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Abstract— This paper proposes iterative estimation and de-
coding techniques for memoryless channels with a bounded
number of abrupt changes in channel statistics. Specifically,
the channel under consideration is a binary symmetric channel
with a crossover probability that changes a bounded number of
times during the transmission of a codeword; the channel state
information to be estimated consists of the crossover probabilities
of the different segments and the location(s) of the transition
point(s). To estimate the transition points, a technique developed
for source coding of piecewise-stationary memoryless sources is
adapted; then the Expectation-Maximization algorithm is used to
estimate the crossover probabilities. This segmentation/estimation
is carried out on the error sequence of the currently hypothesized
code frame. Simulation results using turbo codes indicate that
the proposed receiver performs almost as well as a receiver that
has perfect knowledge of the channel.

I. INTRODUCTION

This paper introduces an iterative channel estimation and
decoding algorithm for channels with abruptly changing statis-
tics, hereafter called Piecewise Stationary Memoryless Chan-
nels (PSMCs). The channel statistics remain constant over
segments of variable size, and the locations of the transition
points are arbitrary, not described by a probability distribution.
Neither the statistics in each segment nor the transition points
are provided to the receiver. Practical motivations for this
channel model include multiple access collisions, dynamic
shadowing in mobile communications, or switching interfer-
ence caused by an on-off jammer.

An algorithm from source coding is combined with channel
decoding to estimate the parameters of such a channel. The
algorithm, designed to estimate the transition points of a
piecewise-stationary memoryless source [6], is altered here to
estimate the transition points between channel segments. The
Expectation-Maximization (EM) algorithm [3] is then used
to estimate the channel statistics within each segment. Thus
channel estimation consists of estimating the transition points
and then estimating the channel statistics within each segment.

In the next section, a detailed description of the channel
model (along with some illustrative examples) is provided.
In Section III, a transition point (TP) estimation algorithm
that can be used with either hard or soft decoder decisions is
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described. In Section IV, a receiver for iterative joint channel
estimation and turbo decoding is presented. In Section V, sim-
ulation results are given, and some conclusions are provided
in Section VI.

II. DESCRIPTION OF THE SYSTEM AND CHANNEL MODEL

In this paper, we consider the following system. A sequence
of bits ���� ��� ���� ��� ���� �� � is encoded using a turbo code
of rate � � ��� into the sequence ���� ��� ���� ��� ���� �� �.
The sequence ���� ��� ���� ��� ���� �� � is then transmitted over
a channel, which will be assumed to be a binary symmet-
ric channel (BSC), with crossover probability ���	�, (	 �
�� �� ���� � ). The crossover probability may vary in time as
described below. The received sequence �
�� 
�� ���� 
�� ���� 
� �
must be used to recover the original message sequence
���� ��� ���� �� � without prior knowledge of the values of
���	�. In particular, we consider a PSMC in which the
crossover probabilities

� abruptly change at arbitrary times, and
� are constant between the abrupt transition points.

For simplicity, we will denote the crossover probability of
segment � by �� . As a simple illustration, we focus on a BSC
in which the number of changes per transmitted frame (code
word) is exactly one. (See Figure 1.)

 

 

 

 

 

 

 Fig. 1. A BSC with one transition point.

In Figure 1, p� and p� are the crossover probabilities of the
two segments separated by the TP; in general, there can be
several transition points within one frame. In addition, other
channel models can be considered - for example, a Gaussian
channel with different noise variances in each segment. How-
ever, in this paper the focus is on binary symmetric channels
with abruptly changing statistics.



One example of a PSMC is evident when two or more
users transmit over the same medium without using a multiple
access protocol, and the transmissions overlap, causing a
collision. For the interval during which the signals overlap,
the information transmitted through the channel is degraded.
Another example is dynamic shadowing of the received signal
in mobile communication. In this scenario, the signal transmit-
ted from a mobile user may be attenuated when the mobile
passes a large building, enters a tunnel, or is otherwise blocked
from the receiving antenna. Finally, switching interference due
to jamming can be modeled in this way. In practice, this type
of interference can be caused either unintentionally (e.g., the
switching of high-power lines) or by an intentional jammer.

