 = N

N 1

N 1

Level  2

Level  1

N 0

Level  0

N 0

k1

k1

k0

X
t4
^

X

X

M 2{β2
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β2
1+1β2
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β2
2

β2
2+1β2
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X

β2
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β2
2
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4 β1

4+1β1
4−1β1

3 β1
3+1β1

3−1
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β1
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4}

β1
4 β1

4+1
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4−1 β0

4 β0
4+1

2k1

Fig. 2. Recursive block partitioning for a three-level decision algorithm.

The recursive decision algorithm attempts to estimate up
to a bounded number of changes within the error sequence
hypothesized by the current estimates of the vector denoted
X̂N

1 . The parameter S, provided to the algorithm, determines
the total number of distinct transition estimates to be obtained.
The components of the error sequence are the current a-
posteriori probabilities that xi �= yi. The algorithm, taken
from [6], functions iteratively at levels, starting with level
� > 0. The hypothesized (soft) error sequence is partitioned
into blocks β� of equal length κ�, for some top level �. Then
for each block β�, the statistical distance (metric) is measured
between the data in the two blocks surrounding the block.
These results are used to divide the blocks β� with the highest
metrics into sub-blocks β�−1, of length κ�−1 (generally an
integer divisor of κ�), for which the metrics are calculated
again, and the highest metric blocks subdivided. The algorithm
terminates at level 0, where the transition point is estimated
to occur in the middle of the block with the highest metric.
The metric for each block, at any level, is calculated

as follows. Let p(β1) and p(β2) be the average bit error
probability for blocks β1 and β2, respectively, found from

the bit error probability estimation algorithm. The empirical
entropy of the concatenation of blocks p(β1) and p(β2) is
given by

H(β1, β2) =∑
u∈{0,1}

1

2
(p(β1) + p(β2)) log

1

2
(p(β1) + p(β2))

The empirical entropy of the block β is given simply by
H(β, β). The metric M(β) of a block β , is obtained from
the empirical soft values of both neighboring blocks β−1 and
β + 1 as

M(β) � H(β−1, β+1)− 1

2
H(β−1, β−1)− 1

2
H(β+1, β+1)

If some block β has a large metric, it is likely that a change
occurred within the block or its neighborhood.
While theoretically two levels of the algorithm are

sufficient, in practical applications, the algorithm can be
performed with more levels. Figure 2 illustrates a three level
segmentation mechanism for � = 2. For level v ∈ {0, 1, 2},
the level-v near neighborhood of block βv is defined as
the concatenation of the data that constitute blocks βv − 1,
βv and βv + 1. An error sequence of length N , on which
a level of the algorithm is performed, is represented by a
bold horizontal line, which is partitioned into the respective
blocks by vertical lines. Thick vertical lines in level-0
represent level-1 partitioning points and thick vertical lines
in level-1 represent level-2 partitioning. On the top level
(level-2), blocks β1

2 and β2
2 have the largest metrics. Level-1

is performed on each of the near neighborhoods of the two
blocks. In Figure 2, level-1 is illustrated only for the level-2
near neighborhood of β2

2 . Block β4
1 has the largest level-2

metric in the near neighborhood of level-2 block β2
2 and block

β4
0 has the largest level-1 metric in the near neighborhood of
level-1 block β4

1 . The transition point t̂4 is thus estimated as
the middle of the block β4

0 .

V. SIMULATION RESULTS
In this section, we present simulation results of proposed

scheme, compare its performance to one with perfect knowl-
edge of the PSMC-BSC in terms of bit error rate (BER)
and in terms of redundancy. All results were obtained using
the output degree distribution Ω1 given by its generating
function Ω1(x) = 0.1629+0.3530x+0.0941x2+0.0455x3+
0.0942x4 + 0.097x5 + 0.0154x10 + 0.0875x11 + 0.0004x86 +
0.05x87. The length of the LT code (or any other code) must
be at least n , where n := k

Cap(PSM-BSC) (capacity required
length), and any additional bits are called redundant bits. A
PSM-BSC is constructed in such a way that ndi bits are
sent through a BSC with crossover probability νi, and the r
redundant bits are all sent through the channel with crossover
probability ν|T |+1. The length N of the considered LT code
is thus obtained by N = r + (

∑|T |+1
i=1 ndi) = r + n. That

is, the redundant bits are all sent in the (|T | + 1)th channel,
and no transitions are allowed while the redundant bits are
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being transmitted. The RDA algorithm is performed with 3
levels and parameterized by K, where K = (κ2, κ1, κ0). The
BP algorithm being parametrized by κ which represents the
blocks length.

A. BER results
We compare the information BER performance of the sys-

tem illustrated in Figure 1 where full PSMC-BSC statistics are
unknown to which PSMC-BSC statistics are perfectly known
by the decoder. The LT code parameters (k, Ω) = (7000, Ω1)
where N = 20000 (here N is known in advance) and Ω1 is
defined previously. The PSMC-BSC parameters are (T ,R) =
({5000, 8000}, [0.25, 0.49, P3]), where 0.01 ≤ P3 ≤ 0.1. The
RDA parameter is K = (500, 100, 20). The BP parameter is
κ = 100.

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

P3

B
E

R

Known PSMC−BSC
RD
BP

Fig. 3. BER Performance comparison with and without knowledge of PSMC-
BSC statistics with varying good channel.

B. Redundancy results
In this part, we compare the information redundancy perfor-

mance of the decoder in which perfect PSMC-BSC statistics
are provided to the decoder with BP and RD algorithms. The
LT code parameters (k, Ω) = (6000, Ω1), where Ω1 has been
defined above. The PSMC-BSC parameters are (T ,R) =
({6150, 10000}, [0.305, 0.105, P3]), where 0.415 ≤ P3 ≤
0.46. The RDA parameter is K = (500, 100, 20) and the BP
one is κ = 100 as before.
We start with a fixed absolute length for segments 1 and

2. Then we add redundancy bits in segment 3 until decoding
is complete. The stop criteria here is a BER of 0. Thus we
compute the relative duration of each segment in the final
block length. The capacity required length is then evaluated for
the computed relative duration. The redundancy is the number
of bits beyond this length.

VI. CONCLUSION
This paper described initial work on decoding Fountain

codes for transmitting data over a PSMC with unknown sta-
tistical parameters. Combined estimation-decoding algorithms
were derived, where change point and crossover parameter

0.415 0.42 0.425 0.43 0.435 0.44 0.445 0.45 0.455 0.46
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P3

R
e
d
u
n
d
a
n
cy

Known PSMC−BSC
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BP

Fig. 4. Redundancy performance comparison with and without knowledge
of PSMC-BSC statistics with varying bad channel.

estimations were integrated into decoding of an LT code.
Simulations results demonstrated that with recursive change
point estimation combined with EM parameter estimation, an
LT code can achieve performance almost as good as when
decoding with perfect knowledge of the channel parameters.
Performance was measured in terms of both BER for fixed
length blocks, and redundancy required for decoding the
information.
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