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Formulation
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Bayesian Learning (I)

m frequentist vs. Bayesian views in machine learning
o frequentist: model parameters as unknown but fixed quantities
o Bayesian: model parameters as random variables
m Bayesians use probability distributions of model parameters
m Bayes' theorem:
p(x,60) _ p(6)p(x[6)

e S )

o p(@): prior distribution of model parameters 6
o p(@|x): the posterior distribution of 8 given data x
o p(x|0): the likelihood function of the model

m Bayesian learning rule: posterior < prior x likelihood

p(8]x) o< p(0) p(x|6)
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Bayesian Learning (II)

m prior specification: p(0)

o use a prior distribution to describe prior —
knowledge on models e fIP)
/
m Bayesian learning " / \ »(DI6)
P
o optimally combine prior knowledge with data

o given a training set: D = {x1,X2, "+ , Xy}
o Bayesian learning rule: p(0) P—)p(0|D)
p(0|D) o p(8)p(D|0)
p(6|D) x p(6) p(D|6) = H p(xi|0)
posterior o prior X likelihood

m Bayesian inference
o make a decision based on p(8|D)
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Bayesian Inference for Classification

m given posterior p(6|D) and likelihood p(x | @)
m define predictive distribution as
p(x|D) = [, p(x|6)p(6|D)do
m Bayesian cIaSS|f|cat|on.
o K classes: {wy,wa,- -+ ,wk}

o choose prior p(f)) and a training set Dy, for each class wy
o Bayesian learning:

p(0x) p(Di | Wi, O )

Dy) = D
p(0k | D) P (Dr) p(Ok) p(Di | wi, O)
o Bayesian inference:
g(x) = argmax;_; p(x|Dx)

= argmax,_, Pr(wk)/ p(xX|wk, Ok) p(0r | Dr) db
Ok
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Maximum a Posteriori (MAP) Estimation

m not easy to use a distribution p(@|D) to Oy = arg max p(D|6)
describe models o

m point estimation: only use a point to
estimate a distribution p(8|D)

m maximum a posteriori (MAP) estimation: 7= (D)
Ouap = arg mgux p(0|D)

= argmax p(0)p(D|6)

m MAP estimation vs. ML estimation briar Oy

o ML solely relies on training data
o MAP optimally combines prior Ounp Vs O

knowledge with data
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Sequential Bayesian Learning

m Bayesian learning is an excellent tool for on-line learning,

where training data come one by one
m sequential Bayesian learning
o use the Bayesian learning to update models after each sample
o track a slowly-changing environment

Learning Rule:  posterior o prior x likelihood

p(0]x1) o< p(@)p(x1|6)
p(0]x1,X2) o< p(0]x1) p(x2|0)
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Example: Sequential Bayesian Learning

®m a univariate Gaussian model with known variance:

)2 plpley, - an)

1 -
0

2
s/27r0(2) ¢

plz|p) = N(z|p,0f) =

m choose a prior distribution:

1 _ (ufug)Q p(p)
2T,

p(p) =N(plvo, ) = —F—=e 27

\/ 27r7'g

® p(uler) ocp(wp(ziln) = plulz1) = N (plv1,71)

2 2
. _ ) ) 2 _ THo0) O Tp — 0
with v = Z1ozl0 + 4oz and 7y .

as n — oo, we have

) O Up — Tn
u P n :N ny Tn ith
Pl 2 ) (QMV ) Wi O HMAP —> HML

2 _2
— _ ") = 70 2 _ _T0%
Un = n702+03 Tn + n'rgﬁ»o'g Yo and Tn nﬂ'3+08
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Conjugate Priors
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Conjugate Priors

conjugate priors: a prior is chosen to ensure its posterior has
the same functional form as the prior

conjugate to the likelihood function of the underlying model,
i.e. both have the same function form

choice of conjugate priors leads to computational convenience
in Bayesian learning

not every model has a conjugate prior, e.g. mixture models

all e-family models have conjugate priors
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Conjugate Priors
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Examples of Conjugate Priors

l model p(x|0) [ conjugate prior p(0)
1-D Gaussian (known variance) 1-D Gaussian
N(z | p,0f) N(p|v,7%)
1-D Gaussian (known mean) inverse-gamma
N (x| o, 0?) gamma (o2 |a, )
Gaussian (known covariance) Gaussian
N (x| p, 2o) N(p|v, @)
Gaussian (known mean) inverse-Wishart
N(X|/~“072) W_1(2|(I)7V)
multivariate Gaussian Gaussian-inverse-Wishart
NEx|p, %) GIW(p, X v, ®, M\, v) =
Nplv, sS)W (S| P,v)
multinomial Dirichlet
Mult(r |w) = C(r) - [, wi* | Dir(w|a) = B(a) - [[2, wi*™
with O(r) = bt with B(ey) = Raktdaan
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Conjugate Priors
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Conjugate Priors for Bayesian Learning: Multinomials

a sample of some counts: r = [7"1 72 ---TM}

= multinomial models: p(r|w) = Mult(r|w) = C(r) - [T, wr
m the conjugate prior is Dirichlet:

©_

p(w) = Dir(w | @) = B(a®) - T}, w;"
m Bayesian learning:
p(w |r) oc p(w) p(r | w) o< [T}, w]
m the posterior is also Dirichlet:

( )+r771

p(w|r) = Dir(w|a) = Bla®) - [T, w

m MAP estimation:

wMAP) — arg maxw p(w|r) subject to Zf\il w; =1
(1) (0)
(MAP) a; ' —1 T +C¥ -1 .
LMAP) _ ol _ Vi=1,2,---, M
i Zi\i1 a,(il)—M -]L\il (7‘ +o¢(0)) 1 . ’
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Conjugate Priors
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Conjugate Priors for Bayesian Learning: Gaussians (1)

m Gaussian models: p(x|p, ) = N (x| p, X)
m the conjugate prior is a Gaussian-inverse-Wishart (GIW) distribution:
p(1, ) = GIW (g2, %|vo, Bo, Ao, 10) :N(u|uo, %Oz)w—l(m@o,uo)

tat2
. exp [* Do(p—v0)"= " (p—10) - %tr(@oﬁﬂ)]

m the likelihood function of a training set D = {xl,xQ, . ~xN}:

= |27

p(DP|pn.x) = ﬁP(Xi |1, %)

Pk 1 . e,
= Wexp[—gtr(NSE )= = (p—%x)T% (,u—x)]
m Bayesian learning:

p(1, 2| D) ox GIW(p, | w0, @o, Ao, 0) - p(D | 1, )
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Conjugate Priors for Bayesian Learning: Gaussians (2)

m the posterior is another GIW distribution:

p(p, 2| Dn) = GIW(p, B | w1, @1, A1, 11)

V1+ +2

1 1
= |27 | exp [— 5)\1 (/J, — Vl)TZfl(p, - V1) — itr(d)lffl)}

o

)\1 —)\O—i—Nand 11 :V0+N
v /\0u0+Nx
1= "X0FN

O‘:I)l CI)0+NS+)\+N(7 Vo)(i—yo)T
m MAP estimation: {p,MAP, EMAP} = argmaxy s p(u, > ‘ DN)

o

— _Aol/o-i—Ni
JIVINIES S W
N Do + NS + 52005 (% — vo) (% — vo) T
MAP T i Fd+l vo+N+d+1
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Approximate Inference
©00000000000

Approximate Inference

m when conjugate priors do not exist, Bayesian learning may
lead to very complicated posterior distributions

m approximate inference: approximate the true posterior
distribution with a simple distribution for Bayesian inference

m popular approximate inference methods:
Laplace's method

variational Bayesian (VB) method
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Approximate Inference
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Laplace's Method

m use a Gaussian centered at Oyap to approximate
the true posterior p(0 | D)

m Taylor's expansion of f(8) =1np(0|D) at Oyap:
f(0) = f(6mar) + V(Omar) (6 — Ouar )+
%(9 - 9MAP)TH(9MAP)(9 - 9MAP) +

m 2nd-order approximation:

£(8) = f(Bmar) + %(9 9MAP) H(Ouar) (9 — 9MAP)

p(e ‘ D ~C- exp (é 60— GMAP H(GMAP) (9 - OMAP))

N(9MAP’*H’1(9MAP))
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Bayesian Learning of Logistic Regression

a training set D = {(Xl,yl)a e 7(XN7yN)}v X; € Rdr Yi € {07 1}
m likelihood function of logistic regression:

Yi
p(D|w) =TI, (l(WTXi)) (1 — l(wai))

choose a Gaussian prior: p(w) = N (w [wo, Zo)

1-y;

Bayesian learning: p(w|D) o< p(w) p(D | w)

the posterior p(w | D) is not Gaussian anymore

use Laplace’s method to approximate the true posterior
o use a gradient descent to find wyap
V(w) =Vinp(w|D) =-3;"(w—wo) + PO (yi —l(W™%4))xi
o use a Gaussian approximation:
p(w|D) = N(w | WMAP, —H_l(wMAp))
with H(w) = 251 — SN, I(wTxi) (1= U(WT%s)) xix]

G

) Hui Jiang 2020 published by Cambridge University Press
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Variational Bayesian Methods (1)

m variational Bayesian (VB): use a simpler variational
distribution q(0) to approximate the true posterior p(8 | D):

¢"(6) = argmin KL(q(6) | p(0|D))

= KL(4(6) 01D)) = 1np(D) ~ [ a(6)n 2000 o
L(a)