III. TRANSITION POINT ESTIMATION ALGORITHM

A. Overview of the Algorithm

To estimate the location of a TP, we use an algorithm
originally developed to estimate the transition points of a
piecewise stationary memoryless source (PSMS) [6]. A PSMS
is a source with data that can be divided into a bounded num-
ber of sufficiently long stationary segments with different letter
probabilities for each segment. These segments are separated
by transition points that can be estimated as described below.

In the first step, the data is divided into blocks of equal
length, and a metric is associated with block � by measuring
a statistical “distance” between block � � � and block � �
�. The larger the metric of a block, the more likely it is
that a transition has occurred in that block. In some cases,
particularly when the TP is close to the boundary between
blocks, the transition may occur not in the block with the
highest metric, but in one of the neighboring blocks. Therefore,
in the second step, the block with the highest metric and its
two adjacent blocks are selected, and the above procedure is
repeated on the selected interval with a smaller block size. The
TP is then estimated as the middle point of the block with the
largest metric. Clearly, the block sizes in each step must be
chosen carefully. We use a long Level-1 block to obtain a
more reliable metric, and then short Level-0 blocks to provide
a more accurate estimate of the transition point. This estimate
will be closer to the actual transition point than an estimate
obtained by using only a single long block. (Note that in a
system with more than a single transition, we cannot choose
the Level-1 block too long, because then we may have more
than one transition in a block.)

If there is more than one TP in the frame, blocks containing
a single TP are identified one after another using the criteria
in the first step. Then the second step is repeated for each
selected block until all the TPs are identified.

B. Hard Decision Estimation of Channel Transitions

In the hard decision mode, the decoder generates a hard
decision estimate for each transmitted bit (i.e., both infor-
mation and parity bits). This hard decoder output sequence
is then XORed with the received sequence to produce an
estimated binary error sequence, with the 1s corresponding to
estimated errors in the received sequence. The average bit error

probability in a block can then be estimated by the relative
frequency of 1s in the block.

The two level recursive decision algorithm is performed
as follows: The upper level (Level-1) partitions the error
sequence into blocks of length �, and the lower level (Level-
0) partitions the error sequence into shorter blocks of length
�. For simplicity, we assume that � divides �, and �
divides the length of the error sequence N.

The likelihood of a TP within a block at any level is
determined by computing an associated metric. Let �� denote
a block number in the Level-� partitioning (� � ��� ��); so
� � �� � N�k�. The Level-� metric M����� of block �� is
obtained from the error sequence in the neighboring blocks
�� � � and �� � � as follows. Let n����� (resp., n�����) be
the number of 0s (resp., 1s) in the estimated error sequence in
block ��. Then the empirical per-bit entropy of the Level-�
block �� is given by

H���� � �
�

u������

n���u�
�

��	
n���u�
�

� (1)

and the empirical entropy of the concatenation of blocks � �

and �� is given by

H��� � ��� � �
�

u������
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where the logarithms are to the base of 2. From equations (1)
and (2), we obtain the metric M�����:

M����� � H������ ������
�

�
H�������

�

�
H������� (3)

The metric M����� measures a statistical “distance” be-
tween the empirical distributions in blocks ���� and ����.
(In [4] and [9] this metric is shown to be asymptotically
optimal for testing whether or not the two blocks are produced
by the same source.) If M����� is large, it is likely that there
is a TP close to block ��, and vice versa.

Suppose there are at most S TPs in the whole error se-
quence. Then, beginning with Level-1, we pick the block of
length � with the largest metric, together with its neighboring
blocks - say blocks ��� � �, ���, ��� � � - for estimating
the first TP. Then the block with the highest metric among
the remaining blocks - call it ��� - is selected along with its
neighboring blocks for estimating the second TP. This proce-
dure continues until S blocks with their respective neighboring
blocks are selected. Then all the selected Level-1 blocks and
their neighboring blocks are independently segmented into
Level-0 blocks for further investigation. This algorithm is
illustrated pictorially in Figure 2. (In the case when there are
fewer than S transitions, the algorithm still estimates S TP’s,
resulting in some additional computation but no performance
loss. Thus, in order to reduce computational effort, it is
important to choose S no larger than necessary.)

