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Introduction of Deep Learning Theory

Deep Learning Overview

@ Deep learning has achieved tremendous successes in practice:
speech, vision, text, games, - - -

@ Deep learning is somehow criticized because it can not be
explained by the current machine learning theory.

Open Problems

@ What is the essense to successes of neural nets?

Why neural nets overtake other ML models in practice?

Why so “easy” to learn neural nets?

°
°
@ Why do neural nets generalize well?
°

What is the limit of neural nets?
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Introduction of Deep Learning Theory B
? Deep learning overview

Deep learning theory review
Learning problem formulation

Deep Learning Theory

Theoretical Issues of Neural Nets

@ expressiveness: what is the modeling capacity of neural nets?
o solved due to the universal approximation [Cyb89]
@ optimization: why simple gradient descents consistently work?

o NP-hard to learn even a small neural net [BR92]
o high-dimensional & non-convex to learn large neural nets
[AHW95]

© generalization: why over-parameterized neural nets generalize?

e VC theory gives loose bounds to simple models [Vap00]
o totally fails to explain complex models like neural nets
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Introduction of Deep Learning Theory B
? Deep learning overview

Deep learning theory review
Learning problem formulation

Problem Formulation

Machine Learning as Stochastic Function Fitting

@ Inputs x € R¥ follow a p.d.f. p(x): x ~ p(x)

@ A target function y = f(x): deterministic from input x € R¥ to
output y € R

o Finite training samples: D1 = {(x1,y1), (X2, ¥2), -, (x7,¥7)},
where x; ~ p(x) and y; = f(x;) forall 1 <t < T

® A model y = f(x|Dr) is learned from function class C based on Dt
to minimize a loss measure /(f, ) between f and f w.r.t. p(x)

@ /(-) is normally convex: mean square error, cross-entropy, hinge, ...
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Introduction of Deep Learning Theory

Problem Formulation (cont'd)

@ Ideally 7() should be learned to minimize the expected risk:

Expected Risk

R(FIDT) = Exgo [/ (F(x), F(xiD7)) |

@ Practically f() is learned to minimize the empirical loss:

Empirical Risk

-
RamplF1D7) = 3" 1y, F(xel D))

t=1

o Function class C = L!(Uk), where Uk = [0,1]¥ c RK

f e L}(Uk) <:>/ / x)| dx < oo
xeUk
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space

From canonical space to literal space
Why large neural nets learn like convex optimization?

%

© Optimization Theory for Deep Learning
@ Learning neural nets in literal space
@ Learning neural nets in canonical space
@ From canonical space back to literal space
@ Why large neural nets learn like convex optimization?
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
onical space back to literal space
rge neural nets learn like convex optimization?

Learning as Functional Minimization

@ Learning is formulated as model-free functional minimization
in LY(Uk):

f*= Q(f|Dr) = I(
o i, QP = g 30

Functional minimization is very generic. But

how to parameterize the function space L(Uk) at above?
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in onical
From canonical space back to lit ace
Why large neural nets learn like c optimization?

Literal Model Space: Neural Networks

Literal model space

Use neural networks to represent the function space L1(Uk)

o Literal space Ay;: the set of all well-structured neural nets of
M weights; each neural net is denoted as w € RM

e Universal approximator theorem [Cyb89]: Vf(x) € L}(Uk)
can be well approximated by at least one w in Ayy.

o If inputs and all weights are bounded, Yw € Ay, represents a
function in L}(Uk), denoted as fy(x).

If M is sufficiently large, limp_yo0o Ay = LY(Uk).
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

Learning in Literal Space

Learning neural nets in literal space

.
w* = arg min Q(fu[Dr) = arg min >~ (v, fu(x)
w

M
weR —1

Literal
Model
Space Ay,

Function
Class
L4([0,2]*)

surjective
not injective

Hui Jiar
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

Canonical Model Space: Fourier Series

o Fourier coefficients: Vf(x) € [1(Ux) == 0 = {0i|k € ZK}

O = / / ) e~ 2Tk x gy (Vk € 7K)
eUgk

o Fourier series: f(x) := .71 (x|0)
_ Z Ok eZm’k-x
kezZK

o Riemann-Lebesgue lemma: Ve > 0, truncate to N
significant terms, A/, to form a partial sum of finite terms