= ming KL(q(60) [ p(0]D)) < max, L(g)

m assume ¢(0) = q1(01) g2(02) - - q1(91) can be factorized over
some disjoint subsets @ =6, UB>,U---U 0B

fg i=1 Qz )lnp(D 0)d0 Zz 1 fe % ln%(oz)dei
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Approximate Inference
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Variational Bayesian Methods (I1)

m maximize L(q) w.r.t. each ¢;(6;) separately

max /‘9 qi(ei)[/ [T, lnpDO)dB#Z] a6, /qi(ei)lnqi(gi)doi

% 05 J#i 0;

Ejzi [ In p(D,B)]

m define a new distribution: p(8;; D) o exp (Ejﬂ [lnp(D, 0)])

N 0;;D
m we have ¢;(0;) = arg maxg, fe,i :(6:) In ”cf (@ >)d0

— 4i(6) = argmin,, KL(:(8,)|5(6:5D))
m derive ¢ (8:) = (6, D) x exp (]E#,- [In p(D, 9)]) or

Ing; (0:) = Ejzi[Inp(D,0)] +C
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Approximate Inference
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Variational Bayesian Methods (111)

a true posterior distribution

m a 2-D Gaussian with X = {5 %}

m approximate with a variational
2
distribution ¥ = [01 02}

0 o3

m best-fit is found by minimizing the i

m mean field theory: use a factorizable f
variational distribution to approximate g =
KL-divergence ] H

a 2 o v 2 3
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Variational Bayesian Learning of GMMs (1)

m a Gaussian mixture model (GMM):
p(X | 9) = 2%21 Wm N(X | /J'mazm)
where model parameters 6 = {w,, o, By [m =1,2,--- , M}
B no conjugate prior exists for GMMs
m choose a prior distribution as

M
p(g) :p(wlv"' , W H p Hn’u

m=1
with

p(wr, -+ ,wyr) = Dir(wy, -+, war |a§°)’... 70[5\3))

Pty Bin) = GIW (i, By [ 2D, 0D A0 1/(0))
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Variational Bayesian Learning of GMMs (II)

m introduce 1-of-)M latent variable z = [21 2o - 25| for GMMs:

m=1
m use the variational Bayesian method to approximate the posterior
distribution p(z, 0|x)
m introduce a variational distribution factorized as:

q(2,0) = q(2)9(8) = q(z) g(wr, - ,wnr) [] (b, Bm)

m=1
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Approximate Inference
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Variational Bayesian Learning of GMMs (l11)

Ing*(z) = Eo[Inp(x,2,0)] + C = Eg[Inp(0) + Inp(x,2|0)] + C
= Ing'(z)=C"+

Zi\r{:l Zm(E[lnwm} — E[ln|2m|} _ E[(X* )T (X — o)

2 ; )
Inpm
o ¢*(z) is a multinomial: ¢*(z) o< [IM_, (pm) ™ < TIM_, (rm)™,
where 7, = =zf2— for all m

m=1Pm
Ing*(ws, - ws) = Eap,, 3,0 | Inp(6) + Inp(x, 2/0)]
= Z%:l(ag,?) —DInwe + XM rmlnw, +C

o ¢*(wy, - ,wyr) is a Dirichlet distribution:

q*(w17__. ,wIM) — Dir(w1,"' S WAL |Oé§1), 7055\14))
where aS}) = 047(72)

4+ 7y forallm=1,2,--- M
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Variational Bayesian Learning of GMMs (IV)

Ing* (tm, Xm) = Eq w,,, [lnp(e) + lnp(x,z|9)] +C
=Inp(ttm, Bm) + E[zm] In N (x|, X)) + C’
o ¢*(tm,Xm) is also a GIW distribution:
q" (B, Bm) = GIW (o, B w3, D1 AL )

where
AW =20 7,
1/,(3) = 1/53) + Tm
1 _ AU 4 orx
Ym' = 710
Am’ 4+ Tm

2O,
B = 0 S () e )’
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000000000080

Variational Bayesian Learning of GMMs (V)

m based on the above distributions, we have

M
In 7, éE[lnwk] = 1/)(0421)) —w( Z a%))

3
Il

to compute p,, as well as r,,, (Vm =1,2,--- , M)

m derive an EM-like algorithm to solve mutual dependency
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Variational Bayesian Learning of GMMs (VI)

Variational Bayesian GMMs

Input: {aﬁ,?),uﬁf),cbg?%,\ﬁ,yg?> |m=1,2,--- 7]\4}

setn =0
while not converge do
E-step: collect statistics:
{asﬁ”,u&),@%),/\%),uﬁf)} +x — {rm}
M-step: update all hyperparameters:

{agr?)vu'r(r?)7®£r?)7>\$g)ayr(r?)} + {Tm} +X

— {a%+1)’V§:+1)7¢%+1)’ AS’:LL+1)7V£)’:L+1>}

n=n+1
end while
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Gaussian Processes
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Non-Parametric Bayesian Methods

m Bayesian learning of parametric models: rely on
prior /posterior distributions of model parameters

m how about Bayesian learning of non-parametric models?