In Level-0, each neighborhood selected in Level-1 is as-
sumed to contain exactly one TP. Hence, we repeat the same
procedure, but with � � � and block length �. In this
two-level recursive decision algorithm, the TP is estimated
as the middle of the block with the largest metric in each



 

Fig. 2. Recursive block partitioning of the data for a two level decision
algorithm designed to find two transition points. Transition point estimates
are noted by X’s.

neighborhood. (Note that it is possible that the procedure
described will yield less than � transition estimates. This is
because Level-0 partitioning of some adjacent distinct Level-
1 block neighborhoods may result in estimating the same
transition point. If this happens, additional Level-1 blocks can
be chosen until � transition estimates are obtained.)

C. Soft Decision Estimation of Channel Transitions

A channel decoder may also produce confidence values -
i.e., probabilities - for each decoded bit. The TP estimation al-
gorithm can exploit these soft values to improve performance.

The differences between the soft and hard decision esti-
mation algorithms lie in how the metric of each block is
obtained. The error sequence in the soft decision algorithm
is a sequence of error probabilities for each transmitted bit,
and the average probability of bit error in each block can
be obtained in various ways. The most obvious approach is
to average the error probabilities of the bits over the block.
Another way is to count the number of bits with an error
probability above a certain threshold in each block, and then
divide the result by the block length. We employed the first
method in the simulation results reported in Section V.

Let p���� and p���� be the average bit error probability
for blocks �� and ��, respectively. Then the empirical per-bit
entropy of the Level-� block ��, the empirical entropy of the
concatenation of blocks �� and ��, and the metric M����� for
the soft decision case are given by (1), (2), and (3), with p�� ��
and p���� replacing n���u�/k� and n	��u�/k�, respectively.

IV. JOINT ESTIMATION-DECODING WITH TURBO CODES

In this section, we describe a turbo coding system that
integrates standard turbo decoding with our proposed channel
estimation algorithm for the PSMC. Such a system is shown in
Figure 3. After encoding, the bits are permuted by a channel
interleaver and transmitted over the channel. The deinterleaver
unscrambles the bits at the receiver and passes the bits into
the joint channel estimator and decoder, which consists of two
parts: (1) the turbo decoder, and (2) the channel estimator
(CE). The CE itself consists of a transition point estimator

 

Fig. 3. A turbo coding system with iterative channel estimation and decoding.

(TPE) and a crossover probability estimator (CPE). They
interact in an iterative manner.

The motivation for the channel interleaver is the bursty
nature of the channel. During a noisy burst, the turbo decoder
will have difficulty estimating the error sequence when the
length of the burst exceeds the constraint length of the con-
stituent encoders. To achieve better performance, we therefore
distribute the errors in the received frame with a channel
interleaver.

The iterative process in the receiver proceeds as follows:
� For the first iteration, the MAP (or BCJR) decoder pro-

vides the CE with an estimated error sequence, obtained
by comparing the output of the decoder’s first iteration
to the received symbols.

� Within the channel estimator, the TPE uses the error
sequence to estimate the transition points, while the
CPE uses the EM algorithm to estimate the crossover
probabilities in each segment based on the estimated
error sequence and the estimates of the transition points
produced by the TPE.

� The crossover probabilities and the TP estimates are
passed along to the turbo decoder, which performs an-
other iteration and sends an updated error sequence
estimate to the CE.

� This process continues for a fixed number of iterations,
with the turbo decoder providing updated error sequence
estimates to the channel estimator and the channel esti-
mator providing refinements of the channel estimate to
the turbo decoder.