— Z 9k e27rik-x

keN.
where [+ [l oy [IF(x) = F(x)[Pdx < €.
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neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

lllustration of Canonical Space of L}(Uk)

any f(x) € L'(Uk) Fourier copsr 0 = (0k1,0kz,-..) €O C C
eff’C’Gnts s
Fourje, Series ' ¥
. 3

truncate by €

I feew 1FG0) = fx)|2dx < &

/\ / \/\// Fourier partial sum

f(x) € L'(Uk) 6 = (biy, O1cas - - - Oicy) €O C ON

Hui Jiar
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neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

lllustration of Canonical Space of L}(Uk)

any f(x) € L'(Ug) 0 = (Ox,,0k,,...) EO CC™

Four;
urier COefficieng

Fourj
urier serjes '

-®

f f ||f( ) f( )sz <2 3.]_4159265353979.um...., truncate by €
T Ixeuk X)—J (X x <€

/,,\
"/ // .
/\ / /\J Fourier partial sum

\
\

\\/,/
. ) X X
f(x) € L'(Uk) 0 = (O, Oas - -, Orcry) €O C CN
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Learning neural nets in literal space

Learning neural nets in canonical space

From o C o literal space

Why larg earn like convex optimization?

Optimization Theory for Deep Learning

Canonical Space of [1(Uk)

o Canonical space ©: each set of Fourier coefficients 8 € ©

Canonical Function
Model Class
Space © (10,119
bijective
6, falx)
0, fo(x)
0, £,(x)
o .
° .
L .

Learning in canonical space

.
* 2 _ : -1
0" = arg min Q(6|Dr) = arg min ; I (ye, 71 (xt19))
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Learning neural nets in literal space

Learning neural nets in canonical space

From canonical space back to literal space

Why large neural nets learn like convex optimization?

Optimization Theory for Deep Learning

Learning in Canonical Space

The objective function Q(f|Dr) is convex in canonical space. If
the dimensionality of canonical space is not less than the number
of training samples in DT, the global minimum achieves zero loss.

Proof sketch:
e Q(f|Dr) is represented in canonical space:

T T

QODT) =1 (s 7 1% 10)) =S 1 | ye, Y by - €27kxe

t=1 t=1 keN,

e N unknown coefficients: 8 = {0 | k € N}
o T linear eqns: y; = F(x;) = > oken. Ok e2rikxe (1 <t+<T)
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

From Canonical Space back to Literal Space

@ The objective function in two spaces:
Q(fw|D7) = Q(fe|D1)
@ The chain rule:

VWQ(fW"DT) = VgQ(f3|DT)VW9 = Va Q(fg"DT) va(fw(x))
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

From Canonical Space back to Literal Space (cont'd)

Disparity Matrix

i Afu(x) )]

aQ F (—) a9Q

Pwr o 26,

2Q _ |z (o 0Q

D - ( D ) 98,

e ' Q.

own - Mx1 9(85“555)) 90y - Nx1
L 4 MxN

disparity matrix H(w)

Gradients in literal and canonical spaces are related via a pointwise
linear transformation: {VWQ} = [H(w)} [VQQ:|
Mx1 MxN Nx1
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learni ural nets in canonical space
From ical space back to literal space
Why large neural nets learn like convex optimization?

From Canonical Space back to Literal Space (cont'd)

Assume neural network is sufficiently large (M > N). If w* is a
stationary point of Q(f) and H(w*) has full rank, w* is a global
minimum.

If w© s a stationary point of Q(f,) and H(w(®)) does not has full
rank at w(©), then w(®) may be a local minimum or saddle point or
global minimum.
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

Why learning of large-scale neural networks behaves like

convex optimization?

Stochastic Gradient Descent (SGD)

randomly initialize w© set k=0
for epoch =1 to L do
for each minibatch in training set D1 do
wlktt) — wk) — h v, Q(wk))
k+—k+1
end for
end for

Theorem 5

If M > N, and initial w(©) and step sizes hi are chosen as such to ensure
H(w) maintains full rank at every w(¥), then SGD/GD surely converges
to a global minimum of zero loss like convex optimization.
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Learning neural nets in literal space
Optimization Theory for Deep Learning Learning neural nets in canonical space
From canonical space back to literal space
Why large neural nets learn like convex optimization?

Why learning of large-scale neural networks behaves like

convex optimization? (cont'd)

When H(w) degenerates?
@ dead neurons: zero rows
@ duplicated neurons: linearly dependent rows

@ if M > N, H(w) becomes singular only after at least M — N
neurons are dead or duplicated.