® non-parametric Bayesian methods: use stochastic processes as
priors for non-parametric models

o Gaussian processes

o Dirichlet processes
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Gaussian Processes
0®0000000

Gaussian Processes: Concepts (1)

given an arbitrary function f(x)

for any set of N points in R?, i.e. D = {Xl,XQ, e ,xN}
m function values form an N-dimensional real-valued vector
f=[f(x1) f(x2) -~ f(xn)]T
m assume f follows a multivariate Gaussian distribution
f=[f(x1) f(x2) -~ f(xx)]" ~ N (up, Ep)
where pup and Xp depends on NV data points in D

m it holds for any D, f(x) is a sample from a Gaussian process:
f(x) ~ GP(m(x), o(x,x))

o m(x): mean function = up
o ®(x,x’): covariance function = Xp
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Gaussian Processes: Concepts (Il)

m how to specify a Gaussian
process?

m mean function m(x) =0

m covariance function: Mercer's
condition

O (x,x') = cov(f(xi), f(x;))

o 2o = | o0 |

NXN j My

. o o v 'M‘ql | “
m RBF kernel function _— :’WM"MW im{!ff.‘/l fJu 14“‘}‘,'/‘!
D(x;,x;) = o%e” 2 ' i

o o: vertical scale
o [: horizontal scale
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Gaussian Processes for Non-Parametric Bayesian Learning

m Gaussian processes as a non-parametric prior
o randomly sample a function f(-) from a Gaussian process
o a prior can be implicitly computed with a data set
D= {Xl,XQ,"' ,XN}
o function values f follow a multivariate Gaussian distribution
o non-parametric prior:

p(f|D) =N(f]0,%p)

m Gaussian processes for regression or classification

o input-output pairs yield likelihood function
o apply Bayesian learning rule:

posterior < prior X likelihood
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Gaussian Processes
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Gaussian Processes for Regression (1)

basic setting for regression:
o f(x) ~ GP<0, B(x, x’)) x y

—— | regression ——
oy=f(x)+e  where e~ N(0,03)

m given a training set: D = {xl,x2, e 7XN}
m the corresponding outputs: y = [y1y2 -+ yn]'

® a non-parametric prior:
p(f|D) =N(£]0,Zp)
m the likelihood function due to the residual Gaussian noise €:

p(y|f. D) =N(y|f, o8]
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Gaussian Processes
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Gaussian Processes for Regression (I1)

m Bayesian learning for the predictive distribution:

p(y|D) = / p(y. /D) df = /fp(y|f,D)p(fD)df

= /Ny\fao N(£|0,2p) df

= N(y|0,2p +3I) =N (y|0,Cy)

m hyper-parameter learning:

{o*,1*,04} = argmax p(y|D,0,l,00) = argmax InN(y|0,Cy)
o,l,00 o,l,00

o may use a gradient descent method
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Gaussian Processes for Regression (111)

m predict output g for a new input x: Y1 ~ |
J J / / Y—
p(y,71D,x) =N(y,710,Cny1) ’ \ /
with y2> -
Cny1 = Cw k Ys|
kT K2

where k? = ®(%, %) + of and k; = O(x;,%) X1 X2 X3
. L oint estimation (MAP or
m the predictive distribution: P (

mean):
7~ D7 X 77 < | — 771
p(g|D7y7)~() = W ]E[y|D,y,X}—yMAP
=k'Cy'y

= N(7|KCi'y. 8 ~KTCy'K)
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Gaussian Processes
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Gaussian Processes for Regression (1V)

m derive a non-parametric prior from D and ®(x,x’)

m non-parametric Bayesian learning based on y:

non-parametric prior non-parametric posterior

p(f D) p(f1D,y)

[G)
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Gaussian Processes
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Gaussian Processes for Classification

basic setting for binary classification y € {0,1} :

o f(x)~ GP(O, d(x, X’))

o Pr(y=1|x) =1(f(%) = e — classification ——

1+e—F(x)
given a training set D = {x1,X3, -+ ,xx } and the corresponding
outputs y = [y1 92 -+~ yn]"

non-parametric prior: p(f | D) = N(f |0, ED)

ikelihood: p(y |1, D) = TT%, (1(£6))" (1= 1(7(x0))

no closed-form solution to derive the marginal and predictive
distributions, i.e. p(y|D) and p(gﬂD,y,f{)

1-y;

require approximate inference, such as Laplace’'s method
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