The turbo decoder uses a version of the BCJR algorithm [1]
that generates hard or soft estimates of the entire codeword,
including both information and parity bits.

The TPE is implemented as described in Section III. The
values of the block lengths used in the algorithm - � and �
- remain fixed throughout the process. Appropriate values of
� and � can be based on initial estimates of the crossover
probabilities �� and ��. Assuming only a single TP far enough
from both ends, we can estimate �� and �� from both sides
of the error sequence.

For the soft decision case, the estimate of segment �
crossover probability �� in the ith iteration of the joint
estimator-decoder produced by the EM algorithm is given by


��
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�
�

�

��i��
x� �� y��� (4)

where �
 is the number of bits in the segment, ��i��
x� �� y��,
which is the estimated error probability of the 	th received



bit in the �th iteration, is obtained from the BCJR-decoder
log-likelihood ratios, and the sum is over those time instants
included in segment �. It is seen in (4) that 
��

�i�, the EM
algorithm’s estimate after i iterations, can be interpreted as a
“soft” count of the estimated errors in the segment divided by
the length of the segment. It can also be interpreted as the
average of the error probabilities of each bit in a segment.
Comparably, for the hard decision case, we simply count the
number of bit errors in each segment and divide by the length
of the segment.

V. RESULTS

In this section, we present simulation results to illustrate a
variety of design issues and demonstrate the performance of
this system compared to one with perfect knowledge of the
channel. All results assume a standard rate-1/3 3GPP turbo
code [8] with identical constraint length-3 constituent encoders
and a binary symmetric channel with only one TP.

Figure 4 compares the bit error rate (BER) performance
of the system in Figure 3 to a system in which perfect
channel state information is provided to the receiver and
to a system without channel estimation, in which only the
average crossover probability is estimated at the receiver. The
simulation uses soft decision BCJR decoding and 15,000-bit
frames (information bits and parity bits together). In each case,
the transition point is set at the end of the first quarter-frame,
and the crossover probability in the first segment is �� � ���;
in Figure 4 the value of �� is varied to produce an average
error probability of ���� � ����������� � ��������, which is
plotted on the �-axis. The block size parameters were chosen
as � � ��� and � � ��, and 15 decoding iterations were
performed in every simulation. A random interleaver was used
as the channel interleaver.

 
Fig. 4. Performance of a system with perfect knowledge, the system of
Fig. 3 with soft decisions, the system of Fig. 3 with hard decisions, and the
system that uses average crossover probability for a 15,000-bit frame length,
�� � ���.

Figure 4 demonstrates that there is very little loss with the
new system compared to an ideal receiver that has perfect

channel state information. We also observe that the overall
performance of the proposed system is far superior to that of
a system that uses the average crossover probability. We see
that the advantage of perfect knowledge (or a CE) decreases
as p� (pavg) becomes larger. This is because, as we increase
��, the channel becomes quite noisy and we may be operating
beyond its capacity. The performance of the system in Figure 3
with hard decisions is also shown in Figure 4. It is observed
that the performance degrades compared to the soft decision
case, particularly for small values of p� (pavg).

A. The Necessity of a Channel Interleaver

As discussed above, channel interleaving helps the decoder
to achieve better performance by dispersing error bursts. This
is illustrated in Figure 5. The average crossover probability
is ���� � ���� and p� � ���. The transmitted frame is
3,000 bits long. The advantage of using a channel interleaver
increases as the frame length increases. When the transmitted
frame is 15,000 bits long, for example, knowing just the
average crossover probability and using a channel interleaver
outperforms the uninterleaved perfect knowledge case [2].

 

Fig. 5. Performance comparison with and without a channel interleaver-
3,000-bit frame length, ���� � ����� �� � ���.

B. Sensitivity to TP Estimation Error

The sensitivity of decoder performance to TP estimation
error is shown in Figure 6. The results are for a channel with
p� � ��� and varying p�. The transmitted frame is 3,000 bits
long and the TP is at the quarter point of the frame.