Corollary 6

If an over-parameterized neural network is randomly initialized,
SGD/GD converges to a global minimum of zero loss in probability.
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Why neural nets not overfitting?
Bandlimited functions

Learning Theory for Deep Learning Perfect learning
Asymptotic regularization

e Learning Theory for Deep Learning
@ Why neural nets not overfitting?
@ Bandlimited functions
@ Perfect learning
@ Asymptotic regularization
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Why neural nets not overfitting?
Bandlimited functions

Perfect learning

Asymptotic regularization

Learning Theory for Deep Learning

Why over-parametered neural networks not overfitting?

Current machine learning theory

@ VC generalization bound for classification [Vap00]:

8dm(In 2L +1) +8In(%)
R(fw |DT) é Remp(fw | DT) I \/ dwm T 0

@ Error bound for NNs [Bar94]: approx + estimation errors

R(fy| D7) < O (ij) +0 (M%K |og(T)>

Presumably over-parameterized models will fail due to overfitting:

When M — 00, Remp(fw | P1) = 0, but R(fy | D7) will diverge.
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Why neural nets not overfitting?
Bandlimited functi
Learning Theory for Deep Learning Perfect learnin

Asymptotic arization

Learning Problem Formulation (review)

@ Inputs x € R¥ follow p.d.f. p(x): x ~ p(x)
@ A target function y = f(x): from input x € R¥ to output y € R

@ T training samples: D1 = {(x1, 1), (X2, y2), -, (X7,y7)}, where
x;~ p(x) and y; = f(x¢) forall 1 <t < T

@ A model y = f(x|D7) is learned from Dt to minimize loss

Empirical Risk
1T
Remp(f | DT) = 7 Z /(}/tv f(xt|DT))
t=1

Expected Risk

R(F D7) = Eyg [/ (F00), F(x/D7)) |

A\
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Why neural nets not overfitting?
Bandlimited functions
Learning Theory for Deep Learning Perfect learning

Asymptotic regularization

Bandlimitedness

@ For real-world applications, target functions must be bandlimited.
@ Non-bandlimited processes must be driven by unlimited power.

@ Real-world data are always generated from bandlimited processes.

Definition 7 (strictly bandlimited)

—+o00
F(w):/~--/ F(x) e dx =0 if || > B

Definition 8 (approximately bandlimited)

Ve > 0, 3B, > 0, out-of-band residual energy satisfies

// IF()|]? dw < &
[[w||>Be

Hui Jiang Deep Learning Theory

24/40



Learning Theory for Deep Learning

[llustration of Bandlimited Fourier Spectrum

e Strictly bandlimited F(w):

@ Approximately bandlimited F(w):

N\ i
PN AR
— ANIINANPAESE
— /v
= VARV
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Why neural nets not overfitting?
Bandlimited functions
Perfect learning

Learning Theory for Deep Learning

Asymptotic regularization

[llustration of Bandlimited Functions

Woaky Band-imiing

non-bandlimited function strictly bandlimited function by a large B

Approsimatay Bandiimiting

strictly bandlimited function by a small B approximately bandlimited function
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Why neural nets not overfitting?
Bandlimited functions

Learning Theory for Deep Learning Perfect learning
Asymptotic regularization

Perfect Learning

Definition 9 (perfect learning)

Learn a model from a finite set of training samples to achieve not
only zero empirical risk but also zero expected risk

Theorem 10 (existence of perfect learning)

If target function f(x) is strictly or approximately bandlimited,
there exists a method to learn a model f(x|Dt) from D, not only
leading to zero empirical risk Remp(f|D71) = 0 but also yielding

zero expected risk in probability R(f|Dt) Li0as T = oo

Proof sketch:

Like a stochastic version of multidimensional sampling theorem
[PM62; Me01]
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Why neural nets not overfitting?
Bandlimited functions

Learning Theory for Deep Learning Perfect learning
Asymptotic regularization

Perfect Learning

If f(x) - p(x) is not strictly nor approximately bandlimited, no
matter how many training samples to use, R(f|Dt) of all
realizable learning algorithms have a nonzero lower-bound:
lim7_ o R(f | DT) >e > 0.

Therefore, we conclude:

Perfect Learning

target function f(x) is bandlimited <= perfect learning is feasible
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Why neural nets not overfitting?
Bandlimited functions
Learning Theory for Deep Learning Perfect learning

Asymptotic regularization

Non-asymptotic Analysis of Perfect Learning

When T is finite, performance is measured by mean expected risk:

Rt = Ep, [Ey [IF(xID7) = F(x)|I7]

Theorem 12 (error bound of perfect learning)

If x ~ p(x) within a hypercube [—U, UIK c RX, target function
f(x) is bandlimited by B, perfect learner is upper-bounded as:

Ry < |2 )+;| Hr

where n ~ O(TYX) and H = sup, |f(x)|.