In Figure 6, a negative TP offset means that some bits in the
first (high crossover probability) segment are treated as bits
with a low crossover probability, while a positive TP offset
means that bits in the second segment are considered to be
more unreliable than they actually are. In the first case, �� is
correctly estimated, and the estimate of �� is the mixture of the
small segment of length TP offset with crossover probability
�� and the segment with crossover probability ��, which is
slightly larger than the actual ��. In the second case, �� is
correctly estimated, and the estimate of �� is the mixture of the



 

Fig. 6. Sensitivity of the decoder to TP estimation error: TP at 1/4 of the
3,000-bit frame length, �� � ���.

small segment of length TP offset with crossover probability
�� and the segment with crossover probability ��, which is
slightly lower than the actual ��. In both cases, there is a
degradation in the performance of the decoder, while the first
case performs slightly worse than the second. This is due to the
fact that we pay a larger penalty by assuming a better channel
than we do by assuming a worse one. The figure also shows
that two level segmentation with estimation at the midpoint of
Level-0 is sufficient, because small estimation offsets do not
cause much degradation [7].

For a larger frame length of 30,000 bits, the sensitivity
behavior is almost the same, except that the performance of
the decoder is only minimally affected for small TP offsets
[2].

VI. CONCLUSIONS

This paper develops a joint estimation-decoding algorithm
for a PSMC. The algorithm divides the received sequence into
segments separated by (estimated) transition points, indicating
where the channel statistics change. The considered channel
model can be used to describe various practical scenarios such
as multiple access collisions, dynamic shadowing, or switching
interference.

The performance of a turbo decoder is sensitive to the
channel statistics, and this makes it important to obtain good
estimates of both the transition points and the statistics in each
channel segment. To estimate the parameters of a PSMC, an
approach from source coding was used to detect the transition
points and then combined with the EM algorithm to estimate
the channel statistics within segments.

By using this joint estimation-decoding strategy to itera-
tively obtain the channel statistics and transition points of a
PSMC in turbo decoding, we found that the overall perfor-
mance was greatly improved and approached the performance
of a decoder with perfect knowledge of the channel.

REFERENCES

[1] L. R. Bahl, J. Cocke, F. Jelinek, and J. Raviv, “Optimal decoding of linear
codes for minimizing symbol error rate,” IEEE Trans. Inform. Theory, vol.
20, pp. 284-287, Mar. 1974.

[2] C. Koller, “Channel estimation for turbo codes in an arbitrarily chang-
ing channel,” Diploma thesis, Lehrstuhl fuer Nachrichtentechnik, TU
Muenchen, Dec. 2004.

[3] C. N. Georghiades and J. C. Han, “Sequence estimation in the presence
of random parameters via the EM algorithm,” IEEE Trans. Commun., vol.
45, pp. 300-308, Mar. 1997.

[4] M. Gutman, “Asymptotically optimal classification for multiple tests with
empirically observed statistics,” IEEE Trans. Inform. Theory, vol. 35, pp.
401-408, Mar. 1989.

[5] S. Lin and D. J. Costello, Jr., “Error Control Coding, Second Edition,”
Prentice Hall, Upper Saddle River, NJ, 2004.

[6] G. I. Shamir and D. J. Costello, Jr., “Asymptotically optimal low-
complexity sequential lossless coding for piecewise-stationary memory-
less sources – part I: the regular case,” IEEE Trans. Inform. Theory, vol.
46, No. 7, pp. 2444-2467, Nov. 2000.

[7] T. A. Summers and S. G. Wilson, “SNR mismatch and online estimation
in turbo decoding,” IEEE Trans. Commun., vol. 46, pp. 421-423, Apr.
1998.

[8] Third Generation Partnership Project, ”Technical specification TS25.212,”
Version 3.1.0, Tech. Rep., 1999.

[9] J. Ziv, “On classification with empirically observed statistics and universal
data compression,” IEEE Trans. Inform. Theory, vol. 34, pp. 278-286,
Mar. 2000.