@ This error bound is independent of model complexity M
@ When T is small, difficulty of learning is quantified by KBU
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Why neural nets not overfitting?
Bandlimited functions

Learning Theory for Deep Learning Perfect learning
Asymptotic regularization

Perfect Learning in Practice

Theorem 13 (perfect learning in practice)

If target function f(x) is strictly or approximately bandlimited,
assume a strictly or approximately bandlimited model, f(x), is
learned from a sufficiently large training set Dt. If this model
yields zero empirical risk on Dr:

Remp(f | D7) =0,

then it is guaranteed to yield zero expected risk:

R(f|D1) — 0 as T — oc.
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Why neural nets not overfitting?
Bandlimited functions
Learning Theory for Deep Learning Perfect learning

Asymptotic regularization

Proof sketch of Theorem 13

Any bandlimited function may be represented as a series of Fourier base
functions with decaying coefficients:

@ target function:

f(x) — +9k,1 eZW"k71'X+9kO eZﬂ'iko-x_'_@k1 e27rik1~x_|_ ......

@ training samples: D1 = {(x¢, yt)|[1 <t < T}

yt:F(xt) t:]-a"'vT

yt:f(xt) t:1a"'7T
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Why neural nets not overfitting?
Bandlimited functions
Learning Theory for Deep Learning Perfect learning

Asymptotic regularization

Proof sketch of Theorem 13 (cont'd)

@ T linear equations:

f(x¢) = f(x¢) =0 t=1,---,T
@ target function and the model:
f_'(x) — e + Mk, eZﬂ'ik,l-x_i_nkO eQﬂ'iko.x_’_nk1 eZﬂ'ikyX s

T most significant terms

P e27rlk,1-x+0kO e2‘n'lk0-x+0k1 e2mk1~x+ ......

T most significant terms

@ determine T coefficients up to good precision: 0 — 7k

@ as T — oo, f(x) = f(x) |
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Learning Theory for Deep Learning Perfect learning
Asymptotic regularization

Machine Learning Models vs. Bandlimitedness

All machine learning models are approximately bandlimited under
some minor conditions:

© input x is bounded
@ model size is finite
© all model parameters are bounded

@ model is piecewise continuous

PAC-learnable models are bandlimited

All PAC-learnable models are approximately bandlimited,
including linear models, logistic regression, statistical models,
neural networks ...
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Why neural nets not overfitting?
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Why Neural Nets Generalize: Asymptotic Regularization

Corollary 14

Assume neural network, f,(x), is learned from a suffic_iently large
training set Dt, generated by a bandlimited process f(x). If fy(x)
yields zero empirical risk on Dt :

Remp(fw | DT) — 07
then it surely yields zero expected risk as T — co:

lim  R(fy| D7) — 0.

T—o0

Definition 15 (asymptotic regularization)

Due to the bandlimitedness property, neural network
asymptotically regularizes itself as T — oo.
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Conclusions

@ Conclusions
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Conclusions

Conclusions

Deep Learning Theory: Neural Nets

@ expressiveness: neural nets < universal approximator in L}(Uk)
@ optimization: learning large neural nets is unexpectedly “simple”

o behaves like convex optimization, conditional on H(w)
o over-parameterized neural nets are complete in L!(Uk)

© generalization: asymptotic regularization

e real-world data are generated by bandlimited processes
e neural nets are approximately bandlimited
e neural nets self-regularize on sufficiently large training sets
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Conclusions

Conclusions

e Under big data + big model, neural nets solve supervised
learning problems in statistical sense:

lim R(%|D7) = 0.
T—oo

@ collect sufficient training samples (determined by KBU)
@ fit over-parameterized models (neural nets) onto them

@ However, adversarial attack is new and different ...

—— A A A
\\// \V/

all neural nets are approximately bandlimited
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More details and all proofs are found in:

@ Hui Jiang, “A New Perspective on Machine Learning: How to do
Perfect Supervised Learning”, preprint arXiv:1901.02046, 2019.

[ Hui Jiang, “Why Learning of Large-Scale Neural Networks Behaves
Like Convex Optimization”, preprint arXiv:1903.02140, 2019.

THANK YOU!

(Q&LA)
